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Abstract: In order to overcome the drawbacks of traditional probability distributions for simulating
real-world data, this study introduces a novel mixed distribution model called the Lomax-Weibull
distribution (LWD). Although several mixed distributions have been studied in previous studies, a
thorough examination of LWD's statistical characteristics is still missing. By analyzing its probabil-
ity density, survival, and hazard functions, this research closes that gap. Model parameters were
computed using the maximum likelihood estimation (MLE) approach. The findings demonstrate
that LWD offers a more adaptable tool for simulating intricate data patterns, which may find use in
disciplines like reliability engineering and actuarial science. These discoveries enhance statistical
models for phenomena that occur in the real world.

Keywords: Lomax distribution, Weibull distribution, Moment, MLE, Order statistic, mixture of
distributions

1. Introduction

In some cases, classical probability distributions do not fit the phenomenon under
study and to improve the fit of the data to the distribution, new families of distributions,
namely mixed distributions, have been created. Therefore, mixed distributions will be ob-
tained by adding one or more parameters to the distribution to make these distributions
more flexible for practical application to real data.

Newly created families of continuous distributions have drawn the attention of var-
ious statisticians in recent years, encouraging them to create novel models. By adding one
or more extra shape parameter(s) to the baseline distribution, Among the families that
were created are: the Weibull-Exponential [1], and Weibull-Linduly distribution [2], Ed-
win Cordeiro, Ortega, Popove, and others [3] examined and analyzed the Gamma-Lomax
distribution and its characteristics. And [4] suggested an exponentiated beta with five pa-
rameters. Lomax arrangement. In their study, [5] employed a three-parameter Power Lo-
max distribution to predict bladder cancer patients' remission durations. [6] applied the
Gompertz—Lomax distribution with increasing, decreasing, and constant failure rate to
data on the strengths of 1.5 cm glass fibers. Regarding the 5-Parameter Lomax Distribution:
Characteristics and Uses [4]. An investigation into the use of the Halflogistic Lomax distri-
bution with patient data related to bladder cancer was conducted by [7], a novel applica-
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tion of the T-X method to the Maxwell and Lomex distributions is suggested and exam-
ined. Moments and other structural and statistical features of the suggested distribution
are found [8].

The transmuted Exponential Lomax distribution [9], propose a model for probability
distribution Power Function-Truncated Burr III [8], a brand-new distribution combination
known as Power Function-Truncated Burr III (MPF-TBIII) [10], a heavy-tailed alternative
to exponential, Weibull, gamma distributions, the Lomax distribution was invented by [11]
and described by [12]. It has gained popularity in the literature on distribution theory and
has a wide range of applications in actuarial science, income and wealth inequality, engi-
neering, medical and biological sciences, engineering, city size, and reliability modeling.
originates as a limiting distribution of residual lifetimes at large age in the lifetime context
(see Balkema and deHann, 1974), [13], According to Chahkandi (2009), the Lomax model
is a member of the family of models with decreasing failure rates. See [14] for additional
details on the Pareto family and Lomax distribution. The exponentiated Lomax and the
Lomax model are among the family of decreasing failure rate generalizations of the Lomax
distribution that have been explored [15].

Other significant research on the Lomax distribution and its variations was con-
ducted by [16], who examined four different approaches for calculating the Lomax distri-
bution's parameter, The Weibull distribution is considered one of the most famous families
of failure distributions. It was derived by the Swedish scientist (Weibull 1939). He showed
some applications of the distribution. The Weibull distribution was used to describe the
distribution in failure cases and in describing the failure of some electrical devices, as the
probability density function of this distribution can be derived from the concept of the risk
rate [17]. This study looked at the distribution characteristics, survival function, hazard
function, ordered statistics, and central moments after deriving the Lomax-Weibull distri-
bution mixture. Additionally, the maximum likelihood estimator method were used to es-
timate the distribution coefficients.

