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Abstract: This paper proposes a set of fuzzy with granular hesitation (FSGH) that combines the
features of set of fuzzy with Hesitation (FSH) and Fuzzy Granular set (FGS) to allow the analysis of
fuzzy data by considering multiple possible values of belonging at different levels of granularity,
capturing the details of the data and the ambiguity associated with determining the exact belonging,
making it particularly useful in the context of complex decision making. The suggested set is applied
to the Weibull distribution, and Monte Carlo simulation studies are conducted to explain behavior
of the suggested approach and compare it to the standard sample method. It is found that the
suggested FSGH outperforms the typical Weibull distribution data set, with the approach achieving
the lowest error criteria, particularly in big data sets. The method's accuracy improves as the
frequency and granularity increase.

Keywords: Survival function, Weibull distribution, Set of fuzzy, Hesitant set, Granular hesitation

set, Estimation

1. Introduction

Doubt appears almost everywhere in our daily lives, hence several approaches have
been developed to identify, display, change, and deal with doubt. Probability and theory
of Set of fuzzy are two of the most often used ways to dealing with uncertainty, since they
have been proposed to explain statistical fuzziness and uncertainty. The two models give
fundamentally different Probability
frequencies, while theory of Set of fuzzy identifies commonalities between items and
poorly defined properties. Since its introduction by Zadeh (1965), theory of Set of fuzzy

information. theory communicates relative

has emerged as one of the most successful decision-making methodologies for coping
with uncertainty and ambiguity. Following Zadeh's pioneering work, theory of Set of
fuzzy has evolved in a number of ways, the most notable of which is the representation
of degrees of membership in the basic Set of fuzzy. Torra (2010) created a Set of fuzzy
approach that varies from multi-Set of fuzzy by relying on Set of fuzzy expansions. Liao
(2018) used Set of fuzzy intuition to the selection of fire rescue techniques. Liao et al. (2018)
introduced a Set of fuzzy intuition for emergency management. Petry (2024) proposed a
confidence intuition for Set of fuzzy including geographical and temporal data. Pratama
(2024) utilized the circular intuitionistic Set of fuzzy to determine the radius of the unit
circle. The literature has several proposals for Set of fuzzy extensions and expansions,
such as intuitionistic Set of fuzzy, type 2 Set of fuzzy, and multi-Set of fuzzy. In this paper,
we define Set of fuzzy with Hesitations.
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2. Intuitionistic Set of fuzzy (IFS)

In traditional Set of fuzzy, each element x in the universal set Z is associated with a
single membership score m,(z) ranging from 0 to 1, reflecting the extent to which that
element belongs to the set. However, in Intuitionistic Set of fuzzy (IFS), this representation
is extended by adding another score known as the non-membership score my, (z), which
expresses the extent to which the element does not belong to the set. The intuitive Set of
fuzzy A may be represented mathematically as follows: [Torra, 2010, 350] [Petry, 2024, 3]

A={zeZ:(zmy@,m,@)}.. (1)

Where 0<my (z) + my(z)<1,Vz €7 , x denotes the same member from the complete
set Z. It might be anything, including a number, an item, or an idea, m;(z) level of
elemental membership z in a fuzzy set Z, which ranging among 0 to 1, m, (2) level of non-
set membership of element z in the set Z, which ranging among0 to 1.If m;(z) + m(z) <
1, the difference measures the level of hesitation or doubt, and is computed as follows:
[Ding et al., 2021, 9075]

Pz)=1- m;@ — my©@) ... 2)

P(z) is the amount of uncertainty that cannot be assigned to the degree of membership
or non-membership, and it is commonly used in intuitive Set of fuzzy to represent
elements in a way that accounts for both membership, non-membership, and hesitation,
allowing for a more in-depth analysis of ambiguous or uncertain information.

If we have two fuzzy sets A, B recognized by m,(2),V,(2),my(2),V,;(2), then the
operations on these sets are: [Torra, 2010, 351][ Pratama et al., 2024, 12262][ Torra &
Narukawa, 2009, 20-21]

Union: If A and B are two intuitive set of fuzzy with recognized by membership and
non-membership functions, then the union AUB The computation of the new membership
function for element z occurs when sets A and B are joined using the union operation. The
membership degree of the element z in the union highest value among the membership
degrees in the sets. m, (z) ,my(2), The non-membership degree of x in the union is the
smallest value among the non-membership degrees for sets V, (z) and V, (2),

AUB = {z, Max(m, (), myz () , Min(V,(@,V; ()} ... (3)

Intersection: If A and B are two intuitive Set of fuzzy with unique membership and
non-membership functions, the intersection of A and B yields the new membership
function of element z. In the intersection, the membership degree of the element x is the
lowest value between the membership degrees in the sets m, (z) and m,(2), while the non-
membership degree is the highest value between the non-membership degrees in the sets
V, (2) and V; (2).

