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Abstract: This research addresses the development of an effective numerical method for solving
nonlinear Volterra integral equations of the second kind based on the Newton-Cantorovich method
for bypassing nonlinearity and converting the problem into a series of successive linear equations.
This technique is combined with an adaptive trapezoidal rule to improve the accuracy of numerical
integration by adjusting the step size according to the behavior of the function. This combination
contributes to reducing cumulative error and enhancing convergence stability during iteration. The
method was implemented using MATLAB and tested on several standard examples. The results
showed high agreement with exact solutions and significant improvement compared to traditional
methods such as Simpson's rule, confirming the efficiency and computational accuracy of the
proposed method.

Keywords: Newton-Kantorovich Method, Nonlinear Volterra Integral Equations, Adaptive
Trapezoidal Rule, Numerical Quadrature, Iterative Linearization, Nonlinear Operator Equations

1. Introduction

The role of equations in mathematical analysis and applied mathematics is very
important because of their high ability to describe complex phenomena with cumulative
effects, memory, and interactions in time or space. Integral equations occur naturally in a
broad range of applications in physics, mechanics, control theory, biology, economics, and
signal processing. In many applications, integral equations give a more accurate and
complete description of real-world systems than differential equations.

Among various kinds of integral equations, nonlinear integral equations are more
difficult from the theoretical as well as computational point of view. The presence of
nonlinearity complicates the process of finding a closed-form solution, and hence
numerical methods become a prerequisite for their analysis. Therefore, the development
of efficient, accurate, and stable numerical methods for solving nonlinear integral
equations has emerged as an area of research.

Among the most effective methods for solving problems, which is an extension of the
classical Newton iteration procedure to infinite-dimensional spaces, which can then be
solved iteratively to refine the approximate solution. Because of its sound theoretical
foundation and rapid convergence rate, the Newton-Kantorovich method has been
successfully applied to several nonlinear operator equations.
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Nevertheless, the efficiency of the Newton-Kantorovich method is highly dependent
on the numerical methods employed to help understand the equations. In this respect, the
choice of an appropriate quadrature formula is a crucial step in determining the efficiency
of the overall algorithm.

{b(x)}

"p(x) = f)+ A f{ o) K(x, t,(p(t))dt"

In this formulation, K (x, t)is known as the equation, while a(x)and b(x)represent the
integration bounds. It is assumed that both the kernel K(x,t)and the given function
f(x)are known functions possessing sufficient smoothness to ensure the well-posedness
of the problem. The parameter Ais a constant that typically reflects the intensity of the
integral operator or the relative contribution of the kernel within the equation.

Inspired by these ideas. The proposed method will be able to provide high accuracy
with low computational cost, as demonstrated in the numerical examples.

Since the scope of the current study is limited to these particular type of integral
equations, the discussion below is limited. This form of the Volterra equation has a clear
mathematical structure that makes it easy to develop a theoretical study and efficient
numerical methods. Therefore, the equation can be written as:

"d(x) = f(x) +Af axK(x, t,d)(t))dt,x € [a,b]."

The equations have an important as has been established in the modeling of a large
number of phenomena, especially in areas of study where cumulative and time-
dependent effects are of prime importance, such as population dynamics, the spread of
diseases, and semiconductor device analysis. The theoretical bases of integral equations
were developed towards the end of the nineteenth century, with the pioneering work of
Volterra providing the foundation for the mathematical analysis of integral equations. The
earlier terminology was introduced by Dubois-Reymond, who first coined the phrase
"integral equation,".

However, owing to the existence of some inherent nonlinearity in most models, it is
often difficult to find exact analytical solutions for nonlinear Volterra integral equations.
This has led to ongoing research efforts to develop efficient numerical solutions for
finding approximate solutions. Among various methods that have been developed in the
literature, quadrature methods have gained popularity owing to their simplicity and
efficiency. It is pertinent to mention here that the ongoing research efforts have made use
of linearization techniques such as the Newton-Kantorovich method along with
traditional numerical methods.

In this work, a new numerical technique is presented by making use of the adaptive
trapezoidal rule as the primary integration technique. Unlike other fixed-step integration
methods, the adaptive technique permits the integration grid to be varied according to the
characteristics of the integrand, which leads to improved accuracy with reduced
computational effort. This explains why the new technique is more appropriate for
solving the equations.

Specifically, the proposed scheme utilizes the same partitioning strategy as the
classical trapezoidal rule over the subintervals [x; x;,4], for i =0, ...,j — 2. For the final
subinterval, however, the method introduces additional evaluation points to further
enhance accuracy. These points, denoted by x;_3 /4, Xj_1,2, and x;_1 4, serve as intermediate
nodes between x;_;and x;on the interval [xj_l' xj], and are defined accordingly.

