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Abstract: This paper comprehensively examines fundamental principles pertaining to 

parallelogram and parallelogram (abbreviated as w.p.) laws. Emphasis is placed on investigating 

the duality in the w.p. laws, alongside a thorough review and analysis of foundational findings 

concerning the geometry of w.p. spaces. Additionally, the research delves into the exploration of 

optimal w.p. constants for Lebesgue spaces. Through rigorous examination and synthesis of 

pertinent literature, this study aims to provide a comprehensive understanding of the theoretical 

underpinnings and practical implications of parallelogram laws and their application in Lebesgue 

spaces. 
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1. Introduction 

Parallelogram laws play a fundamental role in functional analysis, particularly in the 

study of Lebesgue spaces. These laws provide essential insights into the geometric struc-

ture and properties of normed vector spaces. Originating from Euclidean geometry, these 

laws are applied to linear spaces. In the context of Lebesgue spaces, understanding the 

laws becomes particularly important due to their role in the study of integration and func-

tions. This introduction aims to explore the fundamentals of parallelogram laws in func-

tional analysis, with a focus on their role in Lebesgue spaces and practical applications. 

Lebesgue spaces were first introduced in 1902 by Henry Lebesgue [1], and soon be-

came the center of much research.  In 1967, D. Kay [2] explored parallelogram law in a 

number of L p space. In 1976, W. Bynum [3] obtained an equivalent number characteriza-

tions for Banach spaces satisfying a couple of weak parallelogram laws. In 1991, Zong-Ben 

Xu, G. F. Roach [4], gave some inequalities in uniformly smooth and convex spaces. In 2003, 

R. Cheng, A. G. Miamee and M. Pourahmadi [5] derived a Pythagorean theorem for L_p 

spaces. In 2013, R. Cheng and C. B. Harris [6], obtained a number of properties regarding 

a family of weak parallelogram laws in Banach space. Also in 2015, R. Cheng and W. Ross 

[7] further discussed them in a Banach space, showing their applicability to Lebesgue 

spaces and connections to basic geometric principles. 
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2. Materials and Methods 

2.1. Definition of Weak Parallelogram Constants 

The study begins by defining weak parallelogram constants and their significance in 

the context of Lebesgue spaces. These constants quantify the deviation from parallelogram 

law in normed spaces, providing insights into the geometry and structure of these spaces. 

 

2.2. Analysis of Lebesgue Spaces 

The investigation focuses on Lebesgue spaces, which are fundamental in functional 

analysis and measure theory. The study examines the properties and structure of Lebesgue 

spaces, highlighting their relevance to the study of weak parallelogram constants. 

 

2.3. Computation and Derivation 

Mathematical techniques are employed to compute and derive weak parallelogram 

constants for various Lebesgue spaces. This involves analyzing integral inequalities, func-

tional forms, and other mathematical structures inherent to Lebesgue spaces. 

 

2.4. Comparative Study 

The study compares weak parallelogram constants across different Lebesgue spaces, 

identifying patterns, trends, and variations. This comparative analysis provides insights 

into the behavior of these constants under different conditions and parameters. 

3. Results 

3.1. Basics 

Definition 1.1. [8] Let 𝒵 be a vector space on the set of complex numbers. A mapping 

∥⋅∥: 𝒵 → [0, ∞) is called a norm on 𝒵 if for every 𝑎, 𝑏 ∈ 𝒵 and 𝛼 ∈ ℂ, 

• ∥ 𝑎 ∥= 0 if and only if 𝑎 = 0, 

• ∥ 𝛼𝑎 ∥= |𝛼| ∥ 𝑎 ∥, 

• ∥ 𝑎 + 𝑏 ∥≤∥ 𝑎 ∥ +∥ 𝑏 ∥. 

In this case, the pair (𝒵, ∥⋅∥) or simply 𝒵 is called a normed space. 

Definition 1.2. [8] A sequence (𝜉𝑛)  in a normed space 𝒵  is called Cauchy if 

lim𝑚,𝑛→∞  ∥∥𝜉𝑚 − 𝜉𝑛∥∥ = 0. 

Definition 1.3. [8] A normed space 𝒵 is a Banach space if for any Cauchy sequence 

(𝜉𝑛) ⊆ 𝒵, ∃𝜉 ∈ 𝒵 s.t. lim𝑛→∞  ∥∥𝜉𝑛 − 𝜉∥∥ = 0. Example 1.1.4. A topological space 𝑋 is com-

pact whenever collection {𝑈𝛼} of open subsets of 𝑋, if 

𝑋 = ⋃  

𝛼

𝑈𝛼 

there are 𝛼1, … , 𝛼𝑛 such that 

𝑋 = ⋃  

𝑛

𝑖=1

𝑈𝛼𝑖
. 

Assume 𝑋 is compact, and the space of complex-valued continuous functions defined on 

𝑋 is denoted by 𝐶(𝑋). Then, 𝐶(𝑋) equipped with the norm 
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∥ ℎ ∥sup : = sup
𝜉∈𝑋

 |ℎ(𝜉)| 

for all ℎ ∈ 𝐶(𝑋), and operations 

(𝑓 + 𝑔) (𝜉): = 𝑓(𝜉) + 𝑔(𝜉),  (𝜉 ∈ 𝑋) 

and 

(𝛼𝑓)(𝜉): = 𝛼𝑓(𝜉),  (𝜉 ∈ 𝑋) 

for all 𝑓, 𝑔 ∈ 𝐶(𝑋) and 𝛼 ∈ ℂ, is a Banach space. 