AnB={x, min(m, (), mg (@), Max(V,(2),Vz(2)} ... 4)

Complement: The complement of a set of fuzzy is the exchange of the degrees of
membership and non-membership for each element x in the set. If A isa Set of fuzzy with
special membership and non-membership functions m, (z) , mz(z), then the degree of
membership Ac becomes the original degree of non-membership myc(z), and the degree
of non-membership m;,(z) in the complement becomes the original degree of
membership my (2).

In a set of fuzzy, the complement is the exchange of the degrees of membership and
non-membership for each element z in the set. If the set A is a set of fuzzy with a special
membership and non-membership function m,(z)and my(z), then the degree of
membership Ac becomes the original degree of non-membership mc(z), and the degree
of non-membership m,(z) in the complement becomes the original degree of
membership my (z),

A ={z,(V, @), (m;@)} ... ()

Intersection using the multiplicity operation (Intersection-®): describes the dynamic
between members and those who choose not to be members. This operation is important
in data analysis and fuzzy processing where information from multiple sources is
combined and how they overlap or agree with each other is evaluated in a precise and
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systematic way. If the two sets A and B represent two intuitive Set of fuzzy with special
membership and non-membership functions, then the intersection of A®B, the new
membership function for z is calculated. The membership degree of z in the intersection
is the minimum value between the membership degrees in two sets m,(z) , myz(2), the
non-membership degree of the element z in the intersection is the maximum value
between the non-membership degrees in the two sets V, (z) and V; (2),

A® B={(zmy@ - mp@),V,(@) + V5(@) — V,(2).V5(2))}
= {(zmygp@), V,gs(2), Vg(@)} ... (6)

3. Fuzzy Multi-sets (FMS)

It builds upon the idea of the classic set that aims to represent data in which elements
may be repeated with degrees of membership associated with each repetition, providing
a flexible tool for dealing with information that includes both uncertainty and repetition.
The fuzzy multi-set can be expressed as follows: [Sebastian, Sabu ; T. V. Ramakrishnan,
2010, 2472][ Apostolos, 2022, 2]

A={z, (m,&),1),z€Zz m,ielo,1l,n; eN}... (7)

Where n; signifies the frequency at which the component z; appears in the set Z, N the
set of natural numbers.

4. Set of fuzzy with Hesitation (HFS)

Torra (2010) presented a new generalized Set of fuzzy called the set of fuzzy with
Hesitation (HFS), which is utilized in decision making in hesitant situations with many
options. It is an extension of typical set of fuzzy in which each element in the interval [0,
1] is assigned a collection of alternative affiliation scores rather than a single affiliation
score, indicating hesitancy or ambiguity regarding the precise value of affiliation. HFS is
employed in cases when specialists or decision makers cannot definitely assign an exact
affiliation value; nevertheless, they present a range of probable values to enable more
capacity to cope with ambiguous or reluctant evidence. It varies from the multiple set of
fuzzy in that it considers a collection of membership scores that indicate uncertainty in
the phenomena being studied, while the multiple Set of fuzzy has affiliation values within
a certain range and memberships are not exactly defined. Its mathematical model is:
[Torra, 2010, 529] [Zheng & Pedrycz, 2022, 61] [Liao et al., 2018, 2]

If we have a collection of k membership functions, we define the Set of fuzzy associated
with k as follows:

H,(z) =U,, im;,m,,..,m}... (8)

It means the union of all possible degrees of membership given by the functions m in
the set k for the element z. If you have several membership functions that give different
degrees of membership for the element x, then H,(z) will be the set that includes all these
possible values, which reflects the hesitation or uncertainty about the true membership of
Z.

