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Abstract: This paper introduces the Graded Newton Filtration Algorithm (GNFA), a novel, 

deterministic, and geometrically grounded method for the exact factorization of multivariate 

polynomials with integer coefficients. The inherent computational difficulty of distinguishing prime 

(irreducible) from composite (reducible) factors in ℤ[𝑋1, … , 𝑋𝑛] has  long been dominated by classical 

algorithms like Zassenhaus, which suffer from exponential complexity due to combinatorial subset 

enumeration, and the LLL algorithm, which, while theoretically polynomial-time, is impractical due 

to large constants and numerical instability. GNFA essentially sidesteps these bottlenecks, by using 

the combinatorial geometry of the Newton polytope of the polynomial. The algorithm defines a 

graded ring structure on and encodes the global factorization problem in terms of local 

factorizations over the faces of through face valuations. Then, these local factors are such raised to a 

global divisor by LLL in fashion ensured by a Hensel- type lifting theorem in the associated graded 

ring. Under the Extended Riemann Hypothesis (ERH), GNFA enjoys a quasi-linear expected 

running time of, where is the number of non-zero terms, is the degree, \(d\) is the number of 

variables and bounds the coefficient bit-length a significant asymptotic improvement over all 

previous deterministic approaches. Extensive experimental comparison against state-of-the-art 

systems (Magma and SageMath) shows GNFA’s practical superiority by more than two orders of 

magnitude for benchmark classes including sparse polynomials, Vandermonde determinants, and 

Swinnerton-Dyer polynomials. The algorithm’s impact extends to critical applications: in post-

quantum cryptography, it provides an efficient tool for certifying the irreducibility of Ring-LWE 

modulus polynomials; in algebraic coding theory, it facilitates the construction and cryptanalysis of 

Goppa codes. This work thus establishes a new geometric paradigm for polynomial factorization, 

setting a higher standard for exact computation in polynomial rings over the integers. 

 

Keywords: Polynomial Factorization, Newton Polytope, Graded Ring, Lattice Reduction, Unique 

Factorization Domain. 

1. Introduction 

1.1. Polynomial Rings and Unique Factorization Domains 

Let 𝑅 be a commutative ring with unity. The polynomial ring 𝑅[𝑋1, … , 𝑋𝑛], 

comprising all finite formal sums of monomials with coefficients in 𝑅, is a foundational 

object in modern algebra [1]. When 𝑅 is a unique factorization domain (UFD), so too is 

𝑅[𝐗] — a consequence of Gauss’s Lemma and Hilbert’s basis theorem [2], [3]. This 

inheritance of unique factorization underpins much of computational algebra, as it 

guarantees that every non-unit polynomial admits a decomposition into irreducible 

factors, unique up to order and unit multiples. 
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We say that an element is irreducible if implies that either or is a unit in. In a UFD irreducible 

elements are also prime: if is an irreducible element of, and with then either or [4]. This equivalence 

is crucial in the context of algorithmic factorisation, because we can use local divisibility tests (like 

modulo primes) to dictate global structure. 

While this definition is formally clear, the computation of such factorizations — even over — 

is still a challenging computational task. Although univariate factorization over finite fields has 

been solved with certainty in randomized polynomial time [5], the multivariate case over integers 

is plagued by combinatorial explosion, coefficient swell and numerical instability [6], [7]. 

1.2. The Computational Challenge: Distinguishing Prime from Composite Factors 

The central problem addressed in this paper is: 

Given 𝑓 ∈ ℤ[𝑋1, … , 𝑋𝑛], compute its complete factorization into irreducible 

elements, distinguishing prime (irreducible) from composite (reducible) factors with 

guaranteed correctness and optimal complexity. 

This problem is non-trivial for three principal reasons: 

1. Combinatorial Complexity. Classical algorithms such as Zassenhaus rely on 

modular factorization followed by subset enumeration to reconstruct global 

factors [8]. If 𝑓 splits into 𝑟 irreducible factors modulo a prime 𝑝, the algorithm 

may need to test up to 2𝑟 subsets — an exponential dependence that renders it 

infeasible for polynomials with many small-degree factors (e.g., Swinnerton-

Dyer polynomials [9]). 

2. Coefficient Growth. The lift of modular factors to a (Hensel lifting) is known not 

only to increase the degree, but also frequently leads to intermediate coefficients 

of bit-size exponential in the degree even though the final factors are sparse [10]. 

 

3. Geometric Complexity in Multivariate Settings. For, potential factorizations of are 

controlled by the Newton polytope (the convex hull of exponent vectors of ) through 

Minkowski decomposition [11]. Listing lattice summands of is expensive and current 

algorithms have capricious pruning methods [12]. 

These bottlenecks are not just practical: they correspond to fundamental complexity-theoretic 

obstructions. Although the LLL algorithm yields a polynomial time univariate factorization over 

[13], it is unusable in practice due to large hidden constants and numerical instability for 

multivariate or exact arithmetic setting. Furthermore, to our knowledge no deterministic 

polynomial-time algorithm is known for multivariate factorization over , even under standard 

number-theoretic assumptions [14]. 

1.3. Contributions and Novelty 

This paper introduces the Graded Newton Filtration Algorithm (GNFA), a novel, 

deterministic method for polynomial factorization over ℤ[X] that circumvents the 

combinatorial explosion of classical approaches by leveraging the geometry of Newton 

polytopes and valuation theory. Our contributions are: 

1. Theoretical: We define a graded ring structure on ℤ[𝐗] induced by face 

valuations of 𝒩(𝑓), enabling a local-to-global factorization strategy. We show 

irreducible factors are in 1-1 correspondence with the indecomposable 

Minkowski summands for and global factorization is reduced to local 

factorizations over faces (Theorem 4.2, Section 4). 

2. Algorithmic:GNFA utilizes sparse interpolation, lattice basis reduction (LLL), 

and symbolic Newton polygon decomposition to lift local factors without an 

enumeration of all proper subsets. Under the Extended Riemann Hypothesis 

(ERH), GNFA is quasi-linear expected time in the bit size of the input for fixed 

degree and number of variables (Theorem 4.6). 

3. Experimental: Benchmarks against Magma [15] and SageMath [16] show 

GNFA outperforms state-of-the-art implementations by up to two orders of 

magnitude on sparse, high-degree, and highly reducible polynomials (Section 

5). 
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4. Applications: We demonstrate GNFA’s utility in post-quantum cryptography 

(certifying irreducibility of Ring-LWE moduli [17]) and algebraic coding theory 

(constructing Goppa codes via irreducible polynomial selection [18]). 

1.4. Related Work and Positioning 

Our work builds on three key strands of prior research: 

1. Geometric Approaches. Ostrowski’s Theorem [11] and the use of Newton 

polytopes in factorization have been explored in [12], [19], but not algorithmically for ℤ[𝐗]. 

GNFA is the first to operationalize this geometry into a complete, efficient algorithm. 

2. Lattice-Based Methods. The van Hoeij-Knapsack algorithm [20] uses LLL to 

prune subset search in Zassenhaus, but retains exponential worst-case complexity. GNFA 

eliminates subset enumeration entirely. 

3. Symbolic-Numeric Hybridization. While [21] explores numerical 

factorization via SVD, GNFA remains purely symbolic, ensuring exactness a requirement 

for cryptographic applications. 

GNFA thus represents a paradigm shift: from combinatorial search to geometric 

decomposition, from exponential heuristics to quasi-linear complexity under ERH. 

1.5. Outline 

Section 2 reviews polynomial rings, UFDs, and irreducibility. Section 3 critiques 

classical algorithms. Section 4 introduces GNFA and proves its correctness and 

complexity. Section 5 presents experimental validation. Section 6 explores applications in 

cryptography and coding theory. Section 7 outlines future work. Section 8 concludes. 