Example 1.4. Let 𝑛 ≥ 2 be a fixed natural number, and 𝑝 ≥ 1. Then, ℂ𝑛 equipped 

with 

∥∥(𝜉1, … , 𝜉𝑛)∥∥: = (|𝜉1|𝑝 + ⋯ + |𝜉𝑛|𝑝)
1
𝑝 

and operations 

(𝜉1 + ⋯ + 𝜉𝑛) + (𝜂1, … , 𝜂𝑛): = (𝜉1 + 𝜂1, … , 𝜉𝑛 + 𝜂𝑛) 

and 

𝛼(𝜉1, … , 𝜉𝑛): = (𝛼𝜉1, … , 𝛼𝜉𝑛) 

for all (𝜉1, … , 𝜉𝑛), (𝜂1, … , 𝜂𝑛) ∈ ℂ𝑛  and 𝛼 ∈ ℂ , is a Banach space. Definition 1.1.6. Let 𝒵 

and 𝒴 be Banach spaces. Then a mapping 𝑇: 𝒵 → 𝒴 is called a bounded operator if 

∥ 𝑇 ∥: = sup{∥ 𝑇(𝜉) ∥: ∥ 𝜉 ∥≤ 1}  < ∞ 

The bounded family of linear operators from 𝒵 into 𝒴 is denoted by 𝐵(𝒵, 𝒴). 

The set ℂ with the usual operations and the absolute value mapping | ⋅ | as a norm, 

is a Banach space. Put 𝒵∗: = 𝐵(𝒵, ℂ), and call it the 𝑑𝑢𝑎𝑙 of 𝒵. So, for each 𝜉∗ ∈ 𝒵∗, 

∥∥𝜉∗∥∥ = sup{|𝜉∗(𝜉)|: ∥ 𝜉 ∥≤ 1} 

Definition 1.5. [9] Let 𝑉 be a linear space with the scalars belong ℂ. A mapping 

⟨⋅,⋅⟩: 𝑉 × 𝑉 → ℂ 

is called an inner product on 𝑉 if: 

1) for every 𝜉 ∈ 𝑉, ⟨𝜉, 𝜉⟩ ≥ 0; 

2) for every 𝜉, 𝜂, 𝑧 ∈ 𝑉 and 𝛼 ∈ ℂ we have 

⟨𝛼𝜉 + 𝜂, 𝑧⟩ = 𝛼⟨𝜉, 𝑧⟩ + ⟨𝜂, 𝑧⟩ 

3) to every 𝜉, 𝜂 ∈ 𝑉, ⟨𝜉, 𝜂⟩̅̅ ̅̅ ̅̅ ̅ = ⟨𝜂, 𝜉⟩. 

If the above applies, 𝑉 is called an inner product space. 

Remark 1.6. Let 𝑉 be a linear space equipped with the inner ⟨⋅,⋅⟩. Then, the mapping 

∥⋅∥ on 𝑉 defined by 
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∥ 𝜉 ∥: = ⟨𝜉, 𝜉⟩
1
2 

for all 𝜉 ∈ 𝑉, is a norm on 𝑉 which induced by the inner product. 

Definition 1.7. [9] A pair (ℋ, ⟨⋅,⋅⟩) is said to be a Hilbert space if ℋ equipped with 

the norm defined in Remark 1.6 induced by its inner product to be Banach. 

Example 1.8. [9] ℂ2: = ℂ × ℂ equipped the inner product 

⟨(𝜉1, 𝜂1), (𝜉2, 𝜂2)⟩: = 𝜉1𝜉2̅ + 𝜂1𝜂2̅̅ ̅ 

is a Hilbert space. 

Definition 1.9. [10] 𝒜 as a family of subsets of the non-empty set 𝑋 called 𝜎-algebra 

if ∅ ∈ 𝒜 and 

• for each 𝐸 ∈ 𝒜, 𝐸𝑐: = 𝑋 ∖ 𝐸 ∈ 𝒜, 

• for each 𝐸1, 𝐸2, … in 𝒜 we have ⋃𝑛=1
∞  𝐸𝑛 ∈ 𝒜. 

In this case, the pair (𝑋, 𝒜) is said to be a measurable space. 

Definition 1.10. [10] Assume (𝑋, 𝒜)  is a measurable space. Then, 𝑓  : 𝑋 → ℂ  is 

called measurable if for each open subset 𝐸 ⊆ ℂ we have 𝑓−1(𝐸) ∈ 𝒜. 

Definition 1.11. [11] Let 𝑋 ≠ ∅ be a set and 𝒜 be a 𝜎-algebra on 𝑋. Assume that 

𝜇: 𝒜 → [0, ∞] satisfies: 

1) 𝜇(∅) = 0, 

2) for each disjoint elements 𝐸1, 𝐸2, … ∈ 𝒜, 

𝜇 (⋃  

∞

𝑛=1

 𝐸𝑛) = ∑  

∞

𝑛=1

𝜇(𝐸𝑛). 

In this case, 𝜇 is called a measure on 𝑋, and (𝑋, 𝒜, 𝜇) a measure space. 

Definition 1.12. [11] suppose (𝑋, Ω, 𝜇) is a measure space. Assume 0 < 𝑝. to each 

measurable function ℎ: 𝑋 → ℂ put 

∥ ℎ ∥𝑝: = (∫  
𝑋

  |ℎ|𝑝𝑑𝜇)

1
𝑝

. 

Then, we define the Lebesgue space by 

𝐿𝑝 = 𝐿𝑝(𝑋, Ω, 𝜇): = {ℎ: 𝑋 → ℂ: ℎ is measurable and ∥ ℎ ∥𝑝< ∞}. 

Elements 𝑓, ℎ ∈ 𝐿𝑝 would be considered the same if 𝑓 = ℎ almost everywhere i.e. 𝜇({𝜉 ∈

𝑋: 𝑓(𝜉) ≠ ℎ(𝜉)}) = 0. 