2. Materials and Methods

The Lomax Distribution's probability density function is defined as follows:
fi(x) = Ak + )" x> 0,4,k >0 D

Such that 4 shape parameter and k scale parameter. The Cumulative distribution
function defined by:

FFx)=1—-(1+ )" (2)

The Lomax distribution’s Reliability function R1 (x) is defined by:
Ri(x) = (14 Ax)7* 3)

and the hazard function

_ A Ak
hy (%) = Ri(x) ~ (1+1x) )

The (PDF) of the Weibull Distribution defined by:

£,(x) = BaPxPTexp (‘7")[f ix, B2 >0 5)

the cumulative distribution function provided by:
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_x\B
() = (1—exp(Z)) (6)
where, a shape parameter and f§ scale parameter,

The Weibull distribution’s Reliability function R2 (x) is defined as:

R,(x) = exp ( x)ﬁ @)

a

and the hazard function:

—x\B
-ByB-1 X
_ Rt _ PP ewn(F) g o
ha (%) = Rp(x) exp(‘_x)ﬁ S ®)
a

3. Results and Discussion
The Lomax Weibull Distribution (LWD)

The Lomax-Weibull’s probability distribution function, as provided by:

fuw (@) = zfi(x) + (1 = 2) f,(x) €©)
Where f1 (x)is (pdf) of Lomax distribution and f2 (x) is the (pdf) of weibull distribu-

tion, and z is the Mixing proportion parameter and let z= a/l+a such that:

fuw ) = 7= (r5mws) + 11 (ﬁa-ﬁxﬁ-l exp (‘7")3) Jx, > 0 (10)

1+a

When ¢ = 4, k, a, B, a, and we notice that both conditions are met.

fiw(;P) >0 ) fooofLW(x; P)dx =1

@ o Ak 1 _ _ _AB
Jy FawCei) dx = 175 () + i (PP exp () ) e

1+a
© a Ak a
tec vy = [ 137 () & = 11z

1+a " 1+a

o —\B
let v, = [, L<,8a‘[’)x[’)‘1 exp (f) )dx =

a 1
nowv1+v2=m+m=1

The cumulative distribution function:

Fw () = fOfoW(xi Y) dx

a

Fow( ) = 1— A-Q+)7F)+ :1(1(1 — exp (_7,5)!3) (11D

+a
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Figure 1. Pdf of the (LWD) when a=2, and p=a=1
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Figure 2. CDF of the (LWD) when a=2, and p=a=1

The Survival function (Reliability) and hazard function:

The survival function (Reliability) of the proposed distribution provided by:

a(1+lx)_k+exp(_7x)ﬁ

Sw(x) = T+a 12)
The hazard function is defined as:

K\, paBaB1 exp(=X)’
Ry () = L@ _ (gt P () (13)

Suw () a(1+lx)‘k+exp(_7x)ﬁ
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Figure 3. Reliability function of (LW) distribution

r-th moment of mixture distribution

e Non central moments:

ke
E(x") = f x" [1+a ((1+,1x)(k+1)) (Ba Falt exp )] dx

Letp, = f x’ [1+a (1+Ax)(k+1)] dx

suppose thaty, =1+ Ax , x = 3/1)’_1
get to
p1 = ﬁkﬂ_r fooo(yl — )Ty, (k+1)dy1 _ /1_

Let pz—li f x"[BaPxP- 1exp( ) ] dx

ﬁ 1 1_1
suppose that y, = (g) , x=ayf, %yf
get to

T T T
o w & @A+
pa=1-a" [§ v, exp(=y;)dy, = Hita)

now E(x") =p; +p,

ai T (k-T)T(r+1) “TF(“%)

E(x") =
(1+a)Tk p(1+a)
If r=1
_ _ a a[‘(1+ﬁ)
u=E@k)= Ak(1+a) = B(1+a)
If r=2
E(xz) _ 2a a F(1+B)

Rk(k+1)(1+a) = B(1+a)