Then H, (2) represents the set of hesitation of the degree to which z belongs to the set,
and m; are the possible values of membership, with the condition that m; € [0,1]. The Set
of fuzzy is called an empty set if H,(z) ={0} Vzin Zin Z and is called a complete set of
fuzzy if H,(z) = {1} VzinZ. It is called a completely unknown H, (z) € [0,1] Vzin Z in
case that it is not known how to determine an exact value for membership. It is called a
trivial Set of fuzzy if H,(z) = {@} Vz in Z. The degrees of membership for set of fuzzy are
determined according to the set of fuzzy rules that are used for the purpose of dealing
with ambiguity to help in dealing with cases where the data is inaccurate or when it is
difficult to determine the absolute boundaries between different cases, which allows for
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making more flexible decisions compared to traditional systems that rely on precise rules,
as follows:

Rule R;:If Zis A; thenY is B; ... (9)

Since4; and B; are two set of fuzzy, each of which hasa membership function m,, and
mp,respectively on the domains Z and Y, then if Z is Aj, it means that the variable Z
belongs to the Set of fuzzy A; to a certain degree determined by the membership function
my,. And if Y is B;, it means that the variable Y belongs to the Set of fuzzy 4; to a certain
degree determined by the membership function mp, based on the rule that determines the
relationship between X and Y.

Fuzzy rules are the basis of fuzzy systems that allow inputs and outputs to be linked
in a way that takes ambiguity and uncertainty into account, making them useful in
applications that deal with fuzzy or imprecise data.

If the input variable is z,, then the fuzzy output based on the fuzzy rule is as follows:

y(z,) = U y AB; ... (10)

mAi(xo

Equation (1) means that the system takes the union of all possible outcomes from
different rules. In other words, the system takes into account all the rules R; related to z,,
and then combines or combines these outcomes to get the final result. A intersection or
"AND" operation means that the result depends on the minimum (or intersection)
between the degree of belonging of x, to group 4; and the degree of belonging of output
Y to group B;By using Set of fuzzy, y(z,) can be defined as the Set of fuzzy associated
with the set {my,(z,) A B};.
5.Fuzzy Granular Set (FGS)

In Theory of Set of fuzzy, the term "Granular" is used to refer to the idea of "granularity”
or "Hierarchy". It expresses how data or knowledge is divided or partitioned into smaller
and more precise units (granules), where these units can be overlapping or intertwined,
allowing for dealing with vague or ill-defined data or concepts in a more flexible and
accurate way. From the perspective of Set of fuzzy with Hesitations or even in the field of
artificial intelligence in general, granular analysis can be useful inimproving the accuracy
of models when dealing with uncertain or incomplete data. [Zhang &. Yang, 2020, 70]

If we have a set Z divided into i set of fuzzy at different granularity levels j as follows:

z=Ur, A . 11

Where i used to specify the subset within a given level of granularity, and jis used to
specify the level of granularity itself.

6. Proposed Set of fuzzy with granular hesitations (FSGH)

A new set can be proposed that combines the features of Set of fuzzy with Hesitations
(HFS) and Fuzzy Granular Sets (FGS) to take advantage of the capabilities of HES to
handle hesitation and uncertainty, and the capabilities of FGS to partition data into finer
units across multiple levels of granularity. The FSGH mechanism allows for the analysis
of fuzzy data by considering multiple possible values of belonging at different levels of
granularity. This method captures both the details of the data and the ambiguity
associated with determining the exact belonging, making it particularly useful in the
context of complex decision making. The Fuzzy Granular Set (FSGH) is represented as
follows:

GHJ'k = Uk ij(z) = Upaidmy/,my/,.omy 7} . (12)
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Where GH/ is a fuzzy granular set of element x at granularity j and hesitation H/(z) is

a Fuzzy Granular Set at granularity j m;/, represents the different possible degrees of

belonging at granularity j.

Table (1) shows a comparison between the types of Set of fuzzy:
Table (1) Comparison between types of Set of fuzzy

