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ABSTRACT

The paper proposes a new proof of the well-known
Gauss-Bonnet theorem, based only on metric considerations.
The theorem is first proved for triangles lying in the
injectivity domain of the exponential mapping, and then,
using standard techniques, it is extended to arbitrary domains.
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The paper proposes a new proof of the well-
known Gauss-Bonnet theorem, based only on
metric considerations. The theorem is first proved
for triangles lying in the exponential mapping
injectivity domain, and then, using standard
techniques, is extended to arbitrary domains. This
approach advantage over the standard Gauss -
Bonnet theorem proofs lies in its extending
possibility to the multidimensional case in an
inequality form in which the integral boundary
curvature and some integrals over the cones
stretched on the curvature boundary tensor of the
multidimensional Riemannian  space  will
participate.

Preliminary lemmas.

Let F twice continuously differentiable

surface in &2, K(M] - its Gaussian curvature, where

point is M £ F. The shortest connecting points A

and B of the surface will be denoted by AB, the
same symbol will also denote the distance on the
surface F between points A and B.
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Lemma 1. Let “ip,¢)° - polar coordinate
system on surface F centered at point o ¢ F.

Kip, ¢) Gaussian curvature of surface F, given as a
function of p,¢p. Then
ds = dr® + glp, ¢ )de? (1.1)
And the function gip, ¢} is a solution to the
Jacobi equation:
g2 T Kipplg=0 (1.2)
with initial conditionsgi0, ¢} =0, gi(0, @)= 1.
The proof of Lemma 1 can be found in [1] p.

175.
Lemma 2. Let

coordinate system on surface F, built on geodesic
v (y:u=0v=t) Kluv) — Gaussian curvature of

{u,v)— is a semi-geodetic

surface F given as a function ofu ,w. Then

ds = du? + fiu, vidv?, (1.3)
a functionf{u,~) is a solution to the Jacobi
equation:

fle + Klu, vif =0 (1.4)
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with initial conditions  f{0,v) = 1, fi{0w)=10
(see. [1] p.172).

Lemma 3. Let yi=) - family of geodesics on
surface F, whose equations in a semi-geodesic
coordinate system are given by the function
u=uivzg),

0D =v=vyulv,0) = Oanduivy, =) = ple).

o .
Then the function = lazg = 1(%) the solution

of the Jacobi equation:
N+ kivin =10 (1.5)

with boundary conditionsm{0) = 0, nivg) = @'(0).

Lemma 3 assertion. Follows from Lemma
14.3in[2].

Proof of the Gauss-Bonnet theorem for

geodesic triangles.

Theorem. For a geodesic triangle, with
interior angles o, B,v and Gaussian curvature K, it

is true:

a+,8+7/=7r+ﬂde.
Let (ABC, ahc)

made up of shortest paths. Let P(z) denote a point
on CB side at a distance 2 from point C. Suppose

full surface triangle F,

that for anyz {0 =z = =z} there is only one shortest
path AP(z),
alz),yiz)and B
triangles  AP{z)E.

smoothly depending onz. Let
vertex angles &, P{z) and E,

Theny(a) = m, afa) = 0and
dl:c(z dyiz’
dz

at an arbitrary point z;. Let us introduce along the
shortest APiz)  semi-geodesic coordinate system
[3]. Let the equation of the shortest path P(z)E in

this coordinate system be given by the functions:
u=uiz)v= vz

a(z,)—a(z) =7(z) . Find the derivatives

Let us denote by u=hiv,z) equation

shortest ~ &P{z), where =z & [z 25+ =)then
hiw{z),z) = u{z) and

dh dx dh du

v dzlz Zq Elz:znzalz:zn (21)
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Thus, Z—I:|3=znzn(vj is the solution of the

