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Abstract: In this paper, an extension of the classical and well-known Stechkin-Marchaud inequality
model based on presenting standardized theorems functionalities for deep neural network (DNN)
based approximations in the L*p-spaces where 0<p<10 < p < 10<p<l. Modeling on the operator
approaches and modulus of the property of smoothness. In this paper, three powerful results are
illustrated: (i) a convergence theorem illustrating the uniform based approximation power of the
neural operators, (ii) a stability theorem consisting the robustness property over perturbations, and
(iif) an obvious error bound-theorem for the linking network-complexity in order to improve the
approximation quality. The proposed approach distinct the equality between two modules named
K-functionals and smoothness, producing an accurate foundation for neural network approximators
in the practical spaces. These findings of the theorem help for practical applications in the fields of
data-driven scientific and signal-processing. Furthermore, validating of the numerical of the
theoretical bounds and focusing the performance enhancements via classical operators. This paper
sets a basic for bridging approximation and recent deep learning models.

Keywords: Stechkin-Marchaud inequality, Deep neural networks, Approximation theory, Modulus
of smoothness, K-functional

1. Introduction

Recently, approximation theory is going through an important transformation
combined with the neural networks within classical functional analysis approaches [1].
Deep Neural Networks (DNNs), and its layered construction and non-linear behavior
approaches, are certain to have systematic and structured general function approximators
[2]. Classical inequalities like Stechkin-Marchaud inequality, work for foundational task
in computing how well complex functions could be approximated via easy or simple ones.
These inequalities association the smoothness of a function combined approximation
error, frequently metrical in function spaces like L?, for 0 <p <1 [3].

The Stechkin-Marchaud inequality, producing of approximation via linear operators,
catch a bound-on smoothness modulus w, (f, §), in expression of finest approximation
errors. This inequality is especially effective when cooperation with the classes of the
functions which smoothness is mainly identified through the conduct of their
corresponding or equal differences. With the increase of machine learning (ML) and
exclusively deep learning models, the converting of such inequalities in the approach of
neural networks is appear as a crucial area of study [4].
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Consisting the work by [5], are expanded these classical results to become the main
domain of the neural networks. They used to be proposed a neural network-based
operator Ey, (f;), built in order to approximate functions in LP-spaces for 0 <p < 1, and
utilized it in order to obtain a Stechkin-Marchaud inequality type. Their study
concentrated on the equality between the modulus of smoothness and K-functionals, that
the vital in approximating the approximation ability of the DNNs from the theoretical
view.

Based on this base study, this paper presents a generalized analytical framework
related to Stechkin-Marchaud inequalities, within advanced deep neural network
approximations. The main goal is to model three core theoretical results: A convergence
theorem, a stability theorem, and an error bound theorem. In order to lay the groundwork
for these results, we first recall several classical concepts and results from approximation
theory and then reformulate them in the context of deep learning models.

Classical Definitions

Assume f € L) expressed as the measurable space, the 2m-periodic function(s)
based on quasi-norm [6]:

Il = ([" IfGOIP dx) /e, 0 <p <1

The modulus of smoothness could be defined as below in (r) order of (f):

()
w.(ft), = su Ay f(-
G0, = sup [0,

Where:

AP () = T o(=1) (f (x+(§—i) h) expressed as rt order of the symmetric

difference. k-functional could be defined as below in (r) order based on f € LP:
r — i _ r B
K. (f, 8"y gén‘{,{){llf gll, + 8 |Ssl|13“D gll,

Where:
Wy expressed as Sobolev space of (f).
DP: expressed as multi-indexed operator.
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Neural Network Operator Approximation
Assume f; € Lgn and the operator Ey, (f;) is neural approximation defined operator

then [7]:
T %_1
Ey, (f) = (2110(1 _{ (]Zo f; (x + (% — i) t) K, (Odt + )
Where:

K;: is the kernel filter which meet the conditions of smoothness and scaling.

Existing Foundational Theorems

Classical stechkin-Marchaud Inequality Theorem

Let f € LP in range of 0 < p < 1, and assume r is an integer which satisfied: r >
1. Then [8]:

o (f,8), < € X34[|En, () —f]|

Where:

C: constant related to p and r.

Equivalence of Modulus Theorem (Smoothness and K-functional)

Let C;, C, > 0 are two constants then [9]:

C, o, (f,8), < K, (f,89, < C, w, (f,8),
Operator Stability-Bound Theorem
For both operators Ey, and f; € LP, 0 <p <1, then [10]:
B, Il < @I,

Which illustrating stability over small variety in f;.