R T
“An approximate form of the equation can be written as”:

" fa{xj}K (X]_, t (P(t)) ae’

{i-2}
{x{i+1}}
" K (xj, t, <p(t)) dt"
{i=1} {xi}
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{x{j—l}}
"+ K(x;,t @(t))dt"
f{"{f—%}} b )

{x;}
"4 f{ }K(xj, t,(p(t)) dt"

X(j-13

where a =1/4, a =1/2, or a = 3/4, and x € [a, b].

2. Materials and Methods
Describe of the Numerical Procedure
The nonlinear integral equation is solved using the Newton-Kantorovich iterative
method, resulting in the following formulation:
(2)

Prx) = Pue-13x) T Yie-130)
X
=7 + | K
Yite-13(0) {le—1}(x) fa P(tPH-13(0)Y -1} () dt

X
Ti-130) = f(X) = Q- + f K(x,t,@(t))dt
a
From equation (2), it follows that

3)
X
Yie-13@) = F) — @ue-1ye0) T f K(x,t, @1y )dt

a

pe
!
+ Ja K‘P(x't"p(k—1}(t))y{k—1}(t)dt

At this point in the numerical algorithm. This numerical integration method is
particularly suited to improving the accuracy of the integration by adaptively refining the
mesh size of the interval of integration based on the behavior of the integrand. In contrast
to other fixed mesh size quadrature rules, the adaptive trapezoidal rule changes the mesh
size depending on whether the function is varying rapidly or slowly.

This adaptive strategy assists in minimizing the accumulation of errors during the
numerical integration procedure and provides a good approximation of the integral
terms. This is particularly significant in the context of nonlinear Volterra integral
equations, in which the error during the evaluation of the integral terms may propagate
during the iterative procedure and influence the convergence of the overall numerical
procedure.

Furthermore, the use of adaptive quadrature assists in enhancing efficiency during
computations by concentrating on calculations only in regions where they are most
required, as opposed to regions that are less required. This makes the adaptive trapezoidal
rule applicable for use during integration in iterative procedures such as the Newton-
Kantorovich method.

Therefore, by employing this numerical integration method, the equation is
approximated to a solution that can be easily handled. This method provides a
formulation that acts as a stable platform for the subsequent numerical iterations and
provides a better approximation as follows.
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X
" f K(x,t, pe-1yr) )dt
a
A -0}

{
= K(x),t, @ge_1yp)dt + f K (x,t, e-nyey )dt "
{i=0y "t {x{;_g}}

{j-2}

1
> ( K (x,-, tit1) w{k_l}(tmﬂ)) + K(x;,¢t;, <P{k—1}(ti))) h
(=0}

+1 K K ( ) :
2 xj't{"%}’(p{k—1}<t ) N t{j_l}'(p{k‘l}(f{f—l}) 2

&

1 h
+E K (Xj,tj, (p{k—l}(tj)) + K xj't{j—%}'(p E

“"”(t{f—%}>

-2}

Z (g)l({j,i+1,i+1}

{i=0}

"Z{i,i+ 1,i+1}"
{j-2)

+ 8 G

N (=0
* (Z)(K{f’f‘ljf‘l} 2Kt K{i,j,j})
And

X
n ! n
LK<p(x’t"f’{k—1}(t))y{k—1}(t)dt

-2}
os
b} K‘P(xj't"ﬂ{k—1}(t))y{k—1}(t)dt

!

{i=0} {xi}
"y f f-0) K,‘p(xj't"ﬂ{k—l}(t))y(k—1}(t)dt "
{"{f—%}}

" x{f—%}} Pt P g—13(0) Y k—1) (Ot
+ K,
{

X]}

U-23
K’ + Kq,)(x-t-(p W
{i=0} (p(xj't{”1}'(p{k—1}(t{i+1}))y{k—1}(t{i+1}) PP P ten(n)

N =

" % K’ + K ot — 1}, ¢k - 1}(t{j

[ xj,t{

A ol ) ool )
= 1D) y-{k =1 = 1)) h/2"
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N =

"+ K K' o(xjt§—1/2} ¢tk — 13t — 1/21) y_{k
(p(x" 't"'q){k-1}(‘3‘))}'{"-1}(%)

-1y —1/2)) h/2"