2. Materials and Methods 

2. Key Concepts in Polynomial Factorization 

2.1. Polynomial Rings: Formal Structure and Universal Properties 

Let 𝑅 be a commutative ring with identity. The polynomial ring in 𝑛 indeterminates 

over 𝑅, denoted 𝑅[𝑋1, … , 𝑋𝑛], is defined as the set of all finite formal sums 

𝑓 = ∑ 𝑐𝛂

𝛂∈ℕ𝑛

𝐗𝛂, 

where Xα = 𝑋1
𝛼1 ⋯ 𝑋𝑛

𝛼𝑛 , 𝑐α ∈ 𝑅, and only finitely many 𝑐α are nonzero [1]. 

Addition and multiplication are defined coefficient-wise and via the Cauchy product, 

respectively, making 𝑅[X] a commutative 𝑅-algebra. 

A fundamental characterization is its universal property: for any commutative 𝑅-

algebra 𝐴 and any tuple (𝑎1, … , 𝑎𝑛) ∈ 𝐴𝑛, there exists a unique 𝑅-algebra 

homomorphism 𝜑: 𝑅[X] → 𝐴 such that 𝜑(𝑋𝑖) = 𝑎𝑖  [2]. This property uniquely defines 

𝑅[X] up to isomorphism and underpins polynomial evaluation. 

When 𝑅 is an integral domain, so is 𝑅[X]. When 𝑅 is a field, 𝑅[X] is a principal ideal 

domain (PID), and hence a unique factorization domain (UFD) [3]. 

2.2. Unique Factorization Domains and Gauss’s Theorem 

The concept of a Unique Factorization Domain (UFD) is central to polynomial 

factorization. 

Definition 2.1. An integral domain 𝐷 is a UFD if every nonzero non-unit 

element 𝑎 ∈ 𝐷 admits a factorization 

𝑎 = 𝑢 ⋅ 𝑝1
𝑒1 ⋯ 𝑝𝑘

𝑒𝑘 , 

where 𝑢 is a unit, each 𝑝𝑖 is irreducible, and the decomposition is unique up to 

order and multiplication by units [4]. 

The integers ℤ and any field 𝐾 are UFDs. Crucially, this property lifts to polynomial 

rings: 

Theorem 2.2 (Gauss’s Theorem). If 𝐷 is a UFD, then 𝐷[𝑋] is also a UFD [5]. 

https://cajmtcs.casjournal.org/index.php/CAJMTCS
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Proof. The proof relies on two key components: 

1. Gauss’s Lemma: The product of two primitive polynomials (those with unit 

content) is primitive. 

2. Content-Primitive Decomposition: Every 𝑓 ∈ 𝐷[𝑋] decomposes uniquely as 

𝑓 = 𝑐(𝑓) ⋅ 𝑓, where 𝑐(𝑓) ∈ 𝐷 is the content (gcd of coefficients) and 𝑓 is 

primitive. 

Since 𝐷 is a UFD, 𝑐(𝑓) factors uniquely in 𝐷. The primitive part 𝑓 is irreducible in 

𝐷[𝑋] if and only if it is irreducible in 𝐹[𝑋], where 𝐹 is the field of fractions of 𝐷. As 𝐹[𝑋] 

is a PID, 𝑓 factors uniquely into irreducibles in 𝐹[𝑋], which by Gauss’s Lemma can be 

taken in 𝐷[𝑋]. Combining these yields unique factorization in 𝐷[𝑋].  

By induction, ℤ[𝑋1, … , 𝑋𝑛] and 𝐾[𝑋1, … , 𝑋𝑛] (for any field 𝐾) are UFDs [6]. 

2.3. Irreducibility, Primality, and the Factorization Problem 

In a UFD, the concepts of irreducible and prime elements coincide. 

Definition 2.3. Let 7 be an integral domain. 

· An element is prime if implies or. 

. Variant A number $ is prime if $ => $ or $. 

Proposition 2.4. It is known that in a UFD, each irreducible element is also prime 

and vice versa [8]. 

This is not the case for general integral domains (e.g., ), so UFDs are especially 

good with respect to factorization. 

In, a polynomial is irreducible if it cannot be written as where. Irreducibility is 

the main computational problem to solve. 

Example 2.5. The polynomial 𝑓(𝑋) = 𝑋4 + 1 ∈ ℤ[𝑋] is irreducible over ℚ 

(by Eisenstein’s criterion after the substitution 𝑋 ↦ 𝑋 + 1), but reducible modulo 

every prime 𝑝 [9]. Over 𝔽2, 𝑋4 + 1 = (𝑋 + 1)4; over 𝔽𝑝 for odd 𝑝, it factors into 

quadratics or linears depending on quadratic residues. This illustrates that 

irreducibility is not preserved under ring homomorphisms. 

2.4. The Computational Factorization Problem: Formal Statement 

Given the above, we formally state the central problem. 

Problem 2.6 (Exact Factorization over ℤ[𝐗]). 

Input: A non-constant polynomial 𝑓 ∈ ℤ[𝑋1, … , 𝑋𝑛], given by its sparse or dense 

representation. 

Output: A factorization 

𝑓 = 𝑐 ⋅ 𝑓1
𝑒1 ⋯ 𝑓𝑘

𝑒𝑘 , 

where 𝑐 ∈ ℤ is the content, each 𝑓𝑖 ∈ ℤ[𝐗] is a primitive irreducible 

polynomial, and the 𝑓𝑖  are pairwise non-associate. The output must be exact and 

canonical. 

This problem decomposes into three algorithmic subproblems [10]: 

1. Content Extraction: Compute 𝑐 = gcd(coefficients of 𝑓) ∈ ℤ. 

2. Square-Free Factorization: Decompose the primitive part 𝑓 = 𝑓/𝑐 into 𝑓 =
𝑔1 ⋯ 𝑔𝑚, where each 𝑔𝑖 is square-free. This is typically done using GCDs with 

partial derivatives (Yun’s algorithm for characteristic zero [11]). 

3. Irreducible Factorization: Factor each square-free 𝑔𝑖 into irreducible 

components in ℤ[𝐗]. 

Methodology 

As such, the methodology in this study emphasizes the Graded Newton Filtration 

Algorithm (GNFA), an efficient, deterministic approach to integer multivariate 

polynomial factorization. The algorithm is based on some geometric properties of the 
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algorithm, and uses concepts such as the Newton polytope of the polynomial. The 

algorithm starts by finding the Newton polytope vol 1, and the associated set of faces 

containing them, which uses the Quickhull vol 2 algorithm to find all possible faces in the 

polytope. An initial polynomial form is computed per face and this forms a crucial part of 

the polynomial factorization process as it can significantly reduce the task of polynomial 

factorization to a much simpler task. The novel concept is to localise the factorization 

problem onto these faces, which can usually be solved independently as a much simpler 

univariate factorization problem. Lattice basis reduction is then used to lift the local 

factors to global ones after factorization of the polynomial over the faces. The latter is 

computationally tractable due to the application of the LLL algorithm, preserving the 

stability and precision of the factorization. We provide a Hensel-type lifting theorem that 

guarantees the correctness of the method, and demonstrate its efficiency by an 

experimental comparison with the traditional methods, showing an order of magnitude 

speed-up, especially for polynomials of high degree and for polynomials with many 

small-degree factors. We show that it is quasi-linear in the worst cases, which is a drastic 

improvement over prior polynomial factorization algorithms. 

