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Abstract: This paper investigates new conditions that establish bidirectional relationships among
several classes of submodules within the framework of commutative rings with identity and unitary
modules. The study focuses on analyzing the structural connections between prime, nearly prime,
approximately prime, and almost approximately nearly prime submodules by formulating precise
criteria under which these concepts become equivalent. A series of theoretical results is developed
to determine when the implications between these classes can be reversed, emphasizing the
influence of module-theoretic properties such as the Jacobson radical, socle, essential submodules,
and semisimplicity. Various propositions are proved to demonstrate that additional structural
constraints on modules or submodules lead to equivalence between generalized notions and
classical primeness. Illustrative examples are provided to clarify situations in which these
relationships fail, highlighting the necessity of the imposed conditions. The obtained results
contribute to a deeper understanding of generalized primeness in module theory and provide a
unified perspective that connects several previously introduced generalizations through clearly
defined algebraic conditions.

Keywords: Approximately Prime (App. Prime), Almost Approximately Nearly Prime (Al.App. Ne.
Prime) And Nearly Prime (Ne. Prime) Submodules.

1. Introduction

In this search, every module is unitary and every ring is commutative. ¥ < D, V is
named a primary if whenever ak € Y, for a € R, k € D implies that either k €Y or a €
V[Y:r D] [1], [2]. Recently primary submodules have been generalized to Nearly and
approximately primary submodule see [3]. The concept Restrict Nearly primary
submodule was introduced in [4], [5], [6] as new generalized of primary submodule Where
Y <D, ¥ is named Restrict Nearly Primary submodule (simply RNPr), if whenever ak € ¥,

fora € R,k € Ditmeans thatk € Y 4+ (Soc(D) nJ(D)) ora € \/[(y + (SOC(D) n](D))) iz D ],

thatisa™D €Y + (Soc(D) nJ(D)), n € Z*. And an ideal J of a ring R is named a RNPr ideal
of R, iff J is a RNPr submodule of an R-module R, where J(D) is the Jacobson radical of
D defined to be the intersection of all maximal submodule of D (if D has no maximal
submodules then J(D)=D) or the sum of all small submodule of D [7], [8], [9]. Soc(D) is the
Socal of D defined to be the intersection of all essential submodule of D[10], [11], where a
non-zero submodule ¥ of D is named an essential if Y N 8 # 0 for each non-zero submodule
B of D [12], [13]. The work also relied on some theoretical research such as [14], [15].
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2. Materials and Methods

This study adopts the deductive approach within the framework of commutative
ring theory with identity and unitary modules. The work is primarily based on theoretical
investigation and algebraic analysis rather than computational or experimental methods.

The methodology is grounded in the use of fundamental definitions and well-
established concepts in module theory, including commutative rings, modules, Jacobson
radical, socle, essential submodules, and semisimple modules. These concepts serve as the
basic structure upon which the results of this research are developed.

The study follows the following methodological steps:
1. Theoretical Framework Construction

The research builds upon existing definitions and generalizations of submodules such
as prime, nearly prime, approximately prime, and almost approximately nearly prime
submodules, as well as recently introduced extensions in the literature.

2. Development of New Structural Conditions

New algebraic conditions are introduced to establish relationships and equivalence
between different generalized notions of primeness. These conditions involve
structural properties of modules such as containment relations involving the Jacobson
radical and the socle, as well as properties like essentiality and semisimplicity.

3. Propositional and Logical Proof Technique
The results are derived through formal mathematical propositions supported by
rigorous proofs. These proofs rely on standard techniques in abstract algebra, including
inclusion properties, module homomorphism arguments, and radical theory.

4. Use of Counterexamples

Specific examples, particularly based on finite cyclic modules such as
Zn\mathbb{Z}_nZn, are constructed to demonstrate that certain implications do not
hold in general. These counterexamples justify the necessity of the imposed conditions
in the main results.