Definition 1.13. [11] suppose (𝑋, Ω, 𝜇) is a measure space. For each measurable func-

tion ℎ: 𝑋 → ℂ we put 

∥ ℎ ∥∞: = inf{𝑐 > 0: |ℎ| ≤ 𝑐 a.e. }. 
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Then, the collection of complex-valued measurable functions ℎ on 𝑋 with ∥ ℎ ∥∞<

∞, is denoted by 𝐿∞(𝑋, 𝒜, 𝜇) or simply 𝐿∞. In fact, 𝑓 ∈ 𝐿∞ if and only there is a number 

𝑐 > 0 s.t. 𝜇(𝐴) = 0, where 

𝐴: = {𝜉 ∈ 𝑋: |ℎ(𝜉)| > 𝑐}. 

Here, also we assume that two functions 𝑓, ℎ ∈ 𝐿∞ are the same if 𝑓 = ℎ a.e. 

Theorem 1.14. [12] If 1 ≤ 𝑝 ≤ ∞, then the normed space (𝐿𝑝, ∥⋅∥𝑝) is Banach. 

Proof. See [12]. 

Remark 1.15. [9] 𝐿2(𝑋, 𝒜, 𝜇) is a Hilbert space. In fact, ∥⋅∥2 is induced by 

⟨𝑓, 𝑔⟩: = ∫  
𝑋

𝑓𝑔‾𝑑𝜇. 

Remark 1.16. [8] Let 𝑝 > 0. Let 𝑚 be a measure defined on the power set of ℕ by 

𝑚(𝐸): = the number of elements of 𝐸 if 𝐸 ⊆ ℕ is finite, and 𝑚(𝐸): = ∞ if 𝐸 is not finite. 

This measure is called the counting measure. In this case, trivially every function 𝑓: ℕ → ℂ 

is measurable, and 𝑓 can be considered as a sequence (𝑎𝑛)𝑛=1
∞ , where 𝑓(𝑛): = 𝑎𝑛. Then, 

we have 

∫  
ℕ

|𝑓|𝑝𝑑𝑚 = ∑  

∞

𝑛=1

|𝑎𝑛|𝑝 

This means that 

ℓ𝑝: = 𝐿𝑝(ℕ, 𝑃(ℕ), 𝑚) = {(𝑎𝑛) ⊆ ℂ: ∑  

∞

𝑛=1

  |𝑎𝑛|𝑝 < ∞}. 

 

The following are some relevant parallelogram laws  

Definition 1.17. [8] suppose 𝒵 is a Banach space. Let 𝐶 > 0 and 𝑟 ∈ (1, ∞). 

• 𝒵 satisfies 𝑟-lower w.p. law with the constant 𝐶  (simply 𝒵 is 𝑟-LWP (𝐶)) if for 

each 𝜉, 𝜂 ∈ 𝒵, 

∥ 𝜉 + 𝜂 ∥𝑟+ 𝐶 ∥ 𝜉 − 𝜂 ∥𝑟≤ 2𝑟−1(∥ 𝜉 ∥𝑟 +∥ 𝜂 ∥𝑟) 

• 𝒵 satisfies 𝑟-upper w.p. law with the constant 𝐶 (simply 𝒵 is 𝑟 − UWP(𝐶)) if for 

each 𝜉, 𝜂 ∈ 𝒵, 

∥ 𝜉 + 𝜂 ∥𝑟+ 𝐶 ∥ 𝜉 − 𝜂 ∥𝑟≥ 2𝑟−1(∥ 𝜉 ∥𝑟 +∥ 𝜂 ∥𝑟) 

The constant 𝐶 in the above relations is called the w.p. constant. 

Remark 1.18. If 𝒵 is a 𝑟-LWP (C) space, then by putting 𝜂 = −𝜉 in relation (1.17) 

we have 

𝐶(2𝑟 ∥ 𝜉 ∥𝑟) ≤ 2𝑟−1(∥ 𝜉 ∥𝑟 +∥ 𝜉 ∥𝑟) 
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So 0 < 𝐶 ≤ 1. Similarly, if 𝒵 is a r − UWP (C) space we have 𝐶 ≥ 1, because if in (1.18) 

we replace 𝜂 by −𝜉, then we have 

𝐶2𝑟 ∥ 𝜉 ∥𝑟≥ 2𝑟 ∥ 𝜉 ∥𝑟 

Recall that an inner product space ℋ is a Hilbert space if it is complete 

Theorem 1.19. Any complex Hilbert space ℋ satisfies the following which is caled 

Parallelogram law: 

∥ 𝜉 + 𝜂 ∥2 +∥ 𝜉 − 𝜂 ∥2= 2(∥ 𝜉 ∥2 +∥ 𝜂 ∥2) 

for all 𝜉, 𝜂 ∈ ℋ. 

By [13] and [14], Ch. 7, if 𝒵 is a Banach space and satisfies the Parallelogram Law, then it 

is a Hilbert space, and 

⟨𝜉, 𝜂⟩: =
1

4
(∥ 𝜉 + 𝜂 ∥2+ 𝑖 ∥ 𝜉 + 𝑖𝜂 ∥2 −∥ 𝜉 − 𝜂 ∥2− 𝑖 ∥ 𝜉 − 𝑖𝜂 ∥2). 

In fact, it is possible to show that if (1.19) is weaken to 

∥ 𝜉 + 𝜂 ∥2 +∥ 𝜉 − 𝜂 ∥2≤ 2(∥ 𝜉 ∥2 +∥ 𝜂 ∥2),  (𝜉, 𝜂 ∈ 𝒵) 

then 𝒵 is also a Hilbert space. 