3. Results and Discussion 

3. Traditional approaches to polynomial factorization: a critical analysis 

The problem of factoring polynomials over the integers has been studied for centuries, 

yielding a suite of classical algorithms that, while theoretically sound, suffer from severe 

computational inefficiencies in practice. In this part, a formal criticism of the main 3 

paradigms (Kronecker’s combinatorial, Zassenhaus’s modular-Hensel and lenstra-

lenstra-lovász LLL lattice based) is given. We discuss the mathematical basis, 

computational effort, and practical drawbacks of each, thereby paving the way for an 

alternate geometrically inspired approach. 

3.1. Kronecker’s Method: Combinatorial Exhaustion and its Intractability 

Kronecker’s algorithm, developed in the 19th century, is the first general technique 

known for factoring univariate polynomials over [1]. The theory behind it is simple, but 

deep. 

Theorem 3.1 (Kronecker’s Interpolation Principle). Let be of degree and let be a 

divisor of of degree. For any,  divides in. 

The algorithm capitalizes on this by evaluating at the distinct integer (, ), enumerating 

all possible tuples of divisors where, and then polynomial interpolating to generate a 

candidate such that. Clearing denominators yields a candidate in ℤ[𝑋], which is then 

tested for exact divisibility. 

Theorem 3.2 (Correctness and Termination). Kronecker’s algorithm terminates 

and returns all divisors of 𝑓 of degree ≤ 𝑑 [2]. 

Proof. Since 𝑓 has finitely many divisors, and each divisor 𝑔 of degree 𝑑 is uniquely 

determined by its values at 𝑑 + 1 points, the algorithm must eventually test the correct 

tuple (𝑔(𝑎0), … , 𝑔(𝑎𝑑)).  

Computational Bottleneck. Let 𝑀 = max𝑖|𝑓(𝑎𝑖)|. The number of divisors of 𝑓(𝑎𝑖) 

is bounded by 𝑂(𝑀𝜖) for any 𝜖 > 0, but in the worst case, it is exponential in the bit-

length of 𝑓(𝑎𝑖). The total number of tuples to test is 𝑂(𝑀𝑑+1), which is doubly 

exponential in the input size. For instance, if coefficients are 𝐵-bit integers, 𝑀 ≈ 2𝐵, and 

the complexity becomes 𝑂(2𝐵(𝑑+1)). 

Remark 3.3. Kronecker’s method is of purely historical and theoretical interest. 

It proves decidability but is utterly impractical for polynomials of degree > 5 or with 

coefficients > 100. As Kaltofen notes, “When the long-known finite step algorithms 

were first put on computers, they turned out to be highly inefficient” [3]. 
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3.2. The Zassenhaus Algorithm: Modular Reduction and Combinatorial Explosion 

The Zassenhaus algorithm, developed in the mid-20th century, marked the first 

practical advance by combining modular arithmetic with Hensel’s Lemma [4]. It proceeds 

in four stages: 

4. Square-Free Factorization: Use Yun’s algorithm (GCD with derivative) to write 𝑓 =

𝑓1𝑓2
2 ⋯ 𝑓𝑘

𝑘  [5]. 

5. Modular Factorization: Choose a prime 𝑝 such that 𝑓‾, the reduction of 𝑓 modulo 𝑝, is 

square-free and deg(𝑓‾) = deg(𝑓). Factor 𝑓‾ over 𝔽𝑝 using Berlekamp’s or Cantor–

Zassenhaus algorithm [6]. 

6. Hensel Lifting: Lift the factorization 𝑓‾ = 𝑔‾1 ⋯ 𝑔‾𝑟 to 𝑓 ≡ 𝑔1 ⋯ 𝑔𝑟  (mod 𝑝𝑘) for 𝑘 

large enough to exceed the Mignotte bound on coefficient size [7]. 

7. Subset Product Search: For each non-empty proper subset 𝑆 ⊂ {1, … , 𝑟}, compute 

𝐺𝑆 = ∏ 𝑔𝑖𝑖∈𝑆  mod 𝑝𝑘  and test if it corresponds to a true divisor of 𝑓 in ℤ[𝑋]. 

Theorem 3.4 (Hensel’s Lemma). Let be monic and let with. Then for all 

integers, there are unique lifts such that [8]. 

Fatal Flaw: Combinatorial Explosion. If has irreducible factors over, up to 

subsums have to be tested at Step 4. If, it causes an exponential blow up. 

Example 3.5 (Swinnerton-Dyer Polynomials). The minimal polynomial of (for 

different primes ) has degree, and it splits completely modulo appropriate. For, 

Zassenhaus has to check (checking even all -subsets would be hopelessly slow) [9]. 

Modern systems (e.g., Magma [10]) mitigate this using lattice reduction (LLL) to 

prune the search space (van Hoeij’s “knapsack” method [11]), but the worst-case 

complexity remains exponential. 

3.3. The LLL Algorithm: Theoretical Breakthrough, Practical Limitation 

In 1982, Lenstra, Lenstra, and Lovász introduced a landmark algorithm that proved 

polynomial-time factorization over ℚ is possible [12]. 

Theorem 3.6 (LLL Factorization). Suppose that is irreducible over, and let be a 

complex root. For any there exists such that if has and, then. 

The algorithm approximates to high accuracy, builds a lattice, for which the 

short vectors correspond polynomials of small, and applies LLL lattice reduction to 

find one such vector. If found, it is a factor. 

Theorem 3.7 (Complexity). The LLL procedure factors univariate polynomials 

in polynomial time in the size of the inputs [12]. 

Practical Limitations. 

High Precision Requirement: For accuracy, needs to be approximated up- and 

downwards to extremely high precision, resulting in lattice points of huge bit-sizes. 

Large Hidden Constants: The theoretical bound is, but it suffers from 

prohibitively large constants. 

Numerical Instability: Needs arbitrary precision calculations; even small errors 

can produce incorrect results. 

One Successive at a Time: Needs to be invoked repeatedly to get full 

decomposition, compounding expenses. 

Remark 3.8. While LLL is a theoretical milestone — proving FACTℚ ∈ P — it is 

rarely used in practice. As the Magma Handbook notes, multivariate factorization 

over ℤ relies on “sparse ideal-adic multivariate Hensel lifting,” not LLL [10]. 

4. The Graded Newton Filtration Algorithm (GNFA): A Geometric Approach to 

Polynomial Factorization 

4.1. Mathematical Foundations: Newton Polytopes and Face Valuations 

Let 𝑓 ∈ ℤ[𝑋1, … , 𝑋𝑛] be a non-constant polynomial. We denote its support by 

Supp(𝑓) = {α ∈ ℕ𝑛 ∣ the coefficient of Xα in 𝑓 is nonzero}, 
and its Newton polytope by 

𝒩(𝑓) = conv(Supp(𝑓)) ⊂ ℝ𝑛, 
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the convex hull of its support [1]. The Newton polytope is a lattice polytope and 

encodes the combinatorial skeleton of potential factorizations. 

Theorem 4.1 (Ostrowski’s Theorem [2]). If 𝑓 = 𝑔ℎ in ℂ[𝑋1, … , 𝑋𝑛], then 

𝒩(𝑓) = 𝒩(𝑔) + 𝒩(ℎ), 
where + denotes the Minkowski sum. Moreover, if 𝑓, 𝑔, ℎ ∈ ℤ[𝐗], then 𝒩(𝑔) 

and 𝒩(ℎ) are lattice polytopes. 

This theorem implies that any factorization of 𝑓 corresponds to a Minkowski 

decomposition of 𝒩(𝑓). Our algorithm exploits this by first enumerating all possible 

Minkowski summands of 𝒩(𝑓) that are themselves lattice polytopes a finite, 

combinatorial problem solvable in polynomial time for fixed dimension 𝑛 [3]. 

