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Abstract: In this study, we investigate the geometric properties of the Generalized Viessman-Gray
manifold, focusing on its conharmonic curvature tensor and its relationship with flat conharmonic
curvature tensors. Leveraging the fleetness property of the GT-manifold, we utilize Weyl's tensor
to derive components of the conformal GT-manifold and establish its classification as a Nearly
Kédhler manifold due to its zero scalar curvature. Additionally, we uncover the connection
between the GT-manifold and conharmonic Para-Kéhler manifolds. Through rigorous analysis
and proof, we demonstrate that a GT-manifold with flat conharmonic tensors is Nearly Kahler and
possesses zero scalar curvature, establishing its classification as a conharmonic Para-Kahler
manifold. Our findings contribute to the understanding of these manifold structures and their
geometric properties, paving the way for further exploration in related fields.

Keywords: Almost Hermitian Manifold, Conharmonic Curvature tensor, Generalized Viessman -
Gray manifold, Locally conformal Kahler, Differential geometry.

1. Introduction

It is considered the Hermitian manifold one of the most important subjects in
Geometry differential, so the divided into a number of components in an effort to
precisely identify its characteristics to Hermitian manifold's classes being divided based
on distinct properties. Many academics investigated the nearly Hermitian manifold and
discovered that it has interesting geometrical qualities. A Russian researcher named
Kirichenko is among them, he discovered the adjoined G-structure space while studying
the nearly Hermitian manifold, which is not dependent on a manifold but on a
subprinciple of all complex frames' aggregate fiber bundle.[1] Ali. Shihab & Ali Khalif
studied the W-Projective curvature of nearly Kahler manifold [2]. Maath and Ali studied
the geometry of conhormonic and calculated components of conharmonic curvature
tensor of the Locally Conformal Kahler manifold [3].

Several academics have examined the geometric features of certain types of
manifolds using curvature tensors on virtually Hermitian manifolds, where Kirichenko
and Rustanov conducted a study on the geometric properties of conhormonic curvature
in nearly Hermitian manifolds [4]. Elham and. Shihab studied the Generalized
Conharmonic Curvature Tensor of the Locally Conformal Kahler Manifold and shows
that this tensor possesses the classic symmetry properties of the Riemannian tensor. And
find relationships between the components of the tensor in this manifold [5]. Abdulhadi
& Ali studied the geometry properties of generalized conharmonic tensor of the
Viessman- Grey manifold [6]. The researcher uses the flatness property Generalized
Vaisman-Gray manifold (GT-manifold) to find the components of conformal Generalized
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Viessman-gray manifold (GT-manifold) by the Weyl's tensor and proved that the
manifold is Nearly Kahler manifold (NK-manifold), and show that the manifold has a
zero scalar curvature. Finally, the relation between the Generalized Viessman -gray
manifold (GT-manifold) and conharmonic Para-Kahler manifold has been found.

2. Materials and Methods

Denote the smooth vector field module on M as X(m). C* (M) the group of smooth
activities of M. Almost Hermitian (AH-manifold) is a group { m, j, g=(.,.)}, M is 2n- A
smooth manifold with more than one dimension, and an endomorphism of the
Riemannian R. so {JZ, JW) = (Z ,W); Z,W € Z(p)

The fundamentals {€ ....., €y ... J€1 ....Jen} is the follow {i1, ... ip, ... i1, ...,Zn}.
There are signs I, j, k as well as [ of the vicinity 1, ...,2n and h. The interval 1,2,...,n. We

will use these notations {i; = iy,....I5 =i} where @ = a + n. form might be
utilized in order to compose an a-frame{p,ij ...,in ..., 15, .. iz} The complex

structures' component matrices ] and g in the adjoined G-structure are several types of
space:

WXJY)) =<\/__011” _\/3—11 ) (gfi'):<1(:l Ig>'

Definition 2.1 [8]

Using Banner's classification of almost hermit, the group of Viessman meets

the following criteria: Babc = —pgbac pab — a[“df] .

Definition.2.2 [9]

A tensor of Riemann curvature R. given a smooth manifold, the number wm is four-
covariant.

tenser R: GP(M)x GP(m)x GP(Mm)x GP(M)x—R, what it means:
O(a By, )= (v, 8), B )

It given the following criteria:

a) o (0(, Br 4 8) =0 (ﬁr «Q,y, E)}

b) d (a, B, v, €)=0(a, B, & V)

Qd(a, By e)=0(v, &)

d)o(a, B v, e)+0(a, v, & PB)+0(a, & B, Y) =0;

Theorem 2.1 [7]