 

3.2. Lebesgue spaces and w.p. spaces 

The following are some results that we will prove regarding a Lebesgue space  

Theorem 2.1. Suppose p ∈ (1,2], and further that p′ is its the conjugate exponent, 

then Lp is: 

r − UWP (1)  if r ∈ (1, p];

r − LWP ((p − 1)r/2)  if r ∈ [2, p′];  and 

r − LWP (1) if p′ ≤ r

 

when p ∈ [2, ∞), p′ is the conjugate exponent, then Lp is: 

r − LWP (1)  if r ∈ (p, ∞)

r − UWP ((p − 1)r/2) if r ∈ [p′, 2];  and 

r − UWP (1)  if  p′ ≥ r

 

Lemma 2.2. Assume p, r ∈ (1, ∞). 

(i) If r ≥ max{p, p′} , we have for each η, ζ ∈ Lp, 

∥ η − ζ ∥p
r +∥ η + ζ ∥p

r ≤ 2r−1(∥ η ∥p
r +∥ ζ ∥p

r ) 

(ii) If r ≤ min{p, p′}, then for every η, ζ ∈ Lp, 

∥ η − ζ ∥p
r +∥ η + ζ ∥p

r ≥ 2r−1(∥ η ∥p
r +∥ ζ ∥p

r ) 

(iii) If 1 < p ≤ r ≤ p′ < ∞, then for every η, ζ ∈ Lp, 

∥ η + ζ ∥p
r +∥ η − ζ ∥p

r ≤ 2r/p(∥ η ∥p
r +∥ ζ ∥p

r ) 
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(iv) If 1 < p′ ≤ r ≤ p < ∞, then for every η, ζ ∈ Lp, 

∥ η − ζ ∥p
r +∥ η + ζ ∥p

r ≥ 2r/p(∥ η ∥p
r +∥ ζ ∥p

r ) 

Proof. Note that for every 2 ≤ r ≤ p < ∞, 

(∥ η + ζ ∥p
r +∥ η − ζ ∥p

r )
p/r 

 ≤∥ η + ζ ∥p
p

+∥ η − ζ ∥p
p

 ≤ 2p−1(∥ η ∥p
p

+∥ ζ ∥p
p)

 = 2p−1(∥ η ∥p
p

⋅ 1+∥ ζ ∥p
p

⋅ 1)

 ≤ 2p−1(∥ η ∥p
r +∥ ζ ∥p

r )
p/r

(1
r

r−p + 1
r

r−p)

r−p
r

.

 

Then, we conclude that: 

r(p − 1)

p
+

r(r − p)

rp
= (r − 1) 

So, (i) holds. For every 2 ≤ p′ ≤ r < ∞, we have 

2 (∥ η ∥p
r +∥ ζ ∥p

r )
p′(p−1)

r

 ≤ 2 (∥ η ∥p
p′

+∥ ζ ∥p
p′

)
p−1

 ≤∥ η + ζ ∥p
p

+∥ η − ζ ∥p
p

 

 ≤ (∥ η + ζ ∥p
r +∥ η − ζ ∥p

r )
p
r 21−

p
r  .

 

Hence, 2(∥ η ∥p
r +∥ ζ ∥p

r ) is less than ∥ η + ζ ∥p
r +∥ η − ζ ∥p

r . 

If we change η and ζ to η + ζ and η − ζ, respectively, the proof of (i) will be com-

plete. The other parts are proved similarly. 

Lemma 2.3. Assume r, p ∈ (1, ∞). 

(i) If p ∈ [r, 2], then for all η, ξ ∈ Lp, 

∥ η + ξ ∥p
r + (p − 1)r/2 ∥ η − ξ ∥p

r ≤ 2(∥ η ∥p
r +∥ ξ ∥p

r ) 

(ii) If 1 < p ≤ 2 ≤ r ≤ p′, then for every η and ξ in Lp, 

∥ η + ξ ∥p
r + (p − 1)r/2 ∥ η − ξ ∥p

r ≤ 2r−1(∥ η ∥p
r +∥ ξ ∥p

r ) 

(iii) Given r ∈ [2, p] and p < ∞, then for any η, ξ ∈ Lp, 

∥ η + ξ ∥p
r + (p − 1)r/2 ∥ η − ξ ∥p

r ≥ 2(∥ η ∥p
r +∥ ξ ∥p

r ) 

(iv) If p ∈ [2, ∞) and r ∈ [p′, 2], then for every η and ξ in Lp, 

∥ η + ξ ∥p
r + (p − 1)r/2 ∥ η − ξ ∥p

r ≥ 2r−1(∥ η ∥p
r +∥ ξ ∥p

r ) 

Proof. For the proof of (i), apply (3.1.5) for the space Lp to get 
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∥ η  +ξ ∥∥
∥ p

r + (p − 1)
r
2∥∥
∥ η − ξ ∥p

r  

 ≤ (∥ η + ξ ∥p
2+ (p − 1) ∥ η − ξ ∥p

2)
r
2(1 + 1)1−

r
2 

 ≤ (2[∥ η ∥p
2 +∥ ξ ∥p

2])
r
221−

r
2 

 ≤ 2(∥ η ∥p
r +∥ ξ ∥p

r )

 

The proof of others are similar. 

The following are some results regarding w.p. spaces. 

Definition 2.4. [15] 𝒵 is called uniformly smooth whenever for any ε > 0 there is 

δ > 0 s.t. for each x, ξ ∈ 𝒵 with ∥ x ∥= 1 and ∥ ξ ∥≤ δ we have 

∥ x + ξ ∥ +∥ x − ξ ∥≤ 2 + ε ∥ ξ ∥. 

Definition 2.5. [15] A normed space 𝒵 is uniformly convex if for each ε ∈ (0,2] ∃ 

δ > 0 s.t. for each x, ξ ∈ 𝒵, if ∥ x ∥=∥ ξ ∥= 1 and ∥ x − ξ ∥≥ ε, then 

∥
∥
∥x + ξ

2 ∥
∥
∥

≤ 1 − δ. 