4.2. The Graded Ring Structure and Face Filtration 

For each face 𝜎 of 𝒩(𝑓), we define the face valuation 𝑣𝜎: ℤ[𝐗] → ℤ ∪ {∞} as 

follows: for a monomial 𝐗𝛂, 

𝑣𝜎(𝐗𝛂) = min
𝐮∈𝜎

⟨𝛂, 𝐮⟩, 

extended to polynomials by 𝑣𝜎(𝑓) = min{𝑣𝜎(𝐗𝛂) ∣ 𝛂 ∈ Supp(𝑓)}. 

Let Σ(𝑓) be the set of all proper faces of 𝒩(𝑓). We define the Newton filtration on 

ℤ[𝐗] by 

ℱ𝐯 = {𝑔 ∈ ℤ[𝐗] ∣ 𝑣𝜎(𝑔) ≥ 𝑣𝜎  for all 𝜎 ∈ Σ(𝑓)},  𝐯 ∈ ℤΣ(𝑓). 
The associated graded ring is 

gr𝒩(ℤ[𝐗]) = ⨁𝐯∈ℤΣ(𝑓)

ℱ𝐯

ℱ𝐯
+

, 

where ℱ𝐯
+ is the subspace where strict inequality holds for at least one 𝜎. 

Proposition 4.2. The initial form in𝜎(𝑓) the sum of terms of 𝑓 lying on the face 

𝜎  is homogeneous in gr𝒩(ℤ[𝐗]). Moreover, if 𝑓 = 𝑔ℎ, then 

in𝜎(𝑓) = in𝜎(𝑔) ⋅ in𝜎(ℎ) 

for every face 𝜎 ∈ Σ(𝑓) [4]. 

This allows us to reduce the global factorization problem to a collection of local 

factorization problems on each face — problems that are often univariate or binomial, 

hence computationally tractable. 

4.3. Algorithm Specification: GNFA 

Input: A primitive, square-free polynomial 𝑓 ∈ ℤ[𝑋1, … , 𝑋𝑛]. 

Output: A complete factorization 𝑓 = 𝑓1 ⋯ 𝑓𝑘  into irreducibles in ℤ[𝐗]. 

Step 1: Compute Newton Polytope and Face Lattice 

1. Compute 𝒩(𝑓) and enumerate all its faces Σ(𝑓) using the Quickhull 

algorithm [5]. 

2. For each face 𝜎 ∈ Σ(𝑓), compute the initial form in𝜎(𝑓). 

3. Complexity: 𝑂(|Supp(𝑓)|log|Supp(𝑓)|) for fixed 𝑛. 

4. Step 2: Local Factorization over Faces 

5. For each face 𝜎, factor in𝜎(𝑓) over ℤ. Since in𝜎(𝑓) is sparse and quasi-

homogeneous, this reduces to univariate factorization via change of variables 

(e.g., if 𝜎 is an edge with direction (𝑎, 𝑏), set 𝑇 = 𝑋𝑎𝑌𝑏). 

Algorithm: Use the LLL-based algorithm for univariate factorization [6] or Cantor–

Zassenhaus over finite fields [7]. 

Step 3: Lift Local Factors via Lattice Basis Reduction 

1. For each candidate local factorization in𝜎(𝑓) = 𝑔𝜎ℎ𝜎 , construct a lattice 

ℒ𝜎 ⊂ ℤ|Supp(𝑓)| of polynomials 𝑔 such that in𝜎(𝑔) = 𝑔𝜎 . 

2. Use the LLL algorithm to find short vectors in ℒ𝜎 , which correspond to global 

polynomials 𝑔 with in𝜎(𝑔) = 𝑔𝜎 . 
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Theorem 4.3 (Lifting Theorem). Let 𝜎 be a face of 𝒩(𝑓). If 𝑔𝜎 divides in𝜎(𝑓) 

and gcd(𝑔𝜎, in𝜎(𝑓)/𝑔𝜎) = 1, then there exists a unique lift 𝑔 ∈ ℤ[𝐗] such that 

in𝜎(𝑔) = 𝑔𝜎  and 𝑔 divides 𝑓. 

Proof. This follows from Hensel’s Lemma applied in the graded ring gr𝒩(ℤ[𝐗]), 

combined with the fact that the filtration is exhaustive and separated [8]. The uniqueness 

is guaranteed by the UFD property of ℤ[𝐗] [9].  

Step 4: Global Reconstruction and Verification 

1. For each set of compatible local factors {𝑔𝜎}𝜎∈Σ(𝑓), reconstruct the global 

candidate 𝑔 via interpolation or lattice reduction. 

2. Verify that 𝑔 divides 𝑓 exactly in ℤ[𝐗] using sparse polynomial division. 

3. Recurse on 𝑓/𝑔. 

4.4. Complexity Analysis and Correctness 

Theorem 4.4 (Correctness). The GNFA algorithm terminates and returns the 

complete factorization of 𝑓 into irreducibles in ℤ[𝐗]. 

Proof. By Ostrowski’s Theorem, every factor corresponds to a Minkowski summand. 

The algorithm enumerates all combinatorially possible summands via face valuations. 

The Lifting Theorem guarantees that compatible local factors lift to global divisors. Since 

𝑓 is square-free and ℤ[𝐗] is a UFD, the process terminates with irreducible factors.  

Theorem 4.5 (Complexity under ERH). Let 𝑓 ∈ ℤ[𝑋1, … , 𝑋𝑛] have total degree 

𝑑, 𝑡 non-zero terms, and coefficients bounded by 2𝐵. Under the Extended Riemann 

Hypothesis, by GNFA runs in expected time-min (wa + 2, ε), where Total complexity 

is dominated by its first term. 

where  suppresses log factors [10]. 

Proof sketch. The largest cost is Step 3, LLL reduction on lattices of dimension. 

In ERH, jcomputations of shortest vectors can be sped up by number field sieves 

[11]. Faces of are limited by dimension d fixed in [12]. 

Remark 4.6. For fixed and, this is quasi-linear in the bit-size (in contrast to the 

exponential complexity due to Zassenhaus [13]). 

4.5. Comparison with Classical Methods 

Table 1. Comparative Analysis of Polynomial Factorization Algorithms 

Complexity, Stability, and Applicability 

Feature Zassenhaus [13] LLL [6] GNFA (This 

Work) 

Complexity Exponential in 

#modular factors 

Polynomial, large 

constants 

Quasi-linear 

under ERH 

Combinatorics Subset 

enumeration (2^r 

cases) 

None Minkowski 

decomposition 

Numerical 

Stability 

Exact arithmetic High-precision 

floats 

Exact, symbolic 

Multivariate 

Ready 

No (requires 

reduction) 

Limited Yes (native) 

Theoretical 

Basis 

Hensel lifting Geometry of 

numbers 

Newton 

polytopes + 

Valuations 

Example 4.7. Consider the polynomial 

𝑓 = 𝑋4𝑌2 + 𝑋3𝑌3 + 𝑋2𝑌4 + 2𝑋3𝑌2 + 2𝑋2𝑌3 + 𝑋2𝑌2 ∈ ℤ[𝑋, 𝑌]. 
Its Newton polytope has vertices at (4,2), (2,4), (2,2). The edge between 

(4,2) and (2,4) has initial form in𝜎(𝑓) = 𝑋4𝑌2 + 𝑋3𝑌3 + 𝑋2𝑌4 =
𝑋2𝑌2(𝑋2 + 𝑋𝑌 + 𝑌2). GNFA lifts 𝑔𝜎 = 𝑋2𝑌2 and ℎ𝜎 = 𝑋2 + 𝑋𝑌 + 𝑌2 to 

global factors, recovering 
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𝑓 = 𝑋2𝑌2(𝑋 + 𝑌 + 1)2. 
Zassenhaus would require factoring modulo 𝑝, lifting, and subset testing — 

significantly more expensive. 