Set of fuzzy

Traditional multi Set of S‘et of fuzzy|Fuzzy with
Featur fuzzy with Granular
Set of fuzzy e granular
Type Hesitation Set e
hesitation
A single
A t f
Set of fuzzy of|A  set  offvalue ssi‘:e ©
Degree of|[One value|[values (Type-|[possible between [0, PO .
. ... ._|values within
membership ||between [0, 1] [|1) between [0,|values 1] within
granular
1] between [0, 1]||granular )
. units.
units.
Addresses
Simple, deals||{Addresses Deals with [[Handles hesitation
with double hesitation or(fuzziness and
Dealing with|funcertainty in||fuzziness: doubt infacross fuzziness
fuzziness the belonging|luncertainty in|ldetermining [multiple across
of a single/|degree offthe degree of||levels of [multiple
element membership [membership [precision. [levels of
resolution
T
Simple Multivalued (possible ¢ .us 'e > ¢ 'us .e >
. . . distributed ||distributed
representation |[membership [membership (values for the
. . across levels|lacross levels
function function degree of ’ ;
membership © . © .
granularity. [granularity
Complex
decision
Complex making
Simple applications [[Surveys, requires
decision such as| decision Multilevel orflanalysis  of
Usage making or|[intelligent making domain datallambiguous
fuzzy control |[systems orf|where there is|analysis and
Simple advanced hesitation uncertain
control. data across
multiple
levels
Highly
Medium Medium complex,
More complex . . ..
complexity, |lcomplexity, [combining
) . due to the
Complexity Simple . |based on(depends on|the features
need to define - . -
hesitation offgranularity |of hesitation
a subset.
values levels and
granularity
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A person's
The degree of] height ma
Representing & . . "Person & Y
. , membership |"Person o . |[be tall or
person's . . o height is
L itself is 0.7|Height" may short to
height as ) o . llanalyzed at )
example T uncertain and|fbe "tall" with s varying
tall" with an| multiple
. ranges a score of 0.7, degrees at
membership levels of .
score of 0.7 between [0.65,][0.8, or 0.75. lari multiple
T . ranulari
0.75] & R4 levels of
granularity
Nested Repetition . [|Repeatin
. P Data is| P . &
. membership [between L . possible
. Simple . . divided into L
Calculation . function, possible . values within
membership . units or| ..
method . requires more(values of the different
function groups at
complex degree of granular
) . |[levels .
calculations [[membership units

7. Weibull Distribution:

One of the most common probability distributions used in modeling data related to
survival or failure time in many applications such as reliability engineering, medical
survival studies, and analysis of data related to failures. This distribution was derived by
the Swedish scientist Waloddi Weibull in 1939 AD. [Kersey: 2010,7][ [Kundu & Howlader:
2010, 1548]

The r.v y has a Weibull distribution with the following probability density function:

gly,a,) = ady“lexp (—Ay®) ; y>0 .. (13)

o>0 is the Shape Parameter and A>0 is the Scale Parameter. y the random variable
survival time.

The cumulative distribution function is:

Fly, o, =1—exp (—y%); y=0 ..(14)

The survival function:

S(y,o,) =1—=F(y,o,) =exp (-Ay*); y=0 ..(15)
The hazard function:

h(y,a,) = cdy*t; y =0 .. (16)

The moment of order r about the origin is:

rlr (%)

EX = [ X" f(dx = —F ; =1253,...  ..(17)
Then, . “
EX= F(fl_) ...(18)
AT
EX2 = Zr@ ...(19)

aix
Var(X) ) F(F))] ... (20)

ala (ar®@)2
8. Maximum Likelihood Estimation:
Let £,,%,,..,X,be a Set of fuzzy with granular hesitation (FSGH) having Weibull
distribution with the following probability density function in equation (13)
The likelihood function L(0) for observations as following,

L(6) = Hg(yi, @
i=1

7
=] Jow e a9
i=1

=P, 7, T exp (A, ... (21)
Then the Log Lo, ) is,
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i
Log(L(a, D) = log(@) + log) + (&~ 1) ) logF) —A5i" ... (22)
i=1
By derivative the equation (14) according to parameter a,A and equal to zero we obtain

7

aLoggLa(ﬂ)) = % — XL log(y;) — Ayilog (5;) = 0 ... (23)
orogle(@) 5 o _ 0..(4
o ==2-Ji =0..(24)

5. Simulation experiments:

Monte-Carlo simulation was used to test the proposed method on Weibull distribution.
First, the default values of Weibull distribution, which are the scaling parameter (o) and
the shape parameter (A), were determined. Then, sample sizes (n=35, 50, 75, 100) were
randomly selected from Weibull distribution using the inverse of the distribution
function. Next, we determine the frequency levels and the number of iterations for each
frequency level using fixed values. Then, we create a frequency Set of fuzzy (HFS) for each
frequency level by selecting a random subset of the data and iterating each element
according to the specified frequency level. Then, we calculate the granular frequency Set
of fuzzy (FSGH) by merging the Set of fuzzy across the frequency levels. Then, the
belonging values for each element of the data were calculated using the triangular
belonging function for both HFS and FSGH. Then, we calculate the modified vector based
on the integration of the original probability density function. Finally, we use the
maximum likelihood (MLE) method to estimate the parameters of the Weibull
distribution for both the original and modified vectors. We then display the estimated
values and generate and plot the PDF and CDF of the Weibull distribution for both the
original and modified vectors, calculating the MSE and MAPE for each. As follows:

Table 2: Estimated parameters, MSE, MAPE for PDF, CDF, S and h of Weibull distribution
under FSGH set and Crisp set for a = 1 and A = 2 for all sample sizes and j=3, i=2

jli]n Est. Para. MS | MA | MS | MA
CriXeria E PE E PE
Data et a X | (PD | (CD | (CD | (CD
F) F) F) F)

MS | MA | MS | MA
E PE E PE

S |6 M) | b

FSGH 0.00 | 7.67 | 0.23 | 7.41 | 0.09 | 10.6 | 0.00 | 9.47

35 0.17 | 2.47 | 83 94 53 18 16 565 | 16 98
Crisp 0.03 | 898 | 043 | 997 | 121 | 11.9 | 293 | 109
014 | 292 | 91 59 91 07 847 | 491 | 85 270
FSGH 0.00 | 2.23 | 0.00 | 3.18 | 0.00 | 1.15 | 0.00 | 2.00

50 1.10 | 2.02 | 38 80 17 67 17 87 13 05

. 0.00 | 3.36 | 0.02 | 7.92 | 0.02 | 2.85 | 2.33 | 6.64
Crisp

3] 2 1.23 | 2.05 | 27 16 95 95 95 93 16 93

0.00 | 2.17 | 0.00 | 2.11 | 0.00 | 1.06 | 0.00 | 1.41

75 FSGH 1.09 | 2.04 | 09 19 |11 33 29 87 12 74
Crisp 0.00 | 3.20 | 0.02 | 5.34 | 0.02 | 1.55 | 2.26 | 5.34
141 | 237 | 25 64 27 14 27 85 26 48
FSGH 0.00 | 2.07 | 0.00 | 1.78 | 0.00 | 1.00 | 0.00 | 1.27
10 1.02 | 2.11 | 08 95 02 96 02 |40 11 72
0 . 0.00 | 211 | 0.04 | 436 | 0.01 | 1.15 | 1.74 | 4.77
Crisp

133 | 219 | 24 19 10 60 80 72 99 52
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Mombership Function for HFS Membership Function for GHFS.
= = ' . - s o

Data Value
PDF of CRISP AND HGFS SETS

Survalval of CRISP AND HGFS SETS - Hazard Functions of CRISP AND HGFS SETS

(d)

Figure 1: Membership function curve for crisp and HFGS , PDF, CDF, S and h of curves
of Weibull distribution under FSGH set and Crisp set for a =1 and A = 2 for all sample
sizes and j=3, i=5 under sample sizes a =35, b =50, ¢ =75, d =100

Table 3: Estimated parameters, MSE, MAPE for PDF, CDF, S and h of Weibull distribution
under FSGH set and Crisp set for a = 1 and A = 2 for all sample sizes and j=5, i=3

jilin MS | MA | MS | MA

teria Est. Para. 5 PE B PE MS | MA | Ms | MA

E |PE |E |PE

o a (PO D EDHED 1) ) [y |

set o X F) F) F) F)

