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Abstract: In this study, we define the concepts of an arithmetic mean or ordinary arithmetic mean 

(𝑥), maximum arithmetic mean  (𝑥+1)  , minimum arithmetic mean  (𝑥−1) , middle arithmetic mean 

(𝑥0) , the numerical difference between two numbers  𝑁𝐷 , the relative difference between two 

numbers  𝑅𝐷 , we compare between the ordinary arithmetic mean  (𝑥)  and the middle arithmetic 

mean  (𝑥0)  by the value of the relative difference between them and we show that  if   𝑥 =

1 , 2 , 3 , … , 𝑛   , then   𝑥 = 𝑥0. 
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1. Introduction 

Arithmetic mean : This type of mean is a simple type of mean and we calculate it by 

summing up the entries in a set of data divided by the number of entries . Arithmetic 

mean is shown by the symbol 𝑥 . If we have   𝑥1, 𝑥2, 𝑥3, … , 𝑥𝑛, we calculate the mean of 

this data by the following formula [1].  

𝑥 =
𝑥1 + 𝑥2 + 𝑥3 … + 𝑥𝑛

𝑛
 

indicates the number of data. 𝑛 

 

Example 1-1 : 

Let   𝑥 = 1 , 2 , 3 , 4 , 5, then Arithmetic mean (or Ordinary Arithmetic Mean)  

𝑥 =
1 + 2 + 3 + 4 + 5

5
=

15

5
= 3 

 

1-2 Maximum Arithmetic Mean ( 𝑥+1) : 

The maximum arithmetic mean is represented by the symbol 𝑥+1, and it can be 

calculated in the following way :  

If      𝑥 = 𝑥1 , 𝑥2 , 𝑥3 , … , 𝑥𝑛  

Let   {𝑦1 , 𝑦2 , 𝑦3 , … , 𝑦𝑛} = {𝑥1 , 𝑥2 , 𝑥3 , … , 𝑥𝑛}  

Such that    𝑦1 < 𝑦2 < 𝑦3 < ⋯ < 𝑦𝑛  

Let    𝑎0 = 𝑦1 , 𝑎1 =
𝑦1+𝑦2

2
  , 𝑎2 =

𝑎1+𝑦3

2
  , 𝑎3 =

𝑎2+𝑦4

2
   , … , 𝑎𝑛−1 =

𝑎𝑛−2+𝑦𝑛

2
,  
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then  

𝑥+1 =  𝑎𝑛−1 =
𝑎𝑛−2 + 𝑦𝑛

2
      , 𝑛 ∈ 𝑁  , 𝑛 ≥ 2 

=
𝑦1

2𝑛−1
+

𝑦2

2𝑛−1
+

𝑦3

2𝑛−2
+ ⋯ +

𝑦𝑛

2𝑛−(𝑛−1)=1
 

=
𝑦1 + 𝑦2 + 2𝑦3 + 22𝑦4 + ⋯ + 2𝑛−2𝑦𝑛

2𝑛−1
 

 

1-3 Minimum Arithmetic Mean ( 𝑥−1) : 

The minimum arithmetic mean is represented by the symbol  𝑥−1, and it can be 

calculated in the following way : 

If 𝑥 = 𝑥1 , 𝑥2 , 𝑥3 , … , 𝑥𝑛  

Let  {𝑧1 , 𝑧2 , 𝑧3 , … , 𝑧𝑛} = {𝑥1 , 𝑥2 , 𝑥3 , … , 𝑥𝑛} 

Such that    𝑧1 > 𝑧2 > 𝑧3 > ⋯ > 𝑧𝑛  

Let   𝑏0 = 𝑧1 

, 𝑏1 =
𝑧1 + 𝑧2

2
  , 𝑏2 =

𝑏1 + 𝑧3

2
  , 𝑏3 =

𝑏2 + 𝑧4

2
  , … , 𝑏𝑛−1 =

𝑏𝑛−2 + 𝑧𝑛

2
 

 

then 

𝑥−1 = 𝑏𝑛−1 =
𝑏𝑛−2 + 𝑧𝑛

2
     , 𝑛 ∈ 𝑁 , 𝑛 ≥ 2 

=
𝑧1

2𝑛−1
+

𝑧2

2𝑛−1
+

𝑧3

2𝑛−2
+ ⋯ +

𝑧𝑛

2𝑛−(𝑛−1)=1
 

=
𝑧1 + 𝑧2 + 2𝑧3 + 22𝑧4 + ⋯ + 2𝑛−2𝑧𝑛

2𝑛−1
 

 