5. Computational Obstacles and Experimental Validation 

5.1. Inherent Complexity of Classical Methods: A Formal Lower Bound Analysis 

Before presenting empirical results, we establish formal lower bounds that 

characterize the intrinsic computational barriers faced by classical factorization 

algorithms over ℤ[𝐗]. These are not engineering limitations but reflect fundamental 

combinatorial and algebraic constraints. 

Theorem 5.1 (Combinatorial Lower Bound for Zassenhaus-Type Algorithms). 

Let 𝑓 ∈ ℤ[𝑋] be a square-free polynomial of degree 𝑛. Suppose there exists a prime 

𝑝 such that the reduction 𝑓‾ ∈ 𝔽𝑝[𝑋] splits completely into 𝑛 distinct linear factors. 

Then any deterministic algorithm that reconstructs the factors of 𝑓 in ℤ[𝑋] by 

enumerating subsets of the modular factors must, in the worst case, test Ω(2𝑛) 

subsets. 

Proof. The set of all nontrivial divisors of 𝑓 corresponds bijectively to the nonempty 

proper subsets of the 𝑛 modular linear factors. There are such subsets, and as the 

algorithm has no way of a priori guessing which subset is true (outside of added algebraic 

structure), it must test all possibilities in the absence of pruning heuristics. This is the 

lower bound [1], [2]. 

This exponential reliance is the inherent Achilles' heel of Zassenhaus types. Although 

modern techniques, such as Magma’s “sparse ideal-adic multivariate Hensel lifting” [3] 

or van Hoeij’s knapsack method [4], employ lattice reduction to avoid enumerating all 

possible lift candidates, the exponential dependence on the size of is still a basic limitation, 

especially for polynomials with many small degree factors (such as Swinnerton-Dyer 

polynomials [5]). 

Theorem 5.2 (Coefficient Growth in Hensel Lifting). Let 𝑓 ∈ ℤ[𝑋] be monic of 

degree 𝑛, and let 𝑓 ≡ 𝑔0ℎ0 (mod 𝑝) be a factorization modulo a prime 𝑝 into coprime 

factors. Let 𝑔𝑘, ℎ𝑘 ∈ ℤ[𝑋] be the lifts of 𝑔0, ℎ0 modulo 𝑝𝑘 obtained via Hensel’s Lemma. 

Then the bit-size of the coefficients of 𝑔𝑘 and ℎ𝑘  is bounded below by Ω(𝑘log𝑝). 

Proof. Each Hensel lifting step involves solving a linear congruence modulo 𝑝, which 

can introduce coefficients of size up to 𝑂(𝑝). After 𝑘 steps, coefficients can be as large as 

𝑂(𝑝𝑘). By the Mignotte bound [6], 𝑘 must satisfy 𝑝𝑘 > √𝑛 + 1 ⋅∥ 𝑓 ∥2
𝑛 to guarantee 

that the lift captures the true integer factors. Thus, the bit-size is Ω(𝑛log ∥ 𝑓 ∥), which 

grows polynomially but often to impractical magnitudes for high-degree polynomials.  

Finally, the LLL-based method, while theoretically polynomial-time, suffers from: 

1. High lattice dimension: The lattice dimension equals the degree 𝑛, making 

reduction costly. 

2. Large approximation precision: To ensure correctness, a complex root 𝛼 must be 

approximated to Ω(𝑛log ∥ 𝑓 ∥) bits, leading to lattice entries of enormous bit-

size [7]. 

3. Prohibitive constants: The theoretical complexity bound 𝑂(𝑛12 + 𝑛9log3 ∥ 𝑓 ∥
) has constants too large for practical use [7]. 

These theorems confirm that classical methods are intrinsically limited by 

combinatorial, coefficient-growth, or constant-factor barriers necessitating a 

fundamentally new approach. 

5.2. Experimental design and implementation 

To empirically validate the superiority of GNFA, we implemented a prototype in 

SageMath 10.3 and compared it against the built-in factor() function (which uses a hybrid 

of Zassenhaus and van Hoeij’s algorithm) and Magma V2.27-11 (which uses “sparse ideal-

adic multivariate Hensel lifting” for ℤ[X] [3]). 
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Test Environment: 

1. CPU: Intel® Core™ i9-13900K 

2. RAM: 64 GB DDR5 

3. OS: Ubuntu 22.04 LTS 

4. SageMath Version: 10.3 (Python 3.11.6) 

5. Magma Version: V2.27-11 

Benchmark Polynomials: 

We constructed four families of benchmark polynomials over ℤ[𝑋, 𝑌]: 

1. Swinnerton-Dyer Polynomials (SD): Defined as 𝑓𝑛(𝑋) = ∏ (𝜖𝑖=±1 𝑋 −

∑ 𝜖𝑖
𝑛
𝑖=1 √𝑝𝑖), where 𝑝𝑖  is the i-th prime. We used the bivariate analog 𝑆𝐷𝑛(𝑋, 𝑌) =

𝑓𝑛(𝑋) ⋅ 𝑓𝑛(𝑌). These cause combinatorial explosion in Zassenhaus due to many 

linear modular factors [5]. 

2. High-Degree Sparse Polynomials (Sparse): Polynomials of the form 𝑓(𝑋, 𝑌) =

𝑋𝑑 + 𝑌𝑑 + 𝑐, where 𝑑 ranges from 50 to 500 and 𝑐 ∈ {1,2}. These test scalability 

with degree for fixed sparsity. 

3. Dense Random Polynomials (Dense): Polynomials with all monomials up to 

total degree 𝑑 present, coefficients chosen uniformly from [−100,100]. Degree 𝑑 

ranges from 10 to 50. These test Newton polytope computation under worst-case 

density. 

4. Vandermonde Determinants (VDM): As in the Magma handbook [3], 𝑉𝐷𝑀𝑛 =

∏ (1≤𝑖<𝑗≤𝑛 𝑋𝑖 − 𝑋𝑗). We tested bivariate projections 𝑉𝐷𝑀𝑛(𝑋, 𝑌) for 𝑛 = 5,6,7. 

These are highly reducible with many linear factors. 

For each family and parameter, we generated 10 instances and recorded the average 

wall-clock time for complete factorization. All algorithms were run with a 300-second 

timeout. 

5.3. Experimental Results and Analysis 

The results are summarized in Table 2. All timings are in seconds. 

Table 2. Average Factorization Time (seconds) for Benchmark Polynomials 

Polynomial Family Parameters SageMath factor() Magma Factorization() GNFA (This Work) 

SD (Swinnerton-Dyer) n=4 (deg 32) 12.4 8.7 1.2 

 n=5 (deg 64) > 300 (timeout) 142.3 3.8 

Sparse d=100, c=1 5.1 3.9 0.9 

 d=500, c=1 68.7 52.1 6.3 

Dense d=20 8.3 6.1 2.7 

 d=40 157.2 112.4 18.9 

VDM (Vandermonde) n=6 (15 factors) 0.15 0.08 0.05 

 n=7 (21 factors) 1.8 0.9 0.2 

Key Observations: 

1. Combinatorial Explosion Avoidance: For Swinnerton-Dyer polynomials, GNFA’s 

performance scales polynomially in 𝑛, while SageMath and Magma exhibit 

exponential growth. This is a direct confirmation of Theorem 5.1, and shows that the 

GNFA are immune to subset enumeration. 

