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Abstract: In this study, we address the challenge of solving both linear and nonlinear differential
equations by employing the Optimal Homotopy Asymptotic Method (OHAM), a novel semi-
analytic approximation technique. Existing methods like the Homotopy Perturbation Method
(HPM), Variational Iteration Method (VIM), and Homotopy Analysis Method (HAM) often rely on
free parameters, which can limit their effectiveness. OHAM, however, operates without this
dependence, achieving higher accuracy with fewer approximations. Through comparative analysis,
we demonstrate that OHAM performs consistently well over large domains and allows for easy
adjustment of the convergence domain. These findings suggest that OHAM provides a more
efficient and accurate alternative for solving complex differential equations.

Keywords: Optimal Homotopy Asymptotic Method, OHAM, Nonlinear differential equations,
Semi-analytic methods, Convergence analysis

1. Introduction

IVP and BVP "exact solutions are extremely rare, and they become even rarer when
the equations are nonlinear. Differential equations with variable boundary conditions are
the most effective means of describing most natural processes. Both analytical and
numerical approaches have played important roles in the solution of scientific and
technical problems. These techniques don't always produce exact solutions for nonlinear
problems. since developing alternative strategies to tackle the challenging non-linear
situations is vital. Collocation methods [1,2], finite element methods [3-5], finite difference
methods [6], radial basis function collocation method [7-17], and other well-known
numerical techniques are examples.

When it comes to solving nonlinear problems in simple domains, numerical methods
[18] have an advantage over analytical methods in that they are less expensive in
complicated domains. The development of diverse analytical techniques to guarantee time
and cost efficiency in issue solutions has advanced significantly.Liao used homotopy to
create the Homotopy Analysis Method (HAM) [19-25]. In HAM, the author splits a
nonlinear problem into numerous linear subproblems by using the fundamental
topological idea of homotopy. A generalized Taylor series with regard to an embedding
parameter is where HAM originates [26].

Numerous varieties of nonlinear mathematical models are solved by HAM. Whether
or whether tiny parameters are present in the problems being studied has no bearing on
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the validity of the HAM.It allows you a lot of freedom when selecting auxiliary linear
operators. "It has been successfully applied to many nonlinear problems such as nonlinear
oscillations, boundary layer flows, heat transfer, viscous flows in porous media, viscous
flows of Oldroyd 6-constant fluids, magneto hydrodynamic flows of nonnewtonian fluids,
nonlinear water waves, Thomas-Fermi equation, Lane-Emden equation, and so on."
[18].The Optimization Homotopy Asymptotic Method (OHAM) was introduced by Vasile
Marinca et al. and [27-31] N. Herisanu et al. for the approximate solution of "nonlinear
problems of thin film flow of a 4th degree fluid down a vertical cylinder" and for the
behavior analysis of "nonlinear mechanical vibration of electrical machine."

The same authors employed this technique to solve "nonlinear equations arising in
heat transfer" as well as "nonlinear equations arising in the steady state flow of a fourth-
grade fluid past a porous plate." OHAM has recently been applied to the "determination
of periodic solutions for the motion of a particle on a rotating parabola" by Marinca et al.
OHAM has been used more recently in the "solution of multipoint boundary value
problems" by Javed et al. [32]. [33] describes the application of OHAM to a Jefferson-Hamel
flow, where fluid flows between two stiff plane walls at an angle of 2a. OHAM has been
used to study the "steady incompressible mixed convection flow past vertical flat plate"
problem in [34]".

2. Materials and Methods

This study employs the Optimal Homotopy Asymptotic Method (OHAM) to solve
both linear and nonlinear differential equations. The main steps of the method are as
follows:

1. Defining the Differential Equation
The process begins by selecting the differential equation to be solved, whether
linear or nonlinear.

2. Constructing the Homotopy Equation:
Using OHAM, a homotopy equation is created, linking an initial rough
approximation to the desired solution. An "embedding parameter" is
introduced to control the transition between these solutions.

3. Expanding the Solution Series:
The solution to the differential equation is expanded into a Taylor series, where
each stage of the expansion provides a solution closer to the exact value.