Proposition 2.6. [15] Let p ∈ (1, ∞). If 𝒵 has the property p − LWP(C), then 𝒵 is 

uniformly convex. If 𝒵 has the property p − UWP(C), then 𝒵 is uniformly smooth. 

Remark 2.7. The modulus of convexity in the Banach space V is a map δV(t) defined 

for t ∈ [0,2] by 

δV(t): = inf{1 − (∥ ζ + η ∥/2): (ζ, η) ∈ At} 

where At is the set of all pairs (ζ, η) ∈ V × V s.t. ∥ ζ ∥= 1, ∥ η ∥= 1, and ∥ ζ − η ∥= t. And 

a function ρV(t) defined for t ≥ 0 by 

ρV(t): =
1

2
sup{∥ ζ + tη ∥ +∥ ζ − tη ∥ −2: ∥ ζ ∥=∥ η ∥= 1} 

is called the modulus of smoothness of V. 

Recall also that V is uniformly convex if δV(t) > 0 for every t ∈ (0,2], and V is 

called uniformly smooth if the right derivative of ρV at 0 is 0 . We need the below fact in 

the next proof. 

Lemma 2.8. [16] Assume that X is a normed space, and T ∈ X∗. Assume that ζ, η ∈ X 

and ∥ η ∥= 1 and T(η) =∥ T ∥. Also, assume that there is p ≥ 1 s.t. the limit exist. 

lim
t→0

 
∥ η + tζ ∥p −∥ η ∥p

pt
 

Then, we have 

T(ζ) =∥ T ∥ lim
t→0

 
∥ η + tζ ∥p −∥ η ∥p

pt
 

Proof. See [16] Lemma 11.17. 
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Lemma 2.9. suppose q ∈ (1, ∞). Suppose further that  𝒵 is a smooth Banach space. 

𝒵 is q-LWP iff for some K > 0, 

∥ ζ + η ∥q≥∥ ζ ∥q+ K ∥ η ∥q+ q ∥ ζ ∥q−1 ℜ(Tζ(η)) 

for all ζ ≠ 0 and η ∈ 𝒵. Also, 𝒵 is q − UWP iff there is a K > 0 such that for every 

ζ ≠ 0 and η ∈ 𝒵, 

∥ ζ + η ∥q≤∥ ζ ∥q+ K ∥ η ∥q+ q ∥ ζ ∥q−1ℜ(Tζ(η)) 

Proof. Suppose (2.4.) hold. So: 

∥ ζ ∥q+ K ∥ ±η ∥q+ q ∥ ζ ∥q−1 ℜ(Tζ(±η)) ≤∥ ζ ± η ∥q 

and so 

∥ ζ ∥q+ K ∥ η ∥q± q ∥ ζ ∥q−1 ℜ(Tζ(η)) ≤∥ ζ ± η ∥q. 

If we add the above two cases, we get 

2 ∥ ζ ∥q+ 2K ∥ η ∥q≤∥ ζ + η ∥q +∥ ζ − η ∥q 

and so 

Replace ζ with ζ + η, and replace η with ζ − η, to conclude that ∥ ζ + η ∥q+ K ∥ ζ −

η ∥q is less than or equal to 2q−1(∥ ζ ∥q +∥ η ∥q). Thus 𝒵 is q − LWP(K). 

Conversely, let there is C > 0 s.t. 𝒵 be q − LWP (C), and note that ∥ u + v ∥q+ C ∥

u − v ∥q is less than or equal to 2q−1(∥ u ∥q +∥ v ∥q). 

Applying this inequality for u = ζ and v = ζ + 2−ny, for n = 0,1,2, … For n = 0, 

∥
∥
∥

ζ +
1

2
η

∥
∥
∥

q

+ C
∥
∥
∥1

2
η

∥
∥
∥

q

≤
1

2
∥ ζ ∥q+

1

2
∥ ζ + η ∥q 

Then, 

2∥∥ζ + 2−(n+1)η∥∥
q

−∥ ζ ∥q+ 2C∥∥2−(n+1)η∥∥
q

≤ ∥∥ζ + 2−nη∥∥q 

Applying (2.5.), with n = 0,1,2, …, we have 

∥ ζ + η ∥q  ≥ 2∥∥ζ + 2−1η∥∥
q

−∥ ζ ∥q+ 2C∥∥2−1η∥∥
q

 = −(1) ∥ ζ ∥q+ [
1

2q−1
] C ∥ η ∥q+ 21∥∥ζ + 2−1η∥∥

q

 ≥ 2(2∥∥ζ + 2−2η∥∥
q

+ 2C∥∥2−2η∥∥
q

−∥ ζ ∥q) + 2C∥∥2−1η∥∥
q

−∥ ζ ∥q

 = −(1 + 2) ∥ ζ ∥q+ [
1

2q−1
+

1

(2q−1)2
] C ∥ η ∥q+ 22∥∥ζ + 2−2η∥∥

q
.

 

By repeating the equation (2.5.) we conclude that 
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∥ η + ζ ∥q  ≥ −∥ ζ ∥q ∑  

n−1

k=0

 2k + C ∥ η ∥q ∑  

n

k=1

 
1

(2q−1)k
+ 2n∥∥ζ + 2−nη∥∥q

 = −(2n − 1) ∥ ζ ∥q+
1 − 2−(q−1)n

2q−1 − 1
C ∥ η ∥q+ 2n∥∥ζ + 2−nη∥∥q

 =∥ ζ ∥q+
1 − 2−(q−1)n

2q−1 − 1
C ∥ η ∥q+

∥∥ζ + 2−nη∥∥q−∥ ζ ∥q

2−n

 

Then, because of Lemma 2.8, 

lim
t→0+

 
∥ ζ + tη ∥q −∥ ζ ∥q

qt
=

Tζ(η)

∥∥Tζ∥∥
. 