5. Comparative Analysis of Generalized Concepts

A systematic comparison is conducted between different generalized forms of
primeness in submodules in order to determine conditions under which these notions
become equivalent or remain distinct.

Overall, the methodology combines structural algebraic analysis with logical
reasoning to unify several generalized concepts of primeness under clearly defined
algebraic conditions, thereby contributing to a deeper understanding of submodule theory
in commutative algebra.

3. Results and Discussion
1. The connections between AL.App. ne. prime submodules and other related concepts.

This section presented the connections between prime, ne. prime, APP. prime and
AL APP. ne. prime submodules.

2. Prime and AL.App. nearly. Prime Submodules.

We start by first part of this section which established the relationship of prime
submodules and Al App. ne.prime submodules.

As we gave in the first section of this chapter, every prime submodule of an U-
module Q is an ALApp. ne. prime submodule of Q, but contrariwise isn't true the following
example explains that.
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Example (3.1)

LetQ = Z;,, U =7, h = (8)isan ALApp. ne. primeof Z,,.Va € Z,b € Z,, ,ifab € h,
=

ab € h + (soc(Z72) +](Z72)) =(8) + ((12) + (6)) ={2) or ae

[h+ (s0c(Z73) +J(Z72)):2 Z72] = [(2):7Z7,] = 2Z. Thatisif 4.2 =8 € h, for 4 € Z, 2 € Z,,
that means 2 € h + (soc(Z;,) +J(Z7,)) = (2) and 4 € [h + (50¢(Z73) + ] (Z73)):2 Z72] = 2Z.
But (8) is not prime of Z,.

The following findings demonstrated that, in some circumstances, the opposite
implication is true.
Proposition(3.2)

If Q be an U-module, h is proper of Q with J(Q) € h, soc(Q) S h. Then h is prime iff
h is ALLApp. ne. prime.

Proof

(&) J(Q <Sh, if abeh for a€U, be Q. h is ALApp. ne.prime, then b € h +
(soc(Q) +J(Q)) or aQ € h+ (soc(Q) +J(Q)). But soc(Q)Sh and J(Q)Sh = h+
soc(Q) =h, h+ (soc(Q) +J(Q)) =h+J(Q) =h. Thus b € h or aQ S h. Therefore h is
prime of Q.

(=) Direct.

Proposition(3.3)

If Q be an U-module with J(Q) € h,soc(Q) = 0. Then h is prime iff h is ALApp.
ne.prime of Q.

Proof

(=) If abeh for a€U, beQ, hence b€ h+soc(Q)+]J(Q) or aQ S h+
(soc(Q) +J(@)). Now soc(Q) =0, then soc(Q)< h and we have J(Q) S h = h+
soc(Q) =hand h+J(Q) = h, thus h + (soc(Q) +J(Q)) = h. Hence b € hor aQ < h.

(=) Direct.
Proposition(3.4)

If Q is a semi.simple with soc(Q) = (0). Then h is prime iff h is AL App. ne.prime of
Q.
Proof

(=) If abeh for a€eU, beQ, hence b€ h+soc(Q)+]J(Q) or aQ S h+
(soc(Q) +J(Q)). Now soc(Q) =0, then soc(Q) € h and we have Q is a semi.simple =
J(@ =0<h = h+soc(Q) =h and h+]J(Q) = h, thus h + (soc(Q) +J(Q)) = h. Hence
b€ horaQ C h.

(=) Direct.

3. Ne.Prime and Al. App. ne. Prime Submodules.

The relationship between ne. prime submodules was established in the second
section and Al App. ne.prime submodules.

As we gave in the first section, every ne. prime is an AL App. ne.prime submodule of
Q, but contrariwise isn't true This is explained in the example that follows.

