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Abstract: This paper comprehensively examines fundamental principles pertaining to
parallelogram and parallelogram (abbreviated as w.p.) laws. Emphasis is placed on investigating
the duality in the w.p. laws, alongside a thorough review and analysis of foundational findings
concerning the geometry of w.p. spaces. Additionally, the research delves into the exploration of
optimal w.p. constants for Lebesgue spaces. Through rigorous examination and synthesis of
pertinent literature, this study aims to provide a comprehensive understanding of the theoretical
underpinnings and practical implications of parallelogram laws and their application in Lebesgue
spaces.
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1. Introduction

Parallelogram laws play a fundamental role in functional analysis, particularly in the
study of Lebesgue spaces. These laws provide essential insights into the geometric struc-
ture and properties of normed vector spaces. Originating from Euclidean geometry, these
laws are applied to linear spaces. In the context of Lebesgue spaces, understanding the
laws becomes particularly important due to their role in the study of integration and func-
tions. This introduction aims to explore the fundamentals of parallelogram laws in func-
tional analysis, with a focus on their role in Lebesgue spaces and practical applications.

Lebesgue spaces were first introduced in 1902 by Henry Lebesgue [1], and soon be-
came the center of much research. In 1967, D. Kay [2] explored parallelogram law in a
number of L p space. In 1976, W. Bynum [3] obtained an equivalent number characteriza-
tions for Banach spaces satisfying a couple of weak parallelogram laws. In 1991, Zong-Ben
Xu, G. F. Roach [4], gave some inequalities in uniformly smooth and convex spaces. In 2003,
R. Cheng, A. G. Miamee and M. Pourahmadi [5] derived a Pythagorean theorem for L_p
spaces. In 2013, R. Cheng and C. B. Harris [6], obtained a number of properties regarding
a family of weak parallelogram laws in Banach space. Also in 2015, R. Cheng and W. Ross
[7] further discussed them in a Banach space, showing their applicability to Lebesgue
spaces and connections to basic geometric principles.
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2. Materials and Methods
2.1. Definition of Weak Parallelogram Constants

The study begins by defining weak parallelogram constants and their significance in
the context of Lebesgue spaces. These constants quantify the deviation from parallelogram
law in normed spaces, providing insights into the geometry and structure of these spaces.

2.2. Analysis of Lebesgue Spaces

The investigation focuses on Lebesgue spaces, which are fundamental in functional
analysis and measure theory. The study examines the properties and structure of Lebesgue
spaces, highlighting their relevance to the study of weak parallelogram constants.

2.3. Computation and Derivation
Mathematical techniques are employed to compute and derive weak parallelogram

constants for various Lebesgue spaces. This involves analyzing integral inequalities, func-
tional forms, and other mathematical structures inherent to Lebesgue spaces.

2.4. Comparative Study

The study compares weak parallelogram constants across different Lebesgue spaces,
identifying patterns, trends, and variations. This comparative analysis provides insights
into the behavior of these constants under different conditions and parameters.

3. Results

3.1. Basics

Definition 1.1. [8] Let Z be a vector space on the set of complex numbers. A mapping
Il: Z - [0, 00) is called anorm on Z if for every a,b € Z and a € C,

o lall=0 if and onlyif a =0,
e llaal=lalllal,
. la+bl<lal +Ibl.

In this case, the pair (Z, lI-ll) or simply Z is called a normed space.

Definition 1.2. [8] A sequence (,) in a normed space Z is called Cauchy if

limm,n—mo I$m — &nll = 0.

Definition 1.3. [8] A normed space Z is a Banach space if for any Cauchy sequence
(&) € 2,38 € Z s.t. limy, 1€, — &Il = 0. Example 1.1.4. A topological space X is com-
pact whenever collection {U,} of open subsets of X, if

X=UU,,,
a

there are a4, ..., a, such that
n
X= U Ug,.
i=1
Assume X is compact, and the space of complex-valued continuous functions defined on
X is denoted by C(X). Then, C(X) equipped with the norm
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I llgup == sup|h(E)]
fex

for all h € C(X), and operations

F+9) )= () +g9©) € €X)

and
@f)(§):=af (), §€X)
forall f,g € C(X) and a € C, is a Banach space.