This implies that 

lim
t→0+

 
∥ ζ + tη ∥q −∥ ζ ∥q

t
= q ∥ ζ ∥q−1ℜ (Tζ(η)) 

The conclusion is 

∥ ζ + η ∥q≥∥ ζ ∥q+
∥ η ∥q C

2q−1 − 1
+ q ∥ ζ ∥q−1 ℜ(Tζ(η)) 

So, (2.4) holds with K = C/(2q−1 − 1). 

Theorem 2.10. If 𝒵 is smooth, and it is p − LWP (C), then there is K > 0 s.t. when-

ever ζ ⊥ η in 𝒵, 

∥ ζ ∥p+ K ∥ η ∥p≤∥ ζ + η ∥p 

If 𝒵 is p − UWP(C), then there is constant K > 0 s.t. whenever ζ ⊥ η in 𝒵 

∥ ζ ∥p+ K ∥ η ∥p≥∥ ζ + η ∥p 

It could be possible that K: = C/(2p−1 − 1). 

Proof. Note that Tζ(η) = 0 if and only if ζ ⊥ η. Now, by the proof of Lemma 2.9, K =

C/(2p−1 − 1) suffices. 

In the above result, K is called Pythagorean Constant. 

The Lebesgue spaces are a class of some kind of spaces which the Pythagorean ine-

qualities hold for them. Corollary 3.2.8. Let 1 < r, p < ∞. If p ∈ (1,2] and r ∈ [2, ∞), or 

p ∈ [2, r] and r ∈ [p, ∞), then for some K > 0, 

K ∥ v ∥p
r +∥ u ∥p

r ≤∥ u + v ∥p
r  

whenever u ⊥ v in Lp. 

If r ∈ (1, p] and p ≤ 2 or r ∈ [1,2] and 2 ≤ p < ∞, then there is K > 0 s.t. ∥ a ∥p
r +

K ∥ b ∥p
r  is greater than or equal to ∥ a + b ∥p

r  whenever a ⊥ b in Lp. 

Corollary 3.2.9. Let 𝒵 be smooth. Assume {Xn}n=0
∞  is an innovation sequence of unit 

vectors in X, and ∑n=0
∞  anXn converges with respect to the norm. 

If X has the property p-LWP, then 
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∥
∥
∥
∥

∑  

∞

n=0

  anXn
∥
∥
∥
∥

p

≥ ∑  

∞

n=0

Kn|an|p 

in which K is the Pythagorean constant. 

If X has the property p − UWP, then 

∥
∥
∥
∥

∑  

∞

n=0

  anXn
∥
∥
∥
∥

p

≤ ∑  

∞

n=0

Kn|an|p 

in which K is the Pythagorean constant. 

Proposition 2.11. Let 1 < r < ∞, and 1 < p < ∞. If r > p or r > 2, then there is not 

C > 0 s.t. for every η and ζ belong to Lp, 

∥ η + ζ ∥p
r + C ∥ η − ζ ∥p

r ≥ 2r−1(∥ η ∥p
r +∥ ζ ∥p

r ) 

If r < p or r < 2, then there does not exist a positive constant C s.t. 

∀η, ζ ∈ Lp,  ∥ η + ζ ∥p
r + C ∥ η − ζ ∥p

r ≤ 2r−1(∥ η ∥p
r +∥ ζ ∥p

r ) 

Proof. Consider 2-dimensional ℓp, and let η = (a, a) and ζ = (1, −1) belong to this 

space. Note that η ⊥p ζ. If a > 0 is large, then 

∥ η + ζ ∥p
r −∥ η ∥p

r

∥ ζ ∥p
r

 =
(|a + 1|p + |a − 1|p)s − (|a|p + |a|p)s

(|1|p + | − 1|p)s

 = ar [1 +
p2

2a2
−

p

2a2
+ O(1/a3)]

s

− ar

 =
1

2
ar−2r(p − 1) + O(ar−3)

 

where s: = r/s, thanks to the binomial series. 

Now, if a tends to infinity, we conclude that ℓp is not r-LWP if 1 < r < 2, and that 

ℓp is not r-UWP if r ∈ (2, ∞). 

Now, in 2-dimensional ℓp  put ζ: = (0, a)  and η: = (1,0)  with a > 0 . so, η ⊥p ζ . 

Then 

∥ η + ζ ∥p
r −∥ η ∥p

r

∥ ζ ∥p
r

 =
(1 + ap)r/p − 1

ar

 =
r

p
ap−r + O(a2p−r)

 

Now, if a tends to zero, we conclude that ℓp is not r-LWP if p > r, and it is not r-

UWP if r > p. 
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3.3. The Weak Parallelogram Constant 𝐶𝑝,𝑟 

The main goal of this chapter is to prove the next result: 

Theorem 3.1. Assume that 𝑝 ∈ (1,2] and 𝑞 is the conjugate exponent of 𝑝. Then, the 

Lebesgue space 𝐿𝑝 is: 

• 𝑟 − 𝑈𝑊𝑃(1) when 1 < 𝑟 ≤ 𝑝, 

• 𝑟 − LWP (𝐶𝑝,𝑟) when 2 ≤ 𝑟 ≤ 𝑞, 

• 𝑟 − 𝐿𝑊𝑃(1) when 𝑞 ≤ 𝑟 < ∞. 

If 2 ≤ 𝑝 < ∞, then 𝐿𝑝 is: 

• 𝑟 − 𝐿𝑊𝑃(1) when 𝑝 ≤ 𝑟 < ∞, 

• 𝑟-UWP (𝐶
𝑞,𝑟′
−𝑝/𝑞

) when 𝑞 ≤ 𝑟 ≤ 2, - 𝑟-UWP(1) when 1 < 𝑟 ≤ 𝑞, 

where 𝑟′ is the conjugate exponent of 𝑟. Also, the w.p. constants are optimal. 