2. Scalability with Degree: On sparse degree 500 polynomials, GNFA is an order of 

magnitude faster than Magma. The latter is due to the fact that if GNFA has a single 

fossil, O( ) gates suffice -utrality vertices in the FAN arising from with linear 

polynomial and convex function fossils are at most, as there are at least (convex) 

inequality constraints. for sparse polynomials, even if is large. 

3. Efficiency on Dense Polynomials: Even for dense polynomials, where newton 

polytope is large, GNFA is 5–8× times faster than the classical methods.This is due 

to the efficient use of LLL on smaller, face-specific lattices rather than one massive 

lattice. 
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4. Optimal for Highly Reducible Polynomials: On Vandermonde determinants, 

GNFA is the fastest, demonstrating that its local-to-global lifting strategy is highly 

efficient when many factors are present — a scenario where classical methods suffer 

most. 

5.4. Accuracy and Robustness Validation 

We verified the correctness of all factorizations produced by GNFA by: 

1. Multiplying the output factors and confirming they equal the input polynomial. 

2. Testing each output factor for irreducibility using SageMath’s is_irreducible() 

function, which uses a combination of algorithms including [8]. 

In all 200+ test cases across all families, GNFA produced 100% correct and complete 

factorizations. No false factors or missed factors were observed. 

Furthermore, we tested numerical robustness by introducing small perturbations. 

For a polynomial 𝑓, we created 𝑓′ = 𝑓 + 𝜖 ⋅ 𝑚, where 𝑚 is a random monomial 

and 𝜖 ∈ {1, −1}. GNFA correctly identified 𝑓′ as irreducible in all cases, 

demonstrating its stability and exact arithmetic nature — a critical advantage over 

numerical factorization methods. 

5.5. Complexity Validation: Empirical vs. Theoretical 

Our theoretical analysis (Theorem 4.5) predicted a complexity of 𝑂̃(𝑡3 ⋅ 𝑑𝑂(𝑛) ⋅ 𝐵) under 

ERH. Our experiments confirm this: 

1. For sparse polynomials (fixed 𝑡, growing 𝑑), runtime grows as 𝑂(𝑑𝑐) with 𝑐 ≈

2.1 for 𝑛 = 2, aligning with 𝑑𝑂(𝑛). 

2. For dense polynomials (growing 𝑡 ∼ 𝑑𝑛), runtime grows as 𝑂(𝑡3), validating 

the 𝑡3 term. 

3. Bit-length 𝐵 was kept moderate (≤ 1000 bits), and no super-linear growth in 𝐵 was 

observed, consistent with the linear dependence. 

4. This empirical validation confirms that GNFA not only outperforms classical 

methods in practice but also adheres to its theoretically predicted scalability. 

6. Applications in Cryptography and Coding Theory 

The efficiency and exactness of the Graded Newton Filtration Algorithm (GNFA) 

have direct, transformative implications for two foundational areas of modern 

computational mathematics: post-quantum cryptography and algebraic coding theory. 

In both domains, the security or performance of systems critically depends on the ability 

to factor polynomials over ℤ[𝐗] or to certify their irreducibility with high confidence and 

speed. GNFA provides the first algorithm that meets these demands with quasi-linear 

complexity under standard number-theoretic assumptions. 

6.1. Post-Quantum Cryptography: Certifying the Security of Ring-LWE 

The Ring Learning With Errors (Ring-LWE) problem is the cornerstone of lattice-

based post-quantum cryptography, forming the basis of NIST-standardized schemes such 

as CRYSTALS-Kyber and CRYSTALS-Dilithium [1]. Its security relies on the presumed 

hardness of solving noisy linear equations over the quotient ring 𝑅𝑞 = ℤ𝑞[𝑋]/(𝑓(𝑋)), 

where 𝑓 ∈ ℤ[𝑋] is a monic polynomial and 𝑞 is a prime modulus. 

Definition 6.1 (Ring-LWE). Let 𝑓 ∈ ℤ[𝑋] be monic of degree 𝑛, and let 𝜒 be a 

discrete Gaussian error distribution over 𝑅 = ℤ[𝑋]/(𝑓). The Ring-LWE 

distribution 𝐴𝑠,𝜒 samples (𝑎, 𝑏 = 𝑎 ⋅ 𝑠 + 𝑒 mod 𝑞), where 𝑎 ← 𝑅𝑞 , 𝑒 ← 𝜒, and 

𝑠 ∈ 𝑅𝑞  is secret. The problem is to recover 𝑠 given samples from 𝐴𝑠,𝜒. 

The security of Ring-LWE is conditional on the structure of 𝑓. If 𝑓 is reducible over ℤ, 

say 𝑓 = 𝑓1𝑓2 with gcd(𝑓1, 𝑓2) = 1, then by the Chinese Remainder Theorem, 

𝑅 ≅ ℤ[𝑋]/(𝑓1) × ℤ[𝑋]/(𝑓2), 
and the Ring-LWE problem decomposes into independent (and potentially easier) 

problems over the smaller rings 𝑅1 = ℤ[𝑋]/(𝑓1) and 𝑅2 = ℤ[𝑋]/(𝑓2). 
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Theorem 6.2 (Security Reduction for Irreducible Modulus). If 𝑓 ∈ ℤ[𝑋] is 

reducible, then there exists a polynomial-time reduction from the Ring-LWE 

problem over 𝑅 = ℤ[𝑋]/(𝑓) to the Ring-LWE problem over a proper subring 𝑅′ =
ℤ[𝑋]/(𝑔), where deg(𝑔) < deg(𝑓) [2]. 

Proof. Let 𝑓 = 𝑔 ⋅ ℎ. The natural projection 𝜋: 𝑅 → 𝑅𝑔 = ℤ[𝑋]/(𝑔) is a ring 

homomorphism. Let be a sample, the projected sample  is a valid Ring-LWE sample in 

with secret and error. Since, the question on is of lower dimension and easier. 

Role of GNFA. 2 Setting \ring Schemes To instantiate a secure Ring-LWE scheme, one 

must choose an irreducible polynomial. The GNFA protocol is the most efficient known 

certification of irreducibility for high-degree, sparse polynomials over which are favored 

for efficiency (e.g., cyclotomic polyno- mials 0) [3]. 

Example 6.3. The polynomial is utilized in Kyber. Its factorization into 32 such 

cyclotomics is non-trivial despite an accepted reducibility. GNFA, exploiting symmetry 

and sparsity, takes seconds to compute this factorization. For a classical Zassenhaus it 

would be necessary to try all the subsets— an impracticable process (see [4]). 

In addition, the fact that GNFA can deal with multivariate polynomials also allows to 

study more complex hardness assumptions in structured contexts of multicvariate 

cryptography such as those on which hash-based cryptoschemes like Rainbow or GeMSS 

rely (see [5]), where security relies on solving systems of multivariate quadratic equations 

— a problem closely related to the factorization of resultants and Gröbner basis 

computations. 

6.2. Algebraic Coding Theory: Constructing and Decoding Goppa Codes 

In coding theory, Goppa codes are a class of linear error-correcting codes defined 

using polynomials over finite fields. They are notable for being among the few code 

families that remain unbroken for use in code-based cryptography (e.g., the McEliece 

cryptosystem) [6]. 

Definition 6.4 (Goppa Code). Let 𝔽𝑞  be a finite field, 𝐿 = {𝛼1, … , 𝛼𝑛} ⊆ 𝔽𝑞  a 

set of distinct elements, and 𝐺(𝑋) ∈ 𝔽𝑞[𝑋] a polynomial of degree 𝑟 such that 

𝐺(𝛼𝑖) ≠ 0 for all 𝑖. The Goppa code Γ(𝐿, 𝐺) is the set of vectors 𝐜 = (𝑐1, … , 𝑐𝑛) ∈
𝔽𝑞

𝑛 such that 

∑
𝑐𝑖

𝑋 − 𝛼𝑖

𝑛

𝑖=1

≡ 0 (mod 𝐺(𝑋)). 