Example 1.4. Let n = 2 be a fixed natural number, and p > 1. Then, C" equipped
with

1o £l = (&P + o+ 1€ PP
and operations
G+ o+ &)+ My mn)i= G+ 1y, 6+ 100)
and
a6y &):= (aty, ., at,)

for all (&, ...,&,), (M, ....,ny) €EC" and a € C, is a Banach space. Definition 1.1.6. Let Z
and Y be Banach spaces. Then a mapping T:Z — Y is called a bounded operator if

ITH:=sup{lTE) I:NEN<1} < oo
The bounded family of linear operators from Z into Y is denoted by B(Z,Y).

The set C with the usual operations and the absolute value mapping |- | as a norm,
is a Banach space. Put Z2*: = B(Z, C), and call it the dual of Z. So, for each ¢* € 2,

1§71 = sup{lg"(O)I: 11 § 1< 1}
Definition 1.5. [9] Let V be a linear space with the scalars belong C. A mapping
( NV XV >C
is called an inner product on V if:
1) forevery § €V,(£,8)>0;
2) forevery &,n,z€V and a € C we have
(ag +1,2) = a§, z) +(n,2)
3) toevery &n €V, (En)=(n¢).
If the above applies, V is called an inner product space.

Remark 1.6. Let V be alinear space equipped with the inner (-,-). Then, the mapping
Il on V defined by
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1
I 1= (5, ¢)2
forall ¢ €V, isanorm on V which induced by the inner product.

Definition 1.7. [9] A pair (€, (-)) is said to be a Hilbert space if H equipped with
the norm defined in Remark 1.6 induced by its inner product to be Banach.

Example 1.8. [9] €%:= C x C equipped the inner product
(Grm), Eom))i=&& + Tz
is a Hilbert space.

Definition 1.9. [10] A as a family of subsets of the non-empty set X called o-algebra
if @ €A and

o foreach E €A E:=X\E€EHA,
e foreach E,E,, .. in A wehave Ug_,E, € A.
In this case, the pair (X,A) is said to be a measurable space.

Definition 1.10. [10] Assume (X,A) is a measurable space. Then, f : X - C is
called measurable if for each open subset E € C we have f~!(E) € A.

Definition 1.11. [11] Let X # @ be a set and A be a o-algebra on X. Assume that
u: A — [0,00] satisfies:

1) wu@® =0,
2) for each disjoint elements Ej, E,, ... € A,
u(U En> = Z 1(Ey).
n=1 n=1
In this case, u is called a measure on X, and (X, A, u) a measure space.

Definition 1.12. [11] suppose (X,Q,u) is a measure space. Assume 0 < p. to each
measurable function h:X — C put

1
P
I hlly:= f |h|Pdu ) .
X
Then, we define the Lebesgue space by
L, = L,(X,Q,u):= {h:X > C: his measurable and |l h Il,< o}.

Elements f,h € L, would be considered the same if f = h almost everywherei.e. u({ €

X:f(§) # h(5)} = 0.

Definition 1.13. [11] suppose (X, Q,u) is a measure space. For each measurable func-
tion h: X - C we put

Il hllo:=inf{c > 0:|h| < cae. }.
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Then, the collection of complex-valued measurable functions h on X with [l A [l,<
o, is denoted by L, (X, A, u) or simply L. In fact, f € L, if and only there is a number
¢ >0 s.t. u(A) =0, where

A:={§ € X:|h($)]| > c}.
Here, also we assume that two functions f,h € L., are the sameif f = h a.e.
Theorem 1.14. [12] If 1 < p < oo, then the normed space (Lp, ||-|Ip) is Banach.
Proof. See [12].