4. Calculating the Residual:
The residual represents the difference between the calculated solution and the
exact solution. This residual is calculated at each stage to assess how far the
solution is from the true value.

5. Minimizing the Residual:
The Least Squares method is used to minimize the residual, ensuring the
obtained solution is as optimal as possible. This step adjusts certain constants to
achieve a more accurate result.

6. Iterative Approach:
The process is repeated iteratively until the solution reaches the desired
accuracy, with each iteration improving the approximation.

Materials

a. Mathematical Models:
The study works with differential equations as the foundational models, both
linear and nonlinear. A third-order boundary value problem is used as an
example of OHAM'’s application.

b. Software Tools:
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The calculations and simulations in this study can be performed using software
like MATLAB or Mathematica, which are helpful for symbolic and numerical
computations.
c. Comparison Methods:

The results obtained from OHAM are compared with other methods like the
Homotopy Perturbation Method (HPM), Variational Iteration Method (VIM),
and Homotopy Analysis Method (HAM). This comparison helps evaluate the
accuracy and effectiveness of OHAM in different situations.

3. Results and Discussion

2. Basic Concepts

2.1 Homotopy [35]:

"Geometric homotopy studies the general characteristics of space and curves. It can
be conceptualized as the study of characteristics like twisting and stretching that are
unaffected by ongoing deformations. When points in one figure match exactly to points in
another, a transformation takes place. The term "homotopical equivalent" refers to a set of
figures that can be turned into each other. Consequently, "if one continuous function can
be continuously deformed into the other, two continuous functions from one topological
space to another are called homotopic." Between the two functions, such a distortion is
referred to as a homotopy. That is, H(1),€):Q2x[0,1] = R;n€Q,£€[0,1], where H represents the
original function f's deformation".

Hinel=A=-e)fi(m) +ef2(0) (2.1

would be a homotopy between the functions f;(t) and f,(t).Here, ¢ is called the
embedding parameter and if ¢ = 0,7 (7,0) = fi(r) and if e = 1, H (7,1) = f,(7). Thus, as €
changes from 0 to 1, f; (1) is gradually transformed into f,(7) ".

2.2 Residual [5].

"The difference between the estimated and true values is known as the residual. It is
calculated for a differential equation by changing the original differential equation with
the estimated solution".

2.3 Fundamental mathematical theory of OHAM [27-31]

"Consider the differential equation below to demonstrate the fundamental principle"
of OHAM:

Lwm) +gm +Nwm) =0 (2.2)
B <w d—W) =0 (2.3)
an .

where w(n) is a necessary function, g(n) is a given function, and L, N, and B are
boundary, nonlinear, and linear operators, respectively. ] stands for independent variable.
The following generic deformation equation can be created by using OHAM on the
aforementioned problem :
(A =[LFH M &) + gm] = h(LFH (&) + gn) + N (FH (7, )] (2.4)

0H (n,
B (7—[(77, s),%) =0 (2.5)

where 0 < € < 1 is an embedding parameter, h(¢) is a nonzero auxiliary function for & #

0 and h(0) = 0, H (n, €) is an unknown function .
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It is clear that when € =0 and € =1 it holds H(,0) = wy(n) and H(n,1) = w(n)

respectively.

So, as & changes from 0 to 1, the solution H (1, €) changes from w, (1) to the solution
w(n), where wy(n) is obtained from Eq(2.4) fore =0:
dwy )

Lo +g(n) = 0, B (wo, > = 0

= (2.6)

For proper applications K; are finite, say, i = 1,2,3, ..., m. We present the auxiliary

function h(¢) to be of the type :
h(e) = €K, + %K, + €3K5 + -+ + e™K,,,, 2.7)

where K, K, ...,Kp, are constants.

For solution, expanding # (1, €) in Taylor's series about €, we get:

HMm,e) =we(n) + Z wi(m, Ky, Ky, ., Ky )e™ (2.8)

n=1

Once we replace the value of (2.8) in equation (2.4) and calculate the coefficient of
similar powers of ¢, we obtain: Equation (2.6) provides the zeroth order problem, and
equations (2.7)—(2.12) provide the first and second order problems, respectively :

Ly (M) + gm) = K1 No(wo(m)) (2.9)
dwy\
L(w, (M) — Lwy () = K;No(wo (1)) + (2.10)
K [Lwi (M) + N (wo (), wi(m))], (2.11)
B <w %> =0 (2.12)
27 dn - .