Jacobi equation (1.5) with the boundary conditions
(v) =0, niw(zy) = siny(z4) . SO

g()

niv) = —te ST (2Z0) (2.2)

where  g{v) - is the standard solution of the

Jacobi equation (see Lemma 1.) . Because

dhiwz), E‘:ldu_i_fg |: (z Jv(z)ﬁ

—cosylz) = —2¥
JE—FH?E—)ZJE
cost(z) = (o) (h1)
VE (4
hence
o _dzhdvdu_l_ fdu_l_dhdzu_l_ (afdu_l_ﬂfdv)dv_l_ , &v
Ve T 32z dz T Yz dvdz? | \gudz | dvde/dz o dz?
and
r
sint(z) = by ,
(bl )+
or

e =my(v(ze)] u T, =ni(0) (2.3)
Taking into account formula (2.2) and Lemma
1., we obtain that

; iny(zg) ¥(za)
L= :;(:ﬂj[ — [y k(v z)glv, 2)dv] (2.4)
and
P gn vl zg)
2o glv(ag); (2:5)
By definition of the angle t(z) we have:
fua’r;ndzu = adu dzu = o,
therefore, from formula (2.5) we obtain:
azinylzg) _
0 atvzan 120 = O .
Eld-x dmnyiz,)
f D alv(z0)) (2.6)

Since the angle z({z,;) and the distance w(zy)
satisfy the condition of Lemma 1., integrating
tz,0ver z from zero to a, and taking into account
(2.6) from (2.4) we obtain

a¥(za)

iny( 2g)
yla)—y(0)=a— k(v,ﬂg(v,z}dvsm :
/]

g(v(2o))

dig= o+
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B viza) o VEg)

+IIJ- J kiw,z)glv, z)dvdon = D:—J- J kiv,z)ds

or equivalently oo+ +v = + JJ Kds .

Thus, we have obtained a formula, which is
called the Gauss-Bonnet formula for geodesic
triangles.

General case of the Gauss - Bonnet
theorem.

We restrict ourselves to the case of a domain
homeomorphic to a disc of a bounded piecewise

regular closed curve. Let a ¥ -piecewise regular

(piecewise twice continuously differentiable) curve
bounding a domain D of a complete surface F

homeomorphic to a disc. We denote by ¥, the links
(i=1,...,k), and by f3; the angles between the links

¥;—, and ¥, from the side of the domain D. Then

the following formula is valid (Gauss - Bonnet
theorem)'

f kods + Dt — B)ds +

ffﬂ de = 27,
(3.2)

Here k-
is Gaussian curvature of surface F.

Let us give a brief description of this formula
deriving idea.

Let 1;, be polygons sequence composed of

is a geodesic curvature ¥, and K

shortest paths of the surface F converging to . We
by A,,45,..,4,,A.., =4, the
polygon vertices ¥;,, and by ;"
the links 4;_, A, and 4;4;,, from the side of the
domain £J,, bounded by the polygon ¥;,. Then

m, . sttt —at) = lefﬁ k, ds +

E’E“(H £:)
(3.2)

denote

the angle between
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The existence of polygons sequence with the
indicated properties is proved, for example, in [4]
p. 214. We divide the domain D), into triangles so

small that one can apply the theorem from 82 to
each of them. For this, it is sufficient to require that
each triangle diameter be less than the injectivity
radius of F. Let Min} denote the number of these

AL A%, By, and after of By -

interior corners of triangle A%

triangles:
. Then, by theorem

§2, we obtain
o B Y =T|:+_UA]]_1de
Let's count the number of all triangles sides
included in the partition of D, area. The number of
vertices lying on the border of the area Dyis equal
to n. Therefore, the number of sides
iS3N(n)/2+n/2 =({3N(n) +n)/2. The number of

vertices By of the partition of the region Dy, is found

PN—%+ N =1, where

(3.3)

from the Euler formula:
By=1 +% and the number of internal vertices is

By—n=1+ N;” . Consequently

N[ﬂ](o§‘+[3 +y2) =2+ 2m(1+ 0) =

424w + 2n(N —n)
(3.4)
Here X’ is the sum of the angles at the
vertices lying on the boundary of the domain Dy.
From (3.3) and (3.4) we obtain:
=y e)=nn—2x+ ﬂnukds.
(3.5)
Hence

P - @) = 2m -

ffnukds

Passing in (3.6) to the limit as #2 — = and

taking into account (3.2), we obtain the Gauss-
Bonnet formula

(f k ds) + LM —p) + [[kds =

(3.6)

27
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