-2}
Z (ﬁ) Kl{j,i+1,i+1}y{k_1_i+1}
2
{i=0}
{i-2}
i} i
S
{L 0}

h i ! LR | . n
"+ (3) (Kymsmtivgnyn} + 2K(, + K, j} vtk = 1,7}

L] =% _7}y{k—1,j—%}

So (3) will be
{ji—-2} {i-2}

Yie-neo = FO) = Gpe-neo + Z ( )K{; i+1,i+1} + z ( )K{] i)
h
+ (Z)(K{”‘l’f‘l} * ZK{M—%;—%} + KUm)

{j-2} -2
+ Z ( ) Uit Li+1}yg_q 141 n Z ( ) Uity

+ (Z) (K{j.j—l.f—l}y{k_l,,-_l}} + ZK{f’f'%’f'%}Y{k_l,-_z} + K G, jyy{k—1,j})
2

“It remains to replace (y_{k-1}(x)) by (\phi_k(x) - \phi_{k-1}(x)) and to set (x = x_j) for (j =
0,1,2,...... n); we then obtain”.
-2} -2}

Py = it Z ()K{11+1L+1}+ Z ()K{]”}"

+ (4) ( K11y + ZK{;',;'—l —%} + K{f,j.j})

2’}
-2} {i-2}
"y Z ( ) Ul+1l+1}(<ﬂ{kl+1} Plk-1,i+1}) + z ( ) {J”}(fp{kl) Ple-1,0) n
{i= 0} {i=0}
+ (—) (K )+ 2K
Gi=1i=1 @ 1= 011 i 11
4 J—1j (‘/’{k,] 1}~ Plk-1,/ 1}) {1,}—2,]—2}< (p{k,j—%}_(p{k—l,j—%}>

+ K 4} (eotfkj} — o fk=1,j3))

“ After that, we obtain the following final result”.

(1 (h) K{111}> Py = fj

{j—Z} {} 2}
..+2 ()K{]l+1l+1}+z ()K{]”}..
{i=0}
W, (I )
+ (Z)(K{"""l""” +2Ky, 1t K{I'J'J})
{i-2} (-2}
+ Z (E) K:{j,i+1,i+1}(¢{k,i+1}— ‘P{k—1,i+1}) n Z (E) K,{i'i'i}("’{k.i}_‘l’{k—Li})
2 2
h {i=0} {i=0}
* (_> <K"'— j— - ) + 2K 1.1 - K' {j.jj}o {k
/A (o)) 3 e, -0, )

- Lj})
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-2}
1 s h .. .
Py = h—,[f_J + Z (§> K{,i+1,i+1}
1 - () K =0y
(-2}
n h TR h "
+ {ZO} <E) K{]: i l} + <Z) < K{j,j—l,j—l} + ZK{]_’],_%’],_%} + K{]’]J})
i=
u-2 -2}
"y Z (ﬁ) K{j,i+1,i+1}( Pli,ir 1)~ Pir-1,i+1}) + Z (ﬁ) K{j,i,i}( Ok}~ Plie=1i}) n
{i=0} : (i=0} 2
+ (h/4) (K, )+ 2K — K'{j,j,j} p_{k
{]J—L}—l}( Plij-1} 90{1(71,1'71}) {j,j_%‘j_%}< sty w{kﬂ,j%})
- L)L

Starting from an initial guess ¢, (x), an iterative sequence {¢}r»1is constructed to
generate successive approximations to the solution of the integral equation. Before
proceeding with the iterative process, it is essential to evaluate the quantity ¢y (xj_1/2)-
This value is obtained by replacing x;with x;_; ,,in the previously derived formulation.

In order to improve the quality of the numerical approximation and further suppress
discretization errors, ¢, (x;-1,2)is approximated by the arithmetic mean of the function
values at the neighboring nodes, namely ¢, (x;_;)and ¢, (x;). This averaging strategy
contributes to enhanced stability and accuracy of the iterative scheme.

3. Results and Discussion
Numerical Results

This section is concerned with the computational implementation of the proposed
methods. The methods are implemented using numerical algorithms developed in
MATLAB and tested on a set of the equations. The numerical experiments are used to
evaluate the performance of the method in terms of accuracy and efficiency.

"Example 1.

x 1 1
"p(x) — J @2t — sinx + <Z) sin(2x) — (E) x, 0 < x,t<1"
0

such that the function f(x) is adopted as the initial approximation, whereas the same
result is expressed as:

¢(x) = sin x.
"Example 2 .