1-4  Middle Arithmetic Mean ( 𝑥0 ) : 

The middle arithmetic mean is represented by the symbol  𝑥0 , and it can be calculated 

as follows : 

𝑥0 =
𝑥+1 + 𝑥−1

2
 

Example 1-5 :   

Let   𝑥 = 1 , 0 , 3 , 5 , 2 , 7     , 𝑛 = 6,  

Then 

𝑥 =
1 + 0 + 3 + 5 + 2 + 7

6
=

18

6
= 3 

𝑥+1 = 0 , 1 , 2 , 3 , 5 , 7 

𝑥+1 =
0

25
+

1

25
+

2

24
+

3

23
+

5

22
+

7

21
 

= 0 + 0.03125 + 0.125 + 0.375 + 1.25 + 3.5 = 5.28125 
𝑥−1 = 7 , 5 , 3 , 2 , 1 , 0 

𝑥+1 =
7

25
+

5

25
+

3

24
+

2

23
+

1

22
+

0

21
 

= 0.21875 + 0.15625 + 0.1875 + 0.25 + 0.25 + 0 = 1.0625 

𝑥0 =
5.28125 + 1.0625

2
=

6.34375

2
= 3.171875 

 

 

2. Results and Discussion 

The numerical difference between two numbers and the relative difference between 

two numbers :  

Let the two numbers are  𝑥1 , 𝑥2  

Let    {𝑥1 , 𝑥2} = {𝑎, 𝑏}   , such that   𝑎 ≥ 𝑏  , then  the numerical difference ( ND ) and 

the relative difference (RD) between two numbers  𝑥1 , 𝑥2  
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𝑁𝐷{𝑥1 , 𝑥2} = 𝑀𝑎𝑥{𝑥1 , 𝑥2} − 𝑀𝑖𝑛{𝑥1 , 𝑥2} = |𝑥1 − 𝑥2| = |𝑥2 − 𝑥1| 𝑁𝐷{𝑥1 , 𝑥2}

= 𝑎 − 𝑏𝑅𝐷{𝑥1 , 𝑥2} =
𝑀𝑎𝑥{𝑥1 , 𝑥2} − 𝑀𝑖𝑛{𝑥1 , 𝑥2}

𝑀𝑎𝑥{𝑥1 , 𝑥2}
=

𝑁𝐷{𝑥1 , 𝑥2}

𝑀𝑎𝑥{𝑥1 , 𝑥2}

=
|𝑥1 − 𝑥2|

𝑀𝑎𝑥{𝑥1 , 𝑥2}
=

𝑎 − 𝑏

𝑎
= 1 −

𝑏

𝑎
= 1 −

𝑀𝑖𝑛{𝑥1 , 𝑥2}

𝑀𝑎𝑥{𝑥1 , 𝑥2}
 

 

Remark 2-1 :    

1. if   𝑀𝑎𝑥{𝑥1 , 𝑥2} ≥ 0    , then    0 ≤   𝑅𝐷{𝑥1 , 𝑥2}   ≤ 1 And    if   𝑀𝑎𝑥{𝑥1 , 𝑥2} ≤ 0    , 

then    −1 ≤   𝑅𝐷{𝑥1 , 𝑥2}   ≤ 0 

2. if    𝑥1 = 𝑥2   , then    𝑀𝑎𝑥{𝑥1 , 𝑥2} = 𝑀𝑎𝑥{𝑥1 , 𝑥2} = 𝑥1 = 𝑥2  

⟹    𝑁𝐷{𝑥1 , 𝑥2} = 𝑥1 − 𝑥2 = 0   , 𝑅𝐷{𝑥1 , 𝑥2} = 1 −
𝑀𝑖𝑛{𝑥1 , 𝑥2}

𝑀𝑎𝑥{𝑥1 , 𝑥2}
= 1 −

𝑥1

𝑥2

= 1 − 1

= 0 

For example :  𝑁𝐷{1 , 4} = 4 − 1 = 3    , 𝑅𝐷{1 , 4} =
3

4
= 0.75 

Example 2-2 :    