Now the variance defined by:

r I'(k=7)I'(r+1)
Tk

(16)

a7)

(18)

(19)

(15)

(14)
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v(x) = E(x®) — (E(x)” (20)
e Central moments:
wr=E(x—E@)

tr = ECioo €T (—D)x™ " pud) (21)

Order statistic
Let x1, x2, ..., xn are sample with size n and has Lomax Weibull distribution with
probability dinsity function fiw(x) and let x1n < x2 < ... < Xrin... < Xnn are order statistic, The
joint probability density function for the ordered statistics is provided by:
r-1
—— (W) (1- W(x)) "w(x)

Wrn() = ey 1) -

Wy () = — [1+a (1 -+ A7) + —(1 —exp (= )B>]H . (1 - (? 1-(1+

(r-1)!(n-r)!
8 n-r
-k 1 —X a Ak
A)™) + 14a (1 —exp (7) ))) * [E ((1+/1x)(k+1)) +
B
— (ﬁa ByB-1 exp( ) )] (22)

CDF of the 3 -th Order Statistic of Lomax and Weibull Distribution
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Figure 4. CDF of Order Statistic for the (LWD)

Parameters Estimation of (LW) Distribution

Maximum Likelihood Estimation With unknown parameters a, g, 4, k, and a speci-
fied previously, let x1, x2, ..., x» be a sample of size n independently and identically distrib-
uted random variables from the (LWD).

The Likelihood function is define by:

L(fLW(x 1/’)) [Ty fow (s ) (23)

In(Lfuy () = X0y <1+a () +5 (;;a PPt exp (= )ﬁ)> (24)
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Ln(LfLW(x: 1/’)) = XYiti Ln]

ark(1+2x)~ KDy pa=Byxh-1 exp(%x)ﬁ

1+a

(25)

The following nonlinear equations result from computing the first-order partial de-

rivatives of (25) with regard to a, 8, 4, k, and a and equating to zero:

—xnB
AUnW LW G _ g Ak(1+2x) =D paFof T exp(E)” 0
o(a) ek A~ D 4 g By 1 eXP(_Tx")B]
oUnL)fLw () _ yn ak(14+2x) X [x;A(k+1)+(1+1x;)] —0
o Bt —(k+1) -Bx.B-1 —xp\BL T
[adk (1+2Ax;) +BaPx; exp(T)]
AUnL)fiwxP)) _ won ark(1+Ax) KD [Ln(1+ax)+1] —0
a(k) =2 —k e a1 B
[aAk(1+Ax)~ R+ D4 ga—Bx; B 1exp(7) ]
2=(+0) 1,1 exp(Z20) [ (28) -1
ounWfw X)) _ n B a Xi exp(—-) 3 1 -0
0(a) = [aﬂ.k(1+ﬂ.xi)_(k+1)+,8a_BxiB‘1exp(_Txi)B]
_enB P B
MWWV _ o © exp() A U*(L""i‘(%) l"%>+<1—ﬁln“)]
aB) A=

[adk(1+Ax) =K+ 4 ga=By B-1 exp(_Txi)ﬁ]

(26)

(27)

(28)

(29)

0 (30)

Solving the nonlinear equations (26) (27) (28) (29) and (30) simultaneously gives the
MLE k, A, @, B, and a in order to produce estimates of the equations describing a system of
nonlinear equations, one of the numerical methods must be applied In order to obtain the

estimations.

4. Conclusion

We derive new special distribution is called lomax weibull distribution (LWD). We
have studied of probability density and Survival and hazard rate functions, moments, mo-
ment generating function, order statistic, generating function, which are illustrated by
plotting, The estimations of k, 4, a, 5, and a parameters are examined by maximum likeli-
hood method see Figure’s (5, 6, 7, 8, 9, 10, 11, 12, and 13).
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Figure 10. Moment Value of The Lomax Distribution and Weibull Distribution
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