Remark 1.15. [9] L,(X,A, ) is a Hilbert space. In fact, [|-ll, is induced by
t.9%= [ raan
b

Remark 1.16. [8] Let p > 0. Let m be a measure defined on the power set of N by
m(E): = the number of elements of E if E S N is finite, and m(E): = oo if E isnot finite.
This measure is called the counting measure. In this case, trivially every function f:N — C
is measurable, and f can be considered as a sequence (a,);-,, where f(n):= a,. Then,
we have

[vrram=3" le,r
N n=1

This means that

£,:= L,(N,P(N),m) = {(an) < C:Z lan|?P < 00}-

The following are some relevant parallelogram laws
Definition 1.17. [8] suppose Z is a Banach space. Let € > 0 and r € (1, »).

e  Z satisfies r-lower w.p. law with the constant C (simply Z is r-LWP (C)) if for
each ¢,n ez,

IE+n I+ CNE—n "< 2" AN +1n )

e  Z satisfies r-upper w.p. law with the constant C (simply Z is r — UWP(()) if for
each ¢,n ez,

IE+n I+ CNE—nI"=2""2AE N +1n )
The constant C in the above relations is called the w.p. constant.

Remark 1.18. If Z is a r-LWP (C) space, then by putting n = —¢ in relation (1.17)
we have

CT ISy <2t A+
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So 0 < € < 1. Similarly, if Z isa r— UWP (C) space we have C = 1, because if in (1.18)
we replace n by —¢, then we have

czrngnr=z2nnsn
Recall that an inner product space H is a Hilbert space if it is complete

Theorem 1.19. Any complex Hilbert space # satisfies the following which is caled
Parallelogram law:

NE+nIZ+NE=n12=2E 1% +17n 1)
forall é,n € H.

By [13] and [14], Ch. 7, if Z is a Banach space and satisfies the Parallelogram Law, then it
is a Hilbert space, and

(f,n):=%(l| EHnIP+illE+im 2 = E—n IP=ill&—inl?).
In fact, it is possible to show that if (1.19) is weaken to
IE+n 12+ E—n1P< 2 E 1> +In I17), (1€ 2)
then Z is also a Hilbert space.
3.2. Lebesgue spaces and w.p. spaces
The following are some results that we will prove regarding a Lebesgue space

Theorem 2.1. Suppose p € (1,2], and further that p’ is its the conjugate exponent,
then L, is:

r—UWP (1) ifre (1,p];
r—LWP ((p—1)/2) ifre€[2,p']; and
r—LWP (1) ifp' <r
when p € [2,), p’ is the conjugate exponent, then L, is:
r—LWP (1) ifre (p, o)
r—UWP ((p—1)"2) ifre[p,2]; and
r—UWP() ifp =r
Lemma 2.2. Assume p,r € (1, ).
(i) If r = max{p,p'}, we have for each n,{ € L,
In=CU5 +In+g U< 21 (1n I +1g15)
(ii) If r < min{p, p'}, then for every n,{ € L,
In = QU5+l + 305> 252l I +10gI5)

(iii) If 1 <p <r <p’ < o, then for every n,{ € L,

In+ 305 +lIn—35< 27P(ln Ih +11 2 15)
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(iv)If 1 <p’ <r < p < o, then for every 1,{ € L,

In =T U5 +Im+3 5= 272l I+ g 15)

Proof. Note that forevery 2 <r <p < oo,

(I + QI +im =g 5)™"
<In+gId+in—q1p
<27 (lim lig +131p)
= 2P (I IB- 140 T IE- 1)
-

p
~ ;L T NT
<207 (I Iy +1 g )P r(1r—1o + 1r—p) .

Then, we conclude that:

rp—1) r(r—p)
> + - =(r-1)

So, (i) holds. For every 2 < p’ <r < o, we have
p'(p-1)
2 (Il +ngns) -

r \p—1
<2(Imy +121)
<In+315 +Im—2 15

B .p
<(Im+q5+In=2ql5)r2tr.

Hence, 2(lim I5, +11 ¢ II5) isless than I+ g5 +In — 5.

If we change 1 and { to n + ¢ and 1 — {, respectively, the proof of (i) will be com-
plete. The other parts are proved similarly.

Lemma 2.3. Assume r,p € (1, o).
() If p € [r,2], then for all n,§ € Ly,
In+E05+ @— 172 In=8N5<2(In 15 +1E15)
() If 1<p=<2<r<p,thenforevery n and § in L,
In+&05+@— D72 In—gN5< 2 15 +1E15)
(iii) Given r € [2,p] and p < o, then for any n,§ € Ly,
In+E05+ (=12 Im—g15>2(lm 15 +1 & 115)
(iv) If p € [2,0) and r € [p’,2], then for every 1 and & in L,
In+EI5+ (=172 1In—gl5= 21 (In 15 +1E15)

Proof. For the proof of (i), apply (3.1.5) for the space L to get
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S+ (p— 12 n—%
<(Im+gl2+@-1DIn—-8E13)%(1+ 1)z

< (2[in 12+ € 12])224
<2(Im 15 +0g15)

IIm

The proof of others are similar.
The following are some results regarding w.p. spaces.