Let    𝑥 = 2 , 1 , 3      

⟹      𝑥+1 = 𝑦 = 1 , 2 , 3    ,     𝑥−1 = 𝑧 = 3 , 2 , 1 

𝑥 =
2 + 1 + 3

3
=

6

3
= 2 

𝑥+1 =
1 + 2 + 2 × 3

23−1
=

9

4
= 2.25 

𝑥−1 =
3 + 2 + 2 × 1

4
=

7

4
= 1.75 

𝑥0 =
𝑥+1 + 𝑥−1

2
=

2.25 + 1.75

2
=

4

2
= 2 

 

𝑁𝐷{𝑥 , 𝑥0} = 𝑀𝑎𝑥{𝑥 , 𝑥0} − 𝑀𝑖𝑛{𝑥 , 𝑥0} 

= |𝑥 − 𝑥0| = |2 − 2| = 0 

𝑅𝐷{𝑥 , 𝑥0} =
𝑀𝑎𝑥{𝑥 , 𝑥0} − 𝑀𝑖𝑛{𝑥 , 𝑥0}

𝑀𝑎𝑥{𝑥 , 𝑥0}
 

=
|𝑥 − 𝑥0|

𝑀𝑎𝑥{𝑥 , 𝑥0 }
=

𝑁𝐷{𝑥 , 𝑥0 }

𝑀𝑎𝑥{𝑥 , 𝑥0 }
=

0

2
= 0 

Remark 2-3 : 

If   𝑛 = 2   , then     𝑥 = 𝑥+1 = 𝑥−1 = 𝑥0   ⟹    𝑁𝐷{𝑥 , 𝑥0} = 𝑅𝐷{𝑥 , 𝑥0} = 0   

 

Theorem 2-4 :  If   𝑥 = 1 , 2 , 3 , … , 𝑛  , then   𝑥 = 𝑥0  

And    𝑁𝐷{𝑥 , 𝑥0} = 𝑅𝐷{𝑥 , 𝑥0} = 0 

Proof :   

Let    𝑥 = 1 , 2 , 3 , … , 𝑛     

⟹    𝑥 =
1 + 2 + 3 + ⋯ + 𝑛    

𝑛
=

[
𝑛(𝑛 + 1)

2
]

𝑛
=

𝑛(𝑛 + 1)

2𝑛
=

(𝑛 + 1)

2
 

𝑥+1 = 1 , 2 , 3 , … , 𝑛     

𝑥+1 =
1 + 2 + 2(3) + 22(4) + ⋯ + 2𝑛−2𝑛

2𝑛−1
 

𝑥−1 = 𝑛 , 𝑛 − 1 , 𝑛 − 2 , … , 1      

𝑥−1 =
𝑛 + (𝑛 − 1) + 2(𝑛 − 2) + 22(𝑛 − 3) + ⋯ + 2𝑛−2(1)

2𝑛−1
 

𝑥+1 + 𝑥−1 

=
(𝑛 + 1) + (𝑛 + 1) + 2(𝑛 + 1) + 22(𝑛 + 1) + ⋯ + 2𝑛−2(𝑛 + 1)

2𝑛−1
 

= (𝑛 + 1)
1 + 1 + 2 + 22 + ⋯ + 2𝑛−2

2𝑛−1
= (𝑛 + 1)

1 +
1(1 − 2𝑛−1)

1 − 2
2𝑛−1

 

= (𝑛 + 1)
1 + 2𝑛−1 − 1

2𝑛−1
= (𝑛 + 1)

2𝑛−1

2𝑛−1
= (𝑛 + 1) 
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𝑥0 =
𝑥+1 + 𝑥−1

2
=

𝑛 + 1

2
= 𝑥 

⟹    𝑁𝐷{𝑥 , 𝑥0} = 𝑅𝐷{𝑥 , 𝑥0} = 0 
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