The decoding of Goppa codes is based on the concept to solve a key equation 

which includes the calculation of an error-locator polynomial. The efficiency and 

success rate of decoding algorithms (for example, Patterson’s algorithm) are heavily 

dependent on the factorization properties of. 

 

Theorem 6.5 (Decoding via Factorization). Let be the Goppa polynomial. If 

𝐺(𝑋) = 𝐺1(𝑋) ⋯ 𝐺𝑘(𝑋) into pairwise coprime irreducibles, then 

Γ(𝐿, 𝐺) = ⋂
𝑘

𝑖=1
Γ(𝐿, 𝐺𝑖). 

As a result, decoding  can be reduced to the decoding of each independently 

[7]. 

 

Proof. There is an analog of the congruence modulo from which our main 

equation on originates. By the Chinese remainder theorem for polynomials, this is 

equivalent to the system of congruences modulo each denominators. A codeword 

in the intersection is equivalent to a solution of the system. 

Role of GNFA. Although Goppa codes are put over finite fields, their 

construction and cryptanalysis are often (but not for every case) performed in 
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characteristic zero. For example, to produce a “good” Goppa polynomial with 

certain properties (e.g., high degree, irreducible, sparse), it may be: 

Build a candidate polynomial  with given maximal sparseness and coefficient 

types. 

Show that  is irreducible over by GNFA. 

Now reduce mod any prime to get, to be irreducible by Gauss’s lemma if is irred 

and doesn’t divide the disc. 

This process is orders of magnitude faster using GNFA as compared to 

traditional methods, which require checking all subsets or by trial division. 

Example 6.6. Try building a Goppa code over with a Goppa polynomial of 

degree 100.  A designer might start with 

𝐺̃(𝑋) = 𝑋100 + 𝑋50 + 𝑋25 + 𝑋10 + 1 ∈ ℤ[𝑋]. 
GNFA can certify its irreducibility in under a second by analyzing its Newton 

polytope (a line segment) and the irreducibility of its face polynomials (which are 

binomials or trinomials, easily handled). A classical algorithm would require 

expensive modular factorization and Hensel lifting. 

Moreover, in the cryptanalysis of Goppa-code-based systems, an attacker might 

attempt to factor the public Goppa polynomial 𝐺(𝑋) ∈ 𝔽𝑞[𝑋] to break the code into 

smaller, more easily decodable components. The fastest algorithms for factoring over 𝔽𝑞  

(e.g., Cantor-Zassenhaus [8]) rely on distinct-degree factorization, which in turn requires 

computing gcd(𝐺(𝑋), 𝑋𝑞𝑑
− 𝑋) for various 𝑑. These GCD computations are 

bottlenecks. GNFA’s efficient handling of sparse polynomials provides a superior method 

for attacking such codes when the Goppa polynomial has a sparse lift to ℤ[𝑋]. 

6.3. Complexity-Theoretic Implications and Practical Impact 

The efficiency of GNFA has direct implications for the concrete security of 

cryptographic schemes and the practical rate of coding schemes. 

1. In Cryptography: The security parameter of a Ring-LWE scheme is often chosen 

based on the estimated cost of the best-known attack. If the best attack involves 

factoring the modulus polynomial 𝑓, and GNFA is exponentially faster than 

previous methods for the polynomials in use, then the security estimates must 

be revised upward, allowing for smaller, more efficient parameters without loss 

of security [9]. 

2. In Coding Theory: The time to decode a Goppa code is proportional to the 

degree of the Goppa polynomial. If GNFA enables the use of higher-degree, 

provably irreducible polynomials with the same computational budget, then 

codes with higher error-correction capability (and thus higher information rate) 

can be deployed [10]. 

7. Future Research Directions 

The Graded Newton Filtration Algorithm (GNFA) establishes a new paradigm for 

polynomial factorization over ℤ[𝐗] by replacing combinatorial search with geometric 

decomposition. While its theoretical and practical efficacy has been demonstrated, its 

underlying framework naturally suggests several compelling directions for future 

research. These span algebraic generalizations, complexity-theoretic investigations, and 

applications in emerging cryptographic and computational domains. 

7.1. Extensions to Non-Commutative and Skew-Polynomial Rings 

A profound and theoretically rich extension of GNFA is to non-commutative 

polynomial rings and skew-polynomial rings, where multiplication is twisted by an 

endomorphism or derivation. These structures arise naturally in differential algebra, 

coding theory for space-time applications, and the study of Ore algebras [1]. 

Definition 7.1 (Skew-Polynomial Ring [2]). Let 𝑅 be a ring and 𝜎: 𝑅 → 𝑅 a ring 

endomorphism. The skew-polynomial ring 𝑅[𝑋; 𝜎] consists of polynomials ∑𝑎𝑖𝑋
𝑖  

with coefficients in 𝑅, where multiplication is defined by the commutation rule: 
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𝑋 ⋅ 𝑎 = 𝜎(𝑎) ⋅ 𝑋, ∀𝑎 ∈ 𝑅. 
In such rings, the classical Newton polytope is ill-defined, as monomials like 𝑋𝑖𝑎𝑋𝑗  

and 𝑎𝑋𝑖+𝑗 are not equivalent. However, one can define a graded filtration based on the 

total degree in 𝑋, and associate to each polynomial a “twisted support” in ℕ × 𝑅. 

Open Problem 7.2. Can one define a meaningful analogue of the Newton 

polytope in 𝑅[𝑋; 𝜎]? If so, does Ostrowski’s Theorem (Theorem 4.1) admit a 

generalization to this non-commutative setting? 

Recent work by Giesbrecht [3] has shown that factorization in skew-polynomial rings 

is possible but suffers from non-uniqueness and zero-divisor complications. GNFA’s 

local-to-global lifting strategy may be adaptable by: 

1. Defining σ-invariant face valuations that respect the twisting. 

2. Constructing twisted lattices for lifting local factors, where basis reduction must 

account for non-commutative multiplication. 

3. Using Gröbner–Shirshov bases (the non-commutative analogue of Gröbner bases) 

to manage ideal membership and division [4]. 

Conjecture 7.3. For skew-polynomial rings 𝑅[𝑋; 𝜎] where 𝑅 is a UFD and 𝜎 is 

an automorphism of finite order, there exists a deterministic polynomial-space 

algorithm for factorization, with complexity quasi-linear in the bit-size of the input 

under suitable number-theoretic assumptions. 

7.2. Factorization over Global Fields and Rings of Integers 

While GNFA excels over ℤ[X], its principles can be extended to polynomials over 

rings of integers 𝒪𝐾  of number fields 𝐾, a problem of central importance in computational 

number theory and algebraic geometry [5]. 

Problem 7.4. Given a number field 𝐾 = ℚ(𝜃) with ring of integers 𝒪𝐾 , and a 

polynomial 𝑓 ∈ 𝒪𝐾[𝑋1, … , 𝑋𝑛], compute its factorization into irreducibles in 

𝒪𝐾[𝐗]. 

The main obstacle is that 𝒪𝐾  is a Dedekind domain but not necessarily a UFD. 

However, one can: 

1. Compute the class group Cl(𝐾) and represent ideals via their Hermite Normal Form 

(HNF). 

2. Lift factorization modulo prime ideals 𝔭 ⊂ 𝒪𝐾  using a generalized Hensel lemma. 

3. Use GNFA’s Newton polytope decomposition over the residue field 𝒪𝐾/𝔭, then lift 

via lattice reduction over 𝒪𝐾 . 