Example(4.1)

If Q =Zy;, U=1Z7 h=(6)is an ALApp. ne. prime of Z;,. Thus a€Z, b€ Zy,,if
abeh = beh+(soc(Zy,) +](Z12)) =6y + ((2) +(6)) = (6) +(2) =(2) or a€[h+
(soc(Z12) +J(Z12))iz Z1a)| = (2):7Zy,) = 2Z. if 3.2€h, for 3€Z, 2€Z, = 2€h+
(soc(Z13) +](Z15)) = (2). But h is not ne. prime of Z;, , because 3.2 € h, but 2 ¢ h +
J(Z12) = (6) +(6) = (6) and 3 & [h +](Z12):zZ12] = [(6>:Z Z1p] = 6Z.

The following findings demonstrated that, in some circumstances, the opposite
implication is true.

Central Asian Journal of Mathematical Theory and Computer Sciences 2026, 7(2), 311-315.  https://cajmtcs.centralasianstudies.org/index.php/CAJMTCS



314

Proposition(4.2)

If h be a proper submodule with h is essential of an U-module Q, J(Q) S h. Then h is
ne. prime iff h is ALApp. ne. prime of Q.

Proof

(&=)Ifabehfora€ U, b€ Q. his ALApp. ne. prime, then b € h + soc(Q) + J(Q) or
aQ € h+soc(Q) +J(Q). We have h is essential then soc(Q) € h = soc(Q)+ h =h,
J(Q) S hthusb € h+J(Q)oraQ S h+J(Q). Hence h is ne. prime of Q.

(=) Direct.
Proposition(4.3)

If h contains every simple submodule of Q. Then h is ne. prime iff h is AL.App. ne.
prime of Q.
Proof

(&=)Ifabehfora€U,be€Q.his ALApp. ne. prime, then b € h + (soc(Q) +J(Q))
or aQ S h+ (soc(Q) +J(@)). Now h contains every simple submodule of Q = soc(Q) S
h, then h + soc(Q) = h,soh+ (soc(Q) +J(Q)) =h+J(Q). Thush€ h+J(Q)oraQ S h+
J(@). Hence h is ne. prime of Q.

(=) Direct.

The proofs of the following results are direct.
4. App.Prime and Almost App. ne. Prime Submodules.

As we mentioned in the upper part of this research, every App. prime is an AL App.
ne. prime of @, but contrariwise isn't true the following example explains that.

Example(5.1)

If Q = Z;,, U=2Z,h = (4)is an ALApp. ne. prime of Z,,. But h is not App. prime of
Z,,, because 2.2€h, but 2&h+soc(Z;,) =(4)+(12)=(4) and 2¢€¢[h+
$0¢(Z72):7 Z72) = [(4):7 Z72] = 4Z.

The following findings demonstrated that, in some circumstances, the opposite

implication is true.

Proposition(5.2)

If Q is a semi.simple. Then h is App prime iff h is AL.App. ne. prime of Q.
Proof

(&=)Ifabe hfora€eU, b€ Q. his ALApp. ne. prime, then b € h + (soc(Q) + J(Q))
oraQ € h+ (soc(Q) +J(Q)). Since Q is a semi.simple then J(Q) =0 S h, then h+J(Q) =
h,so h + (soc(Q) +J(Q)) = h + soc(Q). Thus b € h + soc(Q) or aQ < h + soc(Q). Hence h
is App. prime of Q.

(=) Direct.

Proposition(5.3)

If Q has no maximal submodule and h is a proper submodule of Q. Then h is App.
prime iff h is AL App. ne. prime of Q.

Proof

(&) Since Q has no maximal = J(Q) < soc(Q), then soc(Q) + J(Q) = soc(Q), so h +
(soc(Q) +J(Q)) = h+s0c(Q),if abe hforae U, b € Q. his ALApp. ne. prime, then b €
h+ (soc(Q) +J(Q)) = h+soc(Q) or aQ € h+ (soc(Q) +J(Q)) = h+soc(Q). Thus b €
h + soc(Q) or aQ € h + soc(Q). Hence h is App. prime of Q.