The following forms can be found in the collections on Viessman-grey structure
equations:

i) dw®=0f\w’+B% wA\w,+B? w,Aw,;
i) dwg=—wlAw,+BE,w N0P+w 4. wP Awg;
iii) dwfwdAw§ + (2B B, + AL )wAwy + (Bah[CBd]bh + A q) 0Nt +
(Byn“BYM + A5 w Ny,

Where @' are the mixed form components and a)} Riemannian connection
components of metric g.
Definition 2.3 [9]

A type (2,0) tensor that is described as 7(GT);; = (GT)Ii{jk is named a Ricci tensor

generalized
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Theorem 2.2 [6]

The Viessman gray components of the generalized Riemann curvature there are in
the adjoined G-structure provided in formats:

1
L GTapea = {— ba + Bathth+§“[[1?5§}}
1 d
2. GTdde‘ = {Agg - BahCBhbd + Ea[[gé‘c}}

3. Results
Definition 3.1

It has been discovered the relation between the Generalized Viessman-gray
manifold (GT-manifold) and the conharmonic Para_Kohler manifold.

Detention 3.2 [10].
The component of a Viessman manifold is referred to as a conharmonic Para
Kahler manifold if GT 4.4 of conharmonic curvature tensor T is equal to zero.

Definition 3.3 [9].
In order to define the A scalar tensor K of an AH-manifold, the Rici tenser is contracted &
giver = g'r;; .

Definition 3.4 [9].
As for as the Riemannian space, the conformal curvature tensor or Weyl's tensor
W = VVﬁd of type (3,1) is defined by the form:

1 K(9u9jk—9ik9j1)
Wijki = Rijia + — (regji + 119k — Tabjk — TiGu) + m (3.1)

(3.1)

Where R;jj; are the Riemannian curvature tensor components, 7jare the Ricci
tensor's constituent parts., gjxare components of the Riemannian metric g and K is the
scalar curvature. This tensor is unaffected by conformal transformation metric by as

follow:

* _ 1 K(gilgjk—gikgﬂ)
W7kt = Riji + m(rikgjz + 19k — Tudjk — Tixgu) + D@1
(3.2)

This tensor has similar properties to those of the Riemannian curvature tensor.

Theorem 3.1
The components of the conformal of the adjoint G-structure of generalized Viessman by
the Weyl's tensor are given by the following form:
Proof:
1.Fori=q,j=b,K=c,and ¥ =d,

The equation (3.2) becomes
W abea =

Rabcd + 2

1 K(gpcIad—9bdGac)
(n-1)

2(n-1)(2n-1)

(racgbd + Tva9ac — Tad9bc — rbcgad) +

According to equation (2.1), we get that
W abea = Rapea = 0

2.Fori=4a,j=bk=c, &l=d,wehave
W= apea =

1 K(9bcgaa—9naJac)
Rapca + 20— (Tac9pa + Tva9ac — Taa9vc — TvcYaa) + Zlg;_all;(z,lbfl)ac
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According to equation (2.1), we get that
W*dbcd =0+ (O + de6g —0- rbC6 ) +0
W abca = 2(n 5 (de5 — Thc0q)
3.Fori=a,j=b, k=c, &l =d,weget:
* 1
W7 abca = Rapea T+ m (rachd + T5a9ac — Taa9bc — chgad) +

K(95.9aa—9p49ac)
2(n-1)(2n-1)

2(n

According to equation (2.1), we get that
W’ apea = 0+ 5o (Tac8d + 0 = 7aad? = 0) + 0
W*aﬁcd = m (rac6d - rad65)

4.Fori=a,j=h, k=2¢ and [ =d, we have

* —
W7 abea =

Rabcd + (_ (racgbd + Tva9aé — Tad9pe — Tbc”gad) +

K(gpegad—9pdIaz)
2(n-1)(2n-1)

According to equation (2.1), we get that

W’ apea =0 @ —Taalp —0) +0
W? abea = Z(n D (de6 Tadé‘é))
5Fori=a.j=b k=c, & t= Cz,weobtain
W’ apea = ( )
K(gpegad—9pdae
Rapea + _(racgbd + "va9a¢ — Taa9pe — Tbc”gad) + becad ShdZat

2(n 2(n-1)(2n-1)

According to equation (2.1), we get that
W apea =0+ 5— (raCSb +0-0-—1,:68)+0
W= abea = 2(n—1) (racab - Tbcag)
6.Fori =a,j = b, k=c, & | =d, we obtain
W= abca = Rapea + (Tac9pa + Tsa9ac — Taa9pec — TbcYaa) +

K(95.9ad—9549ac)
2(n-1)(2n-1)

1
2(n—-1)

According to equation (2.1), we get that
W*dﬁcd 0+ (T‘Ca6d +T'd 6a—Td 6b _TC 6d) +
8468
* _ 1 [a b] K ab
W abca = 4(n—-1) (T [C6d]) + 2(n-1)(2n-1) (Oca
7.Fori=a,j=b,k=¢ & |l =d,wehave