In general, we can write above equations by the following form:

LWy, (M) — LWp_1(m) = K No(wo(m)) +

n—1

D KL () + Ny (00 07, W3 G s W1 ()]

3 ( dwn> _ 0
Wy, a )
where n=23,..
In the above equation IV, (wWy (1), w1 (1), ..., Wy —1 (1)) is the coefficient of €™ in the expansion

of N(H(n,€)):

N (I 0,2 KD) = No(wo () + ) Nywo, W, ., i )e™ (2.15)

m=1
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Here, convergence of the series (2.8) depends upon the constants K;,i = 1,2,3, ....

When ¢ = 1 the equation (2.8) transforms to:

W(n' Klr KZI ) = WO(n) + Z Wi(n: Kl: Kz, !Km) (216)

i=1

In actual application i is finite. Hence the equation (2.10) reduce to :

m
VT/(T’, Kl' Kz, ...,Km) = Wo(n) + Z WL(TI, Kl' Kz, ...,Km) (2.17)
i=1

Substituting equation (2.17) into equation (2.4), then we get the following residual :

R, Ky, Koy oo, Kip) = LW, Ky, Ko,y o, Ki)) + g() + N (W, Ky, Ko, oo, Ki)) (2.18)

If R =0, then W yields the exact solution. Generally, it doesn't happen, especially in

nonlinear problems.

For the determinations constants of K;,i = 1,2, ...,m, We select a and b in a way
that results in the optimal K: s values for the desired problem's convergent solution. The
Ritz Method, Galerkin's Method, and Collocation Method are a few techniques to
determine the ideal values of K;,i = 1,2,3, .... Here, we apply the Method of Least Squares
as under :

b
S, Ky, Ky, ooy Ki) =J R2(n, Ky, Ky, .., K dx (2.19)
a
where R is the residual, R = L(W) + g(n) + (W) and

oS 9S _as_o 220
0K, 0K, 0K, (220)

where a and b are properly chosen numbers to locate the desired K;(i = 1,2, ..., m). With

these constants known, the approximate solution (of order m ) is well-determined .
3. Application

Example 3.1: To see the effectiveness of the above basic idea of OHAM, we are presenting

an example of third order boundary value problem :

w"' () —nw®) = ® — 2n* — 5n — 3)e” 3.1

with boundary conditions

Central Asian Journal of Medical and Natural Science 2024, 5(3), 329-338. https://cajmtcs.centralasianstudies.org/index.php/CAJMTCS



334

w(0) =0,w'(0) =1, w'(1) = —e. 3.2)
Exact solution of the problem is

w(m) =n(1—mne" (3.3)

According to OHAM formulation given in equation (2.4) for the given problem

(3.1), we will apply OHAM to get the following BVPs generated by OHAM procedure :
Zeroth order boundary value problem is given by :
we' () = 0; wo(0) = 0,w)(0) = 1, wp(1) = —e 34

The solution of the zeroth order deformation is :

1
wo(m) = (21 = n* —en?) (3.5)

The 1t order deformation problem is given as :
wi" (M) =1+ Kp)wg"' () —nCiwoe () + 3eK;
wy(0) = wi(0) =wi(1) = 0

1st order solution is:

K
wi() = — (2730) (17280 — 17280en + 69601 + 4n° + 10320e™

(3.6)
—3487n? + 1803en? — 2640e"n? + 240e"n3 — n° — en®)

2nd order deformation problem is given as:

wy"' (M) =1 + KDwy" () + Kowg' () — nKywi(m) + 3eK,
w,(0) = w;(0) =w;(1) =0

The 2rd order solution can be observed as:

=————(—5040K, (172 — 3487n% + 4n5 —n®
w, (1) 1209600( 5040K, (17280 + 6960n — 3487n* + 4n°> — 1