Approximation Prestation over Perturbation Theorem

Let € is any small perturbation such that: f, = f; + € therefore [11]:

En, () — Ex, (I, < Clizll,

Which confirming robustness property of the approximation property.

2. Materials and Methods

The method of this paper is to build a generalized analytical framework that
generalizes the classical Stechkin-Marchaud inequality into the general setting of (L_p)-
spaces in deep neural network (DNN) approximation. The study starts by establishing the
theoretical basis of approximation theory, speci cally connecting the modulus of
smoothness and the K-functional which are essential tools in quantifying regularity of
functions and quality of approximation, respectively. Afterwards, a neural network
approximation operator is designed to serve as a nonlinear function approximator in the
specified functional space of interest. The smoothing kernel (not discussed here) satisfying
two conditions, namely, normalization and boundedness leads to this operator to ensure
the transformation is stable and remains well-defined. Before the main theoretical results
are stated, a number of auxiliary lemmas are proved in order to show the boundedness of
the neural approximation operator, its behaviour in the face of perturbations, and its
agreement with the K-functional formulation. These lemmas provide the mathematical
utility required to generalize classical approximation inequalities to operator-functions
that neural nets realize. Expanding on these findings, the paper established three main
theoretical results: a convergence theorem showing that approximation error and
modulus of smoothness converge for growing neural network capacity, a stability
theorem that shows the neural operator retains continuity with respect to small
perturbations of the input function, and an error bound theorem relating approximation
quality with both smoothness of the target function and the reparameterization
complexity of the neural network. Thus, the methodology merges traditional operator-
based approximation theory with contemporary neural network approximation
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frameworks to derive rigorous theoretical guarantees for convergence, stability, and
bounded approximation error of DNN-based function approximation models.

Auxiliary Lemmas

For developing the proposed Stechkin-Marchaud inequalities based on deep
neural network (DNN) approximations, a set of supporting lemmas should be
established. The proofs plot on the operator Ey, (f), smoothness modulus w, (f, 6),, and
the k-functional equivalence K (f, 8*), properties which are defined under L” spaces
in 0 < p < 1. Let recalling f; € L¥_, and the operator Ey, (f) which defined to the
smoothing-convolutional transformation utilized in prior studies.

Lemma 1

Assume f; € 1), where 0 < p < 1, and Ey, (f) is the operator of neural
approximation in [—m, ] such that [12]:

[En, (EDII < CCIIfill,

Where:

C(p): +ve constant related to p only.

Proof:

The operator Ey, (f;) consist integral form under smooth kernel K, (t), guarantying
for both conditions normalization and boundedness:

ENA (fl) = f fi (X + t)KA (t)dt

Based on Minkowski’s inequality in the LP space, the following function is obtained:
1/p

r p
||Ex, (fi)||p = (j Ufi (x + VK, (Hdt| dx)

Therefore, the neural-operator is not used to expand Ey, (f;) in LP space.
Lemma 2

Assume f;, f, € L) andf, = f; + & while |||, adequate small, therefor [13]:

r p
I, @I, = [ ][ e+ 0 @] a0 < o) il

Proof:
Assume the linearity property of neural operator:
EN;\(fl) — Ey, (f) = Ey, (&)
Re-call Lemma 1 with respect to g;, we can get:
l|En, (F) — En, (f) . ”EN;L(si)”p < C(p) ll&illp

Lemma 3
Consider f; € Lgn, where 0 < p < 1, and Ey, (fj) expressed as approximation
operator, therefor the K-functional is satisfied [14][15]:
K (£.89), < |Ifi— EN}\(fi)”p + &8° ||DrEN./\(fi)||p
Where:
D": is the differential operator.
Proof:
Assume g = Ey;, (fj) , based on K-functional definition:
Ke(f, 8%)p = inf {lIfi — gll, + 8" [ID"gll,}
While g = Ey, (f;), then:
K (f, 89)p < ||fi — 1zm(fi)||p + &7 ||DFENA(fi)||p
Given the operator Ey, which is preserved regularity, while the derivative of the
D"Ey, (f)) is exist, yields the equation is held.
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3. Results and Discussion

Main Results

This section demonstrated three theorems which are form the backbone of the
proposed generalized Stechkin-Marchaud inequality model based on approximation
of DNN as shown in subsections below:

Theorem 1 (Convergence Theorem)

Consider f; € [}, where 0 < p < 1, and assume {En,(f)}1=1 expressed as DNN-
approximation in space of L? so that: AILHCI,O Ey,(f) = f;, then the smoothness modulus is

satisfied:

ok (fy »scw)Emmgm i,

A+2

Proof:
Based on Lemma 3 and equality between both w, (f;, §), and K, (f;, Sk)p then:

Ki(fi 6% < |Ifi - ENA(fi)”p + 8" ||D"EN,1(fi)||p

Letd = e

o (o o < € Kunahpscw>§§ngﬁ) il
This indicates the convergence property of both smoothness modulus and error
approximation.

Theorem 2 (Steady Theorem)
Consider f; € L), and assume f,= f;+ ¢ given that: [lgll, « 1. Then, the
approximation operator of the neural will be given by:
l|Ew, (£) — ENl(fi)”p < C() ll&ll,
Proof:
Use Lemma 2, therefor:
ENA(]_CL) - EN,l(fi) = ENA(Ei)
Then by recalling Lemma 1, we get:
||EN,1(€i)||p < C() ll&ll,
This confirms the robustness property of the approximation operator.
Theorem 3 (Error Bound Theorem)
Consider f; € L), where 0 < p < 1, and assume E v, (fi) expressed as DNN-
approximation operator with the defined 1 which is the complexity parameter of the
neural network. The error will be satisfied:

i~ Ev DIl <€ - ol g+ YD)
Where y(1) and 1 are the refinement architecture. Such that: y(1) —» 0 while A — oo,
Proof:
Using inverted form of Stechkin-Marcnaud. Such that:

||fi — ENA(fi)” < C * wy(fi, 8)p + Residual

Let§ = 7 and y (1) is the dimension errors then:

i~ Ev DI, <€ - ol g+ YD)

Consequently, the network error convinced is mainly bounded over through the
function smoothness and a disappearance the architectural-residual.

Comparison Proposed and Classical Theorems

Table 1 summarizes the results of the three proposed theories Convergence Theorem,
Steady Theorem, and Error Bound in this study compared with Classical Stechkin-
Marchaud in terms of: Function Space, Key Quantity, Operator, Robust to perturbation,
Expresses network error, Error vanishes as which showed that the first theory achieved
convergence for both smoothness modulus and error approximation while the second
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theory achieved robustness property of the approximation operator while the third theory
convinced the network error is mainly bounded over through the function smoothness.

Table 1. Comparison between proposed and classical Stechkin-Marchaud theorems.

Classical DNN-based
Property Stechkin- Convergence Stability Theorem Error Bound Theorem
Marchaud Theorem
Function Space | LP,0<p <1 L0<p <1 L L
Diff i
wy (f, 8), vs DNN- ! e.renc.e m DNN approximation
] o (f, 8),vs approximations of )
Key Quantity based .. error via smoothness and
best approx. .. perturbed vs. original .
approximation . network capacity
input
Classical Deep neural
linear (e.g., p neur Ey, applied to perturbed
Operator . approximation . En,
Bernstein, operator E function
Fourier) P Na
. Indirectly yes, as
Robust to No explicit Yes — Lemma 2 proves y
. N/A smoothness includes
perturbation result robustness .
perturbation response
Yes — vi
Expresses e — v Yes — bounds with w,
No convergence No .
network error and network residual
theorem
A—o0 A—eo or function b
Error vanishes as 0—0 - llell, —» 0 T OF THRETON becomes
(depth/growth) smoother

4. Conclusion

This paper offering a propagate support for Stechkin-Marchaud inequalities based on
theory of deep neural network (DNN) approximation, on the L? spaces giventhat0 <p <
1. This paper modeled three theorems namely Convergence, Stability, and Error Bound
which are an extension for the classical theorem results. The error bound theorem
confirms how the complexity network belongs to the smoothness of the goal function,
presenting theoretical prudence in popularization after experimental results. A
comparison is made and it showed how the approach improves classical theory utilizing
deep learning concepts. Generally, this work bridges the classical approximation with the
modern current deep learning, given a mathematical base in order to analyze and
optimize DNNs as an approximator function. Future directions consist of extending the
analysis to be multivariate functions in L?(R%) and observant DNN behavior in bounded-
domains based on complex boundary states.
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