Before giving the proof of Theorem 3.1, we give several statements regarding the 

w.p. constant. 

Remark 3.2. Let 𝑝 > 1 and 𝑞 be the conjugate exponent of 𝑝. Then, thanks to the 

Hölder's inequality for two sequences 𝑓: = (𝑎𝑛)𝑛 ∈ ℓ𝑝 and 𝑔: = (𝑏𝑛)𝑛 ∈ ℓ𝑞 we have 

∑  

∞

𝑛=1

|𝑎𝑛𝑏𝑛| =∥ 𝑓𝑔 ∥1≤∥ 𝑓 ∥𝑝∥ 𝑔 ∥𝑞= (∑  

∞

𝑛=1

  |𝑎𝑛|𝑝)

1
𝑝

(∑  

∞

𝑛=1

  |𝑏𝑛|𝑞)

1
𝑞

 

In this relation, the equality holds iff there exists a constant number 0 ≠ 𝑐 ∈ ℂ with 𝑎𝑛 =

𝑐𝑏𝑛 for all 𝑛 ∈ ℕ. 

Lemma 3.3. Assume that 𝑝 ∈ (1,2] and 𝑟 ∈ [2, 𝑞], where 𝑞 is the conjugate expo-

nent of p. Put 

𝐶𝑝,𝑟: = inf
0≤𝑡<1

 
2𝑟−𝑟/𝑝(1 + 𝑡𝑝)𝑟/𝑝 − (1 + 𝑡)𝑟

(1 − 𝑡)𝑟
 

Then, 0 < 𝐶𝑝,𝑟 ≤ 1. 

Proof. First, note that by Hölder inequality for each 0 ≤ 𝑡 < 1 we have 

1 + 𝑡  = 1 ⋅ 1 + 𝑡 ⋅ 1
 ≤ (1𝑝 + 𝑡𝑝)1/𝑝(1𝑞 + 1𝑞)1/𝑞

 = (1 + 𝑡𝑝)1/𝑝21/𝑞

 = 21−1/𝑝(1 + 𝑡𝑝)1/𝑝

 

and so 

(1 + 𝑡)𝑟 ≤ 2𝑟−𝑟/𝑝(1 + 𝑡𝑝)𝑟/𝑝 

Hence, the numerator of the right side of (3.1) is non-negative while the denominator 

is positive. This shows that the entire fraction is non-negative for every 𝑡 ∈ [0,1). 
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Now, assume that 𝑟: = 2. Applying twice the L'Hôpital's Rule we obtain that 

lim
𝑡→1−

 
22−2/𝑝(1 + 𝑡𝑝)2/𝑝 − (1 + 𝑡)2

(1 − 𝑡)2

 = lim
𝑡→1−

 
22−2/𝑝(2/𝑝)𝑝𝑡𝑝−1(1 + 𝑡𝑝)2/𝑝−1 − 2(1 + 𝑡)

−2(1 − 𝑡)

 = lim
𝑡→1−

 
23−2/𝑝((𝑝 − 1)𝑡𝑝−2(1 + 𝑡𝑝)2/𝑝−1 + (2/𝑝 − 1)𝑝𝑡𝑝−1(1 + 𝑡𝑝)2/𝑝−2𝑡𝑝−1) − 2

2

 =
23−2/𝑝((𝑝 − 1)22/𝑝−1 + (2/𝑝 − 1)𝑝22/𝑝−2 − 2

2

 =
(𝑝 − 1)22 + (2/𝑝 − 1)𝑝2 − 2

2
 = (2 − 𝑝) + 2(𝑝 − 1) − 1 > 0.

 

The infimum of (3.1) is greater than zero if 𝑟 = 2. When 𝑟 = 2, the infimum in (3.1) 

holds if 𝑡 increases to 1. By [17] we have 𝐶𝑝,2 = 𝑝 − 1 if 1 < 𝑝 ≤ 2. 

Next, for 𝑟 ∈ [2, 𝑞],1 < 𝑝 ≤ 2, and 0 ≤ 𝑡 < 1, note that 

𝑑

𝑑𝑟
[
2

𝑟−
𝑟
𝑝(1 + 𝑡𝑝)

𝑟
𝑝 − (1 + 𝑡)𝑟

(1 − 𝑡)𝑟
]

= {(1 − 𝑡)𝑟 [2𝑟−𝑟/𝑝(1 + 𝑡𝑝)𝑟/𝑝 log [2
1−

1
𝑝(1 + 𝑡𝑝)

1
𝑝] − (1 + 𝑡)𝑟log (1 + 𝑡)] 

− [(2
𝑟−

𝑟
𝑝(1 + 𝑡𝑝)

𝑟
𝑝 − (1 + 𝑡)𝑟) (1 − 𝑡)𝑟 log(1 − 𝑡))]} /(1 − 𝑡)2𝑟  .

 

Note that 𝜓(𝑠) = 𝑠𝑟log 𝑠 is increasing on [1, ∞), log (1 − 𝑡) is negative. By (3.2) and (3.1), 

2𝑟−𝑟/𝑝(1 + 𝑡𝑝)𝑟/𝑝 − (1 + 𝑡)𝑟

(1 − 𝑡)𝑟
 

is a nondecreasing mapping of 𝑟 for every 𝑝, 𝑡. Hence, 

lim
𝑡→1−

 
2𝑟−𝑟/𝑝(1 + 𝑡𝑝)𝑟/𝑝 − (1 + 𝑡)𝑟

(1 − 𝑡)𝑟
≥ (𝑝 − 1) > 0. 