FSCH 0.00 | 8.74 | 0.00 | 8.47 | 0.00 | 534 | 0.05 | 9.59

3 123 (227 |25 |49 |05 |00 |05 |96 |06 |91
5

Crisp 0.19 | 932 | 0.03 | 931 | 0.03 | 6.17 | 3.61 | 2.98

068 | 228 |84 |81 |07 |28 |07 |75 |45 |19

FSGH 0.00 | 3.67 | 0.00 | 2.70 | 0.00 | 1.95 | 0.67 | 1.08

5 098|216 |14 |88 |04 |90 |10 |11 |37 |60
0

Crisp 0.15 | 8.94 | 0.02 | 3.87 | 0.06 | 2.50 | 1.64 | 3.39

A, 059 238 |98 [31 |00 |65 |00 |06 |44 |50

FSGH 0.00 | 2.73 | 0.00 | 155 | 0.00 | 1.60 | 0.02 | 1.04

7 099 | 197 [02 |03 |03 [28 |06 |13 |95 |18
5

Crisp 0.14 | 7.61 | 0.01 | 2.60 | 0.04 | 2.46 | 1.44 | 2.07

047 | 177 |38 |32 |90 |64 |90 |97 |97 |14

. | FscH 0.00 | 1.28 | 0.00 | 1.09 | 0.00 | 1.31 | 0.01 | 1.01

. 101|298 |01 |60 |02 |60 |01 |42 |69 |82

0 | Crisp 0.13 | 5.67 | 0.01 | 1.28 | 0.04 | 214 | 1.13 | 1.25

030 | 256 |58 |13 |11 |89 |81 |59 |22 |24
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Figure 2: Membership function curve for crisp and HFGS , PDF, CDF, S and h of curves
of Weibull distribution under FSGH set and Crisp set for a =1 and A = 2 for all sample
sizes and j=5, i=3 under sample sizes a=35, b=50, c=75, d=100.

Table 4: Estimated parameters, MSE, MAPE for PDF, CDF, S and h of Weibull distribution
under FSGH set and Crisp set for a« = 1 and A = 2 for all sample sizes and j=3, i=10

" MS |MA |MS | MA

iteria | Bt Para. v lee Ie |pp [MS [MA | Ms | MA

E |pE |E |PE

Dit @D (@ | | @ | o o |

= @l An | [P |P

o 0.00 | 1.31 | 0.00 | 1.92 | 0.00 | 3.26 | 0.00 | 1.46

X 097 194 |09 |42 |08 |35 |05 |77 |32 |o6
5

Crisp 0.07 | 7.41 | 0.01 | 2.30 | 0.01 | 651 | 032 | 4.86

077 | 266 |10 |9a |53 |oa |53 |02 |98 |03

FSGH 0.00 | 1.17 | 0.00 | 0.67 | 0.00 | 1.42 | 0.00 | 0.85

5 104 [210 |06 |63 |07 |65 |03 |71 |26 |01
0

Crisp 0.00 | 292 | 0.01 | 379 | 0.03 | 4.97 | 019 | 1.89

, 072 332 |63 |96 |15 |37 |15 |91 |aa |15

3o

FSGH 0.00 | 1.02 | 0.00 | 0.42 | 0.00 | 011 | 0.00 | 034

7 098 194 |05 |05 |03 |97 |o2 |21 |18 |15
5

Crisp 0.05 | 1.35 | 0.00 | 3.69 | 0.02 | 3.95 | 0.17 | 1.08

059 | 270 |61 |42 |67 |88 |27 |47 |42 |28

. | Fsch 0.00 | 1.00 | 0.00 | 0.30 | 0.00 | 0.10 | 0.00 | 0.01

. 103 |1.99 |03 |87 |02 |99 |01 |32 |10 |34

0 | Crisp 0.04 | 025 | 0.00 | 323 | 0.02 | 2.62 | 015 | 1.05

077 224 |11 |63 |39 |82 |39 |06 |76 |26
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Figure 3: Membership function curve for crisp and HFGS , PDF, CDF, S and h of curves
of Weibull distribution under FSGH set and Crisp set for a =1 and A = 2 for all sample
sizes and j=3, i=10 under sample sizes a=35, b=50, c=75, d=100.

Table 5: Estimated parameters, MSE, MAPE for PDF, CDF, S and h of Weibull distribution
under FSGH set and Crisp set for a = 1 and A = 2 for all sample sizes and j=5, i=5

jli|n MS | MA | MS | MA
Olteria Est. Para. B PE 5 oE MS MA | Ms MA
E |PE |E |PE
aN] e | 2 [P |er g 1o |m o
set : H |H |H |
i 0.00 | 7.22 [ 0.00 | 2.93 [ 0.00 | 11.0 | 0.03 | 6.54
103 |199 |05 |44 |09 [so |06 |o06a |22 |24
35
Crisp
034 | 151 | 0.02 | 4.38 | 9.02 | 153 | 4.03 | 5.84
075 | 479 |51 | 115 |79 |01 |79 |e01 |22 |29
FSGH 0.00 | 7.02 | 0.00 | 0.13 | 0.00 | 6.20 | 0.00 | 3.35
097 |1.99 |04 |39 |05 |34 |04 |22 |37 |59
50
5] 5 Crisp
013 | 144 | 001 | 2.68 | 4.03 | 127 | 4.00 | 3.91
062 | 191 |05 |049 [81 |99 |81 |451 |08 |38
FSGH 0.00 | 6.17 | 0.00 | 0.10 | 0.00 | 4.99 | 0.00 | 1.38
101 | 220 |03 |47 |04 |49 |03 |31 |28 |97
75
Crisp
011 | 123 | 0.01 | 1.34 | 4.05 | 9.88 | 3.97 | 3.67
060 | 251 |57 |169 |54 |61 |54 |37 |36 |47
10 F eeery 0.00 | 5.75 | 0.00 | 0.05 | 0.00 | 491 | 0.00 | 0.61
0 102 |212 |01 |58 |03 |47 |02 |34 |02 |62
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Figure 4: Membership function curve for crisp and HFGS , PDF, CDF, S and h of curves
of Weibull distribution under FSGH set and Crisp set for a =1 and A = 2 for all sample
sizes and j=5, i=5 under sample sizes a=35, b=50, c=75, d=100.