2(t)dt

* 1
ll(p(x)_ f te{X}(P — xz_ (g)xﬁe{x}’ 0 S x,t S 1.n
0

with the same result defined as
P(x)=x2.
Example 3 .
X
"o(x) — f 820 gr= Vx+ (x + De™ — e, 0 < x,¢ < 1.
0

with the same result defined as

p(x) = Vx
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Placement of Tables and Figures

Table 1. Exact and numerical equation in ex1 evaluated at selected points, together
with a comparison of the corresponding errors and those reported in [7].

I

Exact ¢

App ¢

Error

Error [7]

0

0

0

0

0

0.1

9.9833e-02

9.9832¢-02

4.4657e-07

3.3327e-04

0.2

1.9867¢-01

1.9866¢-01

4.2686¢-06

1.5351e-03

0.3

2.9552¢-01

2.9550e-01

1.4978e-05

6.6506e-03

0.4

3.8942¢-01

3.8938¢-01

3.6372e-05

1.3901e-02

(.5

4.7943e-01

4.7935¢-01

7.2687e-05

2.4222¢-02

0.6

5.6464¢-01

5.6451e-01

1.2879¢-04

4.6982¢-02

0.7

6.4422¢-01

6.4400e-01

2.103%e-04

6.8054e-0)2

0.8

7.1736¢e-01

7.1703¢-01

3.2430e-04

9.5916e-02

0.9

7.8333e-01

7.8284e-01

4.7870e-04

1.4380e-01

R.4147e-01

8.4078¢-01

6.8345e-04

1.8539¢ 01

Table 2. results for ex2 showing exact solutions and their corresponding
approximations at selected points.

x |Exacts¢ |App ¢ Error

0 [0 0 0

0.1 | 1.0000e-02 | 1.0000e-02 | 7.5406e-08
0.2 | 4.0000e-02 | 4.0001e-02 | 1.0921e-06
0.3 | 9.0000e-02 | 9.0005e-02 | 5.0094¢-06
0.4 | 1.6000e-01 | 1.6001e-01 | 1.4369¢-05
0.5 | 2.5000e-01 | 2.5003e-01 | 3.1925¢-05
0.6 | 3.6000e-01 | 3.6006e-01 | 6.0453¢-05
0.7 | 4.9000e-01 | 4.9010e-01 | 1.0271e-04
0.8 | 6.4000e-01 | 6.4016e-01 | 1.6153e-04
0.9 | 8.1000e-01 | 8.1023e-01 | 2.3987e-04
1 ] 1.0000e400 | 1.0003e+00 | 3.4105¢-04

Table 3. results for ex3 showing exact solutions and their corresponding

approximations at selected points.

r | Exact ¢ App ¢ Error (M2)

0 0 0 0

0.1 ] 3.1623e-01 | 3.1476e-01 | 1.4603e-03
0.2 | 4.4721e-01 | 4.4560e-01 | 1.6051e-03
0.3 | 5.4772e-01 | 5.4608¢-01 | 1.6424e-03
0.4 | 6.3246e-01 | 6.3082¢-01 | 1.6338e-03
0.5 | 7.0711e-01 | 7.0550e-01 | 1.5978e-03
0.6 | 7.7460e-01 | 7.7305e-01 | 1.5434¢-03
0.7 | 8.3666e-01 | 8.3518e-01 | 1.4761e-03
0.8 | 8.9443e-01 | 8.9302e-01 | 1.4003e-03
0.9 | 9.4868e-01 | 9.4736e-01 | 1.3191e-03
1 1.0000e+00 | 9.9876e-01 | 1.2352¢-03
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4. Conclusion

In the current research. The proposed approach converts the original nonlinear
Volterra integral equation into a series of linear equations, which can be solved using an
iterative process.

One of the main advantages of the proposed numerical approach is that it employs
the adaptive trapezoidal rule as the primary quadrature method. The adaptive
trapezoidal rule is more effective than the traditional fixed-step quadrature method
because it adjusts the size of the quadrature intervals based on the behavior of the
integrand function. This adaptive process helps to improve the accuracy of the numerical
solution without compromising computational efficiency.

The obtained results show that the method gives very accurate approximations
compared with the exact solutions, whenever they are available. In addition, it is clear
from the results that the adaptive trapezoidal rule gives more accurate results compared
with Simpson’s rule, which has been used in the previous studies.

An important observation arising from the numerical experiments is the significant
influence of the mid-point (odd-index) evaluation, denoted by k(xj_%), on the quality of

the approximate solution. The choice of this point for evaluation is very important in the
control of errors and convergence during the Newton-Kantorovich iteration.

In conclusion, the results have confirmed reliable for solving the equations. The
strategy based on the Newton-Kantorovich linearization technique and adaptive
numerical integration is robust and can be applied to other nonlinear problems”.
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