K

bsga _
2(n-1)(2n-1) (6204

* —
W= abea = ,
K(gpedad—9IvdJae
Rapea +

abed 2(n-1)(2n-1)

2(_n ) (Tac9pa + Tva9ac — Taa9ve — TbeYaa)
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By theorem (2.2), we get that
Wapea =

__aac ah c, 1 a _
Apg +B thd+206 5 +2(n 1)( rgd 6d)+2(n 1)(2n 1)(6b6d)

7. Fori=d,j =b,x=c,& | =d,we have

* _
w dbcd — Rabcd +

K(9bc953—9pa9ac)
2(n-1)(2n-1)

(— (racgbd + Tva9ac — Taa9pc — rbcgda) +

By theorem (2.2), we get that
W ipea = 1 [aed]

d h d a
ARS — BYBy,t + Ea[b6c] +

(—r288 —rdsg) + (6259).

1

2(n-1) 2(n— 1)(2n 1)
Theorem 3.2

Suppose M be a generalized Viessman -gray manifold (GT-manifold) having a flat
Conharmonic, then M is Nearly Kohler.
Proof:

Let M is generalized Viessman_manifold (GT-manifold) having a flat conharmonic
tenser By definition (3.1) & theorem (3.1) we obtain

1 d
ABS — BByt + a5l + (—raog —rlod) + -
(3.1)

6,‘}6“ =0

2(n-1) 1)(2

Symmetrizing and antisymmetrizing equation (3.1) according to the index (a , d) we
deduce

A contract-based (3.2) by index (d ,c),& (a ,b) we have:

—ah 2
BB, *=0=>B"B ;=0 Yon4|BY| =0 B, =0
Hence, M is a nearly Kahler.

Theorem 3.3

The manifold M is generalized Viessman -gray (GT-manifold) having a flat
holomorphic sectional tensor, therefore M has a zero-scalar curvature.
Proof:

According to theorem (3.1) we obtain
A2 — BByt +~aly sl +
(3.3)

—1288 — r888) + ———— 5858 = 0

2(n— 1)( 2(n-1)(2n-1)

Since M is flat holomorphic sectional curvature tensor then
A% =0 (3.4)
ahp d 1 [aed]
_B CBhb + Ea[b6c] +

1 —ra — a .t  sdsa _
Z(n—l)( 10 — 5 8¢ )+2(n 1)(2n-1) 0p0c =035

Antisymmetrizing and symmetries (3.5) by the indexes (a/h), there are

1 lagd] 1 _asd _ a Kk a_
~ay C]+2(n_1)( 1283 — ri 58 )+2(n S 1)6,,6 0 (3.6)
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By indexes, equation (3. 6) contracts (a, b), and (d, c) we get

1 _lacd] _ a K sdga _
S04t ( r36d —r269) + =D @n—D 0464 =037

2(n—
Antisymmetrizing and symmetrizing (3.7) by index (a, d) we get K/2(n-1)(2n-1) =O
Hence, M has a zero-scalar curvature.

Theorem 3.4

Let M is generalized Viessman- gray manifold having a flat Lie from, hence M is
conharmonic Para_Kohler manifold.
Proof:

By theorem (3.1) we obtain

d d ;1 [acd
A%C - BahCBhb + Ea[[bé‘c} +
(3.8)

5288

2(n— 1)(2n 1) b

- a6g —Tb 6&) +

According to theorem (3.2) we obtain

M is Nearly Kahler
d
B*“B,,% =0 (3.9)

Since M is flat Lie form we get

1 Jacd] _
Ea[b(sc] = 0(3.10)
By theorem (3.3) we get

M has a zero-scalar curvature.

K dsa _
—Z(n Den 1)6b6 = 0(311)

(—r888 —r282) = 0 (3,12)

2(n-1)

Contracting (3, 12) by induce (a,b), &(d,c) we obtain
— (—r288 — 148%) = 0 (3.13)

2(n-1)

Antisymmetrizing and symmetries (3.13) by the index(a, d) we have
a_ .asay —

. 1)( r26¢ — r282) = 0 (3.14)

W*abcd =0

Hence, according to the definition (3.2)

M is a conharmonic Para_Kohler manifold.

8. Conclusion

Calculate the components of the generalized conformal Viessman - gray manifold
(GT-manifold) using the Weyl tensor. It has also been shown that the manifold is Nearly
Kahler manifold (NK manifold), and it has also been shown that the manifold has zero
scalar curvature. Finally, the relationship between the generalized Viessman-gray
manifold (GT manifold) and the Para_Kahler harmonic manifold is found.
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