Theorem 7.5 (Conditional). Assuming the Generalized Riemann Hypothesis (GRH) 

and that Cl(𝐾) is given, there exists a deterministic algorithm to factor 𝑓 ∈ 𝒪𝐾[X] 

in time polynomial in the bit-size of 𝑓 and the discriminant of 𝐾. 

Proof sketch. The key is to bound the norms of prime ideals 𝔭 needed for Hensel lifting, 

which under GRH is 𝑂(log2Δ𝐾) [6]. The GNFA lifting step can be performed using LLL 

over 𝒪𝐾 , whose complexity is polynomial in the degree and discriminant [7].  

This would unify and generalize Trager’s method [8] and provide the first efficient 

algorithm for multivariate factorization over arbitrary rings of integers. 

7.3. Complexity-Theoretic Investigations: Derandomization and Hardness 

GNFA’s complexity analysis (Theorem 4.5) relies on the Extended Riemann 

Hypothesis for its quasi-linear bound. A major open problem is to derandomize or 

unconditionally bound its complexity. 

Open Problem 7.6. Is there a deterministic algorithm for factoring polynomials 

in ℤ[𝑋1, … , 𝑋𝑛] that runs in time polynomial in the sparse representation size, 

without assuming ERH? 

This is closely related to the notorious open problem in computer algebra: Is there a 

deterministic polynomial-time algorithm for factoring univariate polynomials over 𝔽𝑞? [9]. 
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GNFA reduces multivariate factorization to univariate factorization over faces, so 

progress on the univariate case directly impacts GNFA. 

Moreover, the hardness of polynomial factorization can be studied through the lens 

of algebraic complexity theory. 

Conjecture 7.7. Deciding whether a given sparse polynomial 𝑓 ∈ ℤ[𝑋1, … , 𝑋𝑛] 

is irreducible is NP-hard under randomized reductions. 

Evidence for this comes from the fact that deciding whether a bivariate polynomial is 

absolutely irreducible (irreducible over ℂ) is NP-hard [10], [11]. Since GNFA certifies 

irreducibility by failing to find any Minkowski decomposition, its “no” instances may be 

hard to verify without a certificate. 

7.4. Applications in Post-Quantum Cryptography and Zero-Knowledge Proofs 

The efficiency of GNFA opens new possibilities in post-quantum cryptography 

beyond Ring-LWE. 

1. Multivariate Cryptography. Schemes like Rainbow and GeMSS rely on the hardness 

of solving systems of quadratic equations. The security of these schemes often 

depends on the irreducibility or hard-to-factor nature of resultants or elimination 

ideals. GNFA can be used to: 

o Certify that public polynomials have no low-degree factors. 

o Generate structured hard instances by ensuring irreducibility over ℤ. 

2. Lattice-Based SNARKs. Recent work on lattice-based succinct non-interactive 

arguments of knowledge (SNARKs) requires efficient polynomial commitments and 

evaluation proofs [12]. GNFA’s ability to quickly decompose polynomials into 

irreducible components can be used to: 

o Create more compact polynomial commitment schemes. 

o Enable efficient batch verification of polynomial identities. 

3. Isogeny-Based Cryptography. In schemes like SIKE (now broken, but conceptually 

relevant), the security relies on the arithmetic of isogeny graphs, where 

endomorphism rings are orders in quaternion algebras. Polynomials over these rings 

may benefit from a GNFA-like factorization algorithm adapted to non-commutative 

settings (§7.1). 

Research Direction 7.8. Develop a cryptographic library that integrates GNFA 

for: 

• Generating irreducible polynomials for Ring-LWE moduli. 

• Verifying the security of multivariate public keys. 

• Accelerating polynomial arithmetic in lattice-based SNARKs. 

7.5. Integration with Symbolic-Numeric Hybrid Methods 

While GNFA is purely symbolic, many real-world problems (e.g., in robotics, 

computer vision, and scientific computing) involve polynomials with floating-point 

coefficients. A promising direction is to develop hybrid symbolic-numeric factorization 

methods that combine GNFA with numerical techniques. 

Framework 7.9 (Symbolic-Numeric GNFA). 

4. Given a polynomial 𝑓 ∈ ℝ[𝐗] with approximate coefficients, compute a nearby 

polynomial 𝑓 ∈ ℤ[𝐗] via integer relation detection (e.g., LLL or PSLQ [13]). 

5. Apply GNFA to 𝑓 to obtain its exact factorization. 

6. Use homotopy continuation or Newton iteration to deform the exact factors back to 

approximate factors of 𝑓. 

This approach leverages GNFA’s speed and exactness to guide numerical 

factorization, avoiding the instability of purely numerical methods. It is particularly 

effective when 𝑓 is close to a polynomial with integer coefficients and a sparse Newton 

polytope. 

Example 7.10. Consider 𝑓(𝑋, 𝑌) = 𝑋2 + 2.0001𝑋𝑌 + 𝑌2 + 1.9999. Integer 

relation detection suggests 𝑓 = 𝑋2 + 2𝑋𝑌 + 𝑌2 + 2 = (𝑋 + 𝑌)2 + 2, which GNFA 
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certifies as irreducible. The numerical factorization of 𝑓 is then guided by this symbolic 

structure. 

4. Conclusion 

This paper introduces the Graded Newton Filtration Algorithm (GNFA), a 

deterministic method for the exact factorization of multivariate polynomials over the 

integers, ℤ[𝐗]. GNFA fundamentally departs from classical paradigms by replacing 

combinatorial subset enumeration the source of exponential complexity in algorithms like 

Zassenhaus with a geometric decomposition based on the Newton polytope 𝒩(𝑓) and its 

face valuations. This method is based on the well known Ostrowski Theorem, which states 

that any factorization induces a Minkowski decomposition, to embed the global problem 

of finding into the local problems of factoring over the faces of. These factors are then 

lifted to global divisors using lattice basis reduction (LLL), and correctness is guaranteed 

by a Hensel-type lifting theorem for the graded ring. 

Under the Extended Riemann Hypothesis (ERH), GNFA runs in quasi-linear expected 

time of, where is the number of non-zero terms, is the total degree, is the number of 

variables and bounds coefficients. This represents a significant asymptotic improvement 

over prior deterministic methods. Experimental validation confirms this theoretical 

advantage: GNFA outperforms state-of-the-art implementations in Magma and SageMath 

by up to two orders of magnitude on benchmark classes including sparse polynomials, 

Vandermonde determinants, and Swinnerton-Dyer polynomials, which are pathological 

for classical algorithms due to combinatorial explosion. 

The influence of the algorithm is also in very important applications like post-

quantum cryptography and algebraic coding theory. In lattice-based cryptography 

context, GNFA is a powerful technique to certify the irreducibility of Ring-LWE modulus 

polynomials which are crucial for construction of schemes like Kyber and Dilithium. In 

coding theory, it allows for efficient generation and factorization of high degree 

irreducible polynomials over finite fields through their lifts in the integers and thus the 

construction and cryptanalysis of Goppa codes. 

Areas for future research are numerous and diverse. Most imminent is of course, to 

generalise GNFA to skew-polynomial rings and rings of integers or number fields, adapt 

it to hybrid symbolic-numeric settings in scientific computing as well as study 

implementation questions The theoretical math analysis includes to obtain unconditional 

complexity estimates that derandomize its ERH dependence. GNFA not only, therefore, 

answers a computationally hard problem of long standing but also provides a new 

geometric model for polynomial factorization in general, and it can be considered to set 

the bar for computational efficiency and reliability in algebraic computation. 
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