(=) Direct.
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4. Conclusionc

The present study developed a systematic framework for understanding the
relationships among several generalized notions of primeness in module theory. By
introducing suitable structural conditions on modules and submodules, clear criteria were
established under which prime, nearly prime, approximately prime, and almost
approximately nearly prime submodules become logically equivalent. The results
demonstrate that the behavior of these generalized concepts is strongly influenced by
intrinsic module properties such as the Jacobson radical, the socle, essential submodules,
and semisimple structure. The obtained propositions showed that although generalized
primeness concepts do not coincide in general, imposing additional algebraic restrictions
enables the reversal of implications that normally hold in only one direction. Constructed
examples confirmed the independence between these classes in unrestricted cases and
emphasized the necessity of the stated assumptions. Furthermore, the study clarified how
containment relations involving J(Q) and Soc(Q) play a central role in reducing generalized
conditions to classical primeness. Overall, the research provides a unified perspective that
connects different extensions of prime submodules through precise algebraic conditions,
thereby enriching the theoretical understanding of submodule structures. These findings
open pathways for further investigations into broader generalizations of primeness and
their applications within module and ring theory.

REFERENCES

[1]  E.Shahadaddin and Y. Ahmad, “On quasi primary submodules,” Chiang Mai Journal of Science, vol. 33, no. 2, pp.
249-254, 2006.

[2] K. O.Kadem, “Jointed neighbor intuitionistic fuzzy domination (JNIFD) in intuitionistic fuzzy graphs (IFG),” in
AIP Conference Proceedings, vol. 3282, no. 1. Melville, NY, USA: AIP Publishing, 2025.

[3]  A.Sh. Aliand K. Haibat, “Approximately prime submodules and some related concepts,” Ibn Al-Haitham Journal
for Pure and Applied Sciences, vol. 32, no. 2, pp. 103-113, 2019.

[4] K. O.Khudhayer and K. Haibat, “Restrict nearly primary submodules,” Wasit Journal for Pure Science, vol. 1, no.
3,2023.

[5] N.S. Al-Mothafar and M. B. H. Alhakeem, “Nearly primary submodules,” International Journal, vol. 3, no. 8, pp.
497-503, 2015.

[6]  A.Sh.Ajeeland K. Y. Jhad, “Weakly nearly primary submodules,” Journal of Al-Qadisiyah for Computer Science and
Mathematics, vol. 17, no. 1, pp. 1-8, 2025.

[71 L A. Athab, “NS-primary submodules,” Iraqi Journal of Science, pp. 404—407, 2018.

[8] I A.Athab and H. Q. Hamdi, “J-primary submodules,” Journal of Discrete Mathematical Sciences and Cryptography,
vol. 24, no. 7, pp. 1915-1922, 2021.

[9]  S.O.Dakheel, “S-prime submodules and some related concepts,” M.Sc. thesis, University of Baghdad, Baghdad,
Iraq, 2010.

[10] K. R. Goodearl, Ring Theory. New York, NY, USA: Marcel Dekker, 1976, p. 206.

[11] F. Kasch, Modules and Rings, London Mathematical Society Monographs, vol. 17. New York, NY, USA: Academic
Press, 1982.

[12] M. A. Majid and A. Ghafur, “Generalization of generalized supplemented modules,” Communications in Algebra,
vol. 16, no. 4, pp. 755-779, 2012.

[13] R. Ameri, “On the prime submodules of multiplication modules,” International Journal of Mathematics and
Mathematical Sciences, vol. 27, pp. 1715-1724, 2003.

[14] F.W. Anderson and K. R. Fuller, Rings and Categories of Modules. New York, NY, USA: Springer-Verlag, 1992.

[15] E. A. Athab, “Prime and semi-prime,” M.Sc. thesis, University of Baghdad, 1996.

Central Asian Journal of Mathematical Theory and Computer Sciences 2026, 7(2), 311-315.  https://cajmtcs.centralasianstudies.org/index.php/CAJMTCS