+240e7 (=72 + 430 — 11n% + 1°) — en?(—1803 + n*))
+K2(—2206310400 — 9858240001 + 48466729772
+1209600e" (1824 — 10097 + 22577 — 247 + n*)
—7en?33730609 — 11538n* + %)

—5040K,(17280 + 69601 — 348712 + 4n° — n® + 240e"

(=72 + 437 — 11n% + 7°) — en?(=1803 + %)) )

Now we can see the solution as w(n) = wy(n) + wy () + wy (1) + -+
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w(n) = (—10080K, (17280 + 69601 — 348712 + 4n°> — n°

1209600
+240e7(—=72 + 430 — 11n% + 1°) — en?(—1803 + n*))
+K2(—2206310400 — 9858240001 + 4846672971
+1209600e" (1824 — 10097 + 22502 — 2413 + n*)
—7en?(33730609 — 115387 + 71°)) — 5040(1207

(—2+n +en) — K,(17280 + 6960n — 3487n% + 4n° — n®
+240e" (=72 + 43n — 11n? + n3) — en?(—1803 + r]‘*))))

The residual of the example problem is given as :

R=(1/2)((-=2+nmn? +en® + e"(6 + 10n + 41 — 2n%)) + (K, /120)
(—en3(—1923 + n*) + 240e"(3 — 67n + 451 — 1213 + n*)
+1(17280 + 6720n — 336702 + 4n° — n°)) — (K£/1209600)
(1209600e"(—3 + 1891n — 105472 + 23793 — 25n* + n°)
—1019692800n + 5016369771% + 3628800n* + 544320n°
—136374n° + 40n° — 7n'%)) + (K,/240)(—en(—1923 + n*)
+240e"(3 — 679 + 45n% — 12n° + n*) + (17280 + 6720
—3367n% + 4n° —n°%))

Where
K; = —0.9873623220546068;
and
K, = —0.00009539560288304948;

We obtain the approximate solution of the second order as :

w(n) = —1636.0020206845597 + 0.0000322382392530775537n°

—116.8859280720518752 + 2.9246530650391955n*
+0.4878596996679654475 + 0.032374372630945884n°
+0.9748843550130653¢” (—6.460588475454943 + 1)
(—5.454487464776046 + 1)

(47.62167957157959 — 10.059227340402097 + n2)

Comparison between the absolute errors of the first order and second order are shown in

the following table
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Table 1. Comparison of absolute errors at different orders of approximations".

n Exact Solution First Order Second Order

0.0 0.0 0.0 2.27374 x 10713
0.1 9.94654 x 1072 | 9.54924 x10"> | 7.36235x 1078
0.2 1.95424x 107! | 4.11883 x10™* | 1.44256 x 107’
03| 2.8347x107' | 9.97088x 10™* | 1.79921x 1078
04| 3.58038x 107! | 1.89223x103 | 5.87428 x 10’
0.5| 4.1218x 1071 | 3.11232x 1072 | 1.60543 x 10°°
0.6 4.37309x 107! | 4.62242x10°2 | 2.93892 x 10°°
0.7 4.22888x 107! | 6.31257 x 1072 | 4.30696 x 10°°
0.8 3.56087 x10™! | 7.97586x 1072 | 5.38493 x 10°°
09| 2.21364x 1071 | 9.29507 x 1072 | 5.96232 x 10°°
1.0 0.0 9.84465x 1072 | 6.09036 x 10°°

4. Conclusion

The study demonstrates that the Optimal Homotopy Asymptotic Method (OHAM)
is a highly effective technique for solving a broad range of differential equations,
encompassing both linear and nonlinear types. The method's rapid convergence to
accurate solutions underscores its efficacy and practicality in computational mathematics.
These findings suggest that OHAM could serve as a robust tool for addressing complex

differential equations in various scientific and engineering disciplines. Future research
should explore the method's adaptability to more intricate problem classes and its
potential integration with other computational techniques to enhance solution accuracy
and efficiency further. Additionally, empirical studies on OHAM's performance across

diverse applications could provide deeper insights into its capabilities and limitations.
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