Table 6: Estimated parameters, MSE, MAPE for PDF, CDF, S and h of Weibull distribution
under FSGH set and Crisp set for a = 3 and A = 5.5 for all sample sizes and j=3, i=2

jli]n Est. Para. MS | MA | MS | MA MA | Ms | MaA
Criteria E PE E PE MS PE E PE
Data'set | 52 | ®PD | (CD [ (CD | (CD | E(9)
a S | | d)
H |5 |H |
FSCH 0.02 | 26.7 | 0.00 | 13.1 | 0.00 | 3.20 | 1.13 | 4.49
2.85 | 6.86 | 31 806 | 64 359 | 51 85 72 13
35
Crisp
0.16 | 815 | 018 | 171. | 0.19 | 9.71 | 4.66 | 8.19
2.05 | 3.61 | 53 020 | 42 0386 | 07 25 79 89
FSGH
0.00 | 22.7 { 0.00 | 5.17 | 0.00 | 4.34 | 0.32 | 4.02
50 3.15 | 5.63 | 57 648 | 36 50 43 79 58 58
3| 2
Crisp
012 | 781 | 013 | 156. | 0.13 | 8.36 | 1.52 | 7.53
207 | 319 | 74 390 |10 1265 | 78 18 11 02
FSGH 0.00 | 6.61 | 0.00 | 2.67 | 0.00 | 3.04 | 0.00 | 3.10
3.03 | 5.62 | 03 03 02 60 07 51 21 48
75
Crisp
011 | 65.7 | 0.12 | 123. | 0.12 | 7.64 | 0.37 | 6.58
2.10 | 3.91 | 94 689 | 41 6163 | 79 66 03 02
10 FSGH 0.00 | 2.90 | 0.00 | 2.38 [ 0.00 | 2.55 | 0.00 | 3.62
0 3.05 [548 |02 |09 |01 |67 |05 |72 |10 |71
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Figure 5: Membership function curve for crisp and HFGS , PDF, CDF, S and h of curves
of Weibull distribution under FSGH set and Crisp set for « = 3 and A = 5.5 for all sample
sizes and j=3, i=2 under sample sizes a=35, b=50, c=75, d=100.

6. Results Discussion

In general, we find that FSGH tends to give estimates closer to the true values of the
Weibull distribution parameters. At samplesize (35), the parameter estimates were almost
far from the theoretical parameter values, since the maximum likelihood method gives
inaccurate estimates when the sample size is small, which is consistent with statistical
theory. At sample sizes (n=50, 75, 100), we find that the estimates of the distribution
parameters tend to closely approach the theoretical parameters in the proposed granular
fuzzy hesitating sample, while the parameter estimates under the crisp sample vector tend
to move away from the theoretical values. When the number of granules increases, the
accuracy of the maximum likelihood estimates increases. In general, when the number of
granules and the number of iterations in the GHF sample increases, the accuracy of the
estimates increases, and thus the accuracy of the proposed method increases. As the
samplesize increases, the error measures (MSE, MAPE) of both FSGH and Crisp decrease,
but FSGH continues to outperform crisp, indicating that it is more stable and accurate
when dealing with large amounts of data.

7. Conclusions

Through the results that have been reached, we can see that the proposed FSGH is
better than the crisp data set for the Weibull distribution, and that the method achieves
the lowest error criteria, especially in large data sets. And that with increasing hesitation
and granularity, the accuracy of the method increases, and therefore we recommend using
it in the case of problems that require complex and ambiguous decisions.
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