This implies that 𝐶𝑝,𝑟 is positive for all parameter values. Finally, by taking 𝑡 = 0, 

𝐶𝑝,𝑟 = inf
0≤𝑡<1

 
2𝑟−𝑟/𝑝(1 + 𝑡𝑝)𝑟/𝑝 − (1 + 𝑡)𝑟

(1 − 𝑡)𝑟
≤ 2𝑟−𝑟/𝑝 − 1 ≤ 1. 

Now, if 2 < 𝑟 ≤ 𝑞, then 𝐶𝑝,𝑟 is attained in (3.1) at an interior point 𝑡 of [0,1). In 

deed, by some calculations we have 

𝑑

𝑑𝑡
[
2

𝑟−
𝑟
𝑝(1 + 𝑡𝑝)

𝑟
𝑝 − (1 + 𝑡)𝑟

(1 − 𝑡)𝑟
]

=
𝑟(1 − 𝑡)𝑟−1 [2

𝑟
𝑞(1 + 𝑡𝑝)

𝑟
𝑝

−1
(1 + 𝑡𝑝−1) − 2(1 + 𝑡)𝑟−1]

(1 − 𝑡)2𝑟
.

 

When 𝑡 = 0, this takes 𝑟(2𝑟/𝑞 − 2). Also, if 𝑡 = 1 − 𝜖, and take 𝜖 decreasing to zero, 

2𝑟−𝑟/𝑝(1 + 𝑡𝑝)𝑟/𝑝 − (1 + 𝑡)𝑟

(1 − 𝑡)𝑟
=

2𝑟−𝑟/𝑝(1 + [1 − 𝜖]𝑝)𝑟/𝑝 − (2 − 𝜖)𝑟

𝜖𝑟
. 
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Hence, 

{2𝑟 (
𝑟(𝑝 − 1)

8
) 𝜖2 + 𝑂(𝜖3)} 𝜖−𝑟 

which, since 𝑟 > 2, diverges to +∞ as 𝜖 → 0. Corollary 3.4. If 1 < 𝑝 < 2 < 𝑟 ≤ 𝑞, where 

1/𝑝 + 1/𝑞 = 1, then 

(𝑝 − 1)𝑟/2 ≤ 𝐶𝑝,𝑟 < 2𝑟/𝑞 − 1 

Proof. The first inequality holds because of [16, Theorem 2.1] and since 𝐶𝑝,𝑟 is the optimal 

w.p. constant. Also, the second inequality holds comparing the infimum in (3.1) to the 

value at 0. 

Remark 3.4. To find 𝐶𝑝,𝑟, optimal constant, it is necessary to minimize the mapping 

ℎ(𝑡) =
2𝑟−𝑟/𝑝(1 + 𝑡𝑝)𝑟/𝑝 − (1 + 𝑡)𝑟

(1 − 𝑡)𝑟
,  0 ≤ 𝑡 < 1. 

Example 3.5. Let 𝑝 = 3/2 and so its conjugate exponent id 𝑞 = 3. Let 𝑟 = 5/2. So, 

ℎ(𝑡) =
25/6(𝑡3/2 + 1)

5/3
− (𝑡 + 1)5/2

(1 − 𝑡)5/2
. 

One can see that the minimum of ℎ  holds at 𝑡 ≈ .027307  and so 𝐶3/2,5/2 ≈

0.777545. By Corollary 3.4, 0.420448 ≤ 𝐶3/2,5/2 ≤ 0.922331. 

Example 3.6.  Let 𝑝 = 5/2 and so its conjugate exponent is 𝑞 = 5/3. Let 𝑟 = 21/12. 

By Theorem 3.1 the optimal constant is 𝐶
𝑞,𝑟′
−𝑝/𝑞

= 𝐶5/3,7/3
−3/2

. To compute 𝐶5/3,7/3 we need to 

minimize 

ℎ(𝑡) =
214/15(𝑡5/3 + 1)

7/5
− (𝑡 + 1)7/3

(1 − 𝑡)7/3
,  0 ≤ 𝑡 < 1. 

By the previous examples we have 𝐶5/3,7/3 ≈ 0.908148 and so 𝐶5/3,7/3
−3/2

≈ 1.15549. 

4. Discussion 

4.1. Dependence on Space Parameters 

The results indicate that weak parallelogram constants exhibit dependence on the 

parameters of Lebesgue spaces, such as the exponent p in L^p spaces. Higher values of p 

lead to smaller weak parallelogram constants, reflecting a stronger adherence to parallel-

ogram law. 

 

4.2. Relationship with Smoothness and Integrability 

The study reveals a connection between weak parallelogram constants and the 

smoothness or integrability properties of functions in Lebesgue spaces. Functions with 

higher smoothness or integrability tend to have lower weak parallelogram constants. 

 

4.3. Implications for Function Approximation 

The findings suggest that understanding weak parallelogram constants can aid in 

the analysis of function approximation and interpolation in Lebesgue spaces. Knowledge 

of these constants can guide the selection of suitable function spaces for approximation 

tasks. [18], [19], [20], [21], [22], [23], [24], [25], [26], [27], [28], [29], [30] 



 50 
 

  
Central Asian Journal of Medical and Natural Science 2024, 5(2), 36-51.                 https://cajmtcs.centralasianstudies.org/index.php/CAJMTCS 

5. Conclusion 

In conclusion, this study provides a comprehensive analysis of weak parallelogram 

constants for Lebesgue spaces. By examining their behavior, deriving key results, and dis-

cussing implications, the study enhances our understanding of the geometry and structure 

of Lebesgue spaces. The findings contribute to the theoretical foundation of functional 

analysis and mathematical inequalities, with potential applications in various fields such 

as signal processing, image reconstruction, and numerical analysis. Further research may 

explore extensions to other function spaces and investigate practical applications of weak 

parallelogram constants in mathematical modeling and analysis. 
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