Definition 2.4. [15] Z is called uniformly smooth whenever for any € > 0 there is
§ >0 s.t.foreach x,§ € Z with [ xll=1 and || § I< § we have

Ix+&lI+HlIx—8lI<2+ell gl

Definition 2.5. [15] A normed space Z is uniformly convex if for each € € (0,2] 3
§>0 st foreach x,£€ Z,if IxlI=I1€ll=1 and || x—& lI= ¢, then

-

Proposition 2.6. [15] Let p € (1,00). If Z has the property p — LWP(C), then Z is
uniformly convex. If Z has the property p — UWP(C), then Z is uniformly smooth.

Remark 2.7. The modulus of convexity in the Banach space V isamap &y (t) defined
for t € [0,2] by

Sy(®):=inf{l1 — (N T+n11/2):(Gn) € A

where A, is the set of all pairs ((n) EVXxV s.t. [CI=11nl=1 and I{—nl=t. And
a function py(t) defined for t > 0 by

1
py(D):= —Sup{ll C+m I+ d—tm Il =2:11ClI=lnll=1}
is called the modulus of smoothness of V.

Recall also that V is uniformly convex if 8y(t) > 0 for every t€ (0,2], and V is
called uniformly smooth if the right derivative of py at 0is 0. We need the below fact in
the next proof.

Lemma 2.8. [16] Assume that X is anormed space, and T € X*. Assume that {,n € X
and Inll=1 and T(M) =l T IIl. Also, assume that thereis p = 1 s.t. the limit exist.

Im+tCIP —linlP
m
t>0 pt

Then, we have

In+tglP —=liniP
pt

T@Q=ITI ltl_IB

Proof. See [16] Lemma 11.17.
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Lemma 2.9. suppose q € (1, ). Suppose further that Z is a smooth Banach space.
Z is q-LWP iff for some K > 0,

IC+n 19109+ K In 19+ q 11 2197 R(T;(m))

forall {# 0 and n € Z. Also, Z is q — UWP iff thereis a K> 0 such that for every
(#0and n€ Z,

I +n 19 G194+ K Il 19+ q I G 19 (Tem)
Proof. Suppose (2.4.) hold. So:
TN+ K I 0 194+ q 11 31972 R(T;(£n)) <I ¢+7 19
and so
TN+ K I 19 q I T 1972 R(Tz(m)) <N g +n N9,
If we add the above two cases, we get
20N+ 2K I 9= ¢+n 19+ ¢—n 1
and so

Replace ¢ with {+n, and replace n with {—n, to conclude that || {+n |9+ K || { —
n 119 is less than or equal to 297*(ll T1? +1I n 19). Thus Z is q — LWP(K).

Conversely, let there is C > 0 s.t. Z be q— LWP (C), and note that lu+v |9+ C ||
u—v |4 is less than or equal to 2971 u 19 411 v [[9).

Applying this inequality for u = and v=(+ 2™y, for n= 0,1,2,.. For n =0,

1
||<+ n|| +c||2n|| 5||(||q+—||<+n||q

Then,
2017+ 2=@+ 0= 7 94 2¢)2-C+On|* < 17+ 27
Applying (2.5.), with n = 0,1,2, ..., we have

IT+n N9 =207+ 27 %= N9+ 2cf2-n)®
1
=~ 319 || € I o 20+ 27
> 2(2l1g+272n)|° + ZC||2-2n||q—n g 119) + 2¢l2 %= g 9

=—(1+2)1TH9+ ]C Il 19+ 2217 + 2721 %.

[Zq 1 (Zq 1)2

By repeating the equation (2.5.) we conclude that
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n-1 n

1
In+7019 >—|z)e Z 2% 4 C |l |19 Z et 2+ 2
k=0 k=1
1 —2-(@-1n
= =@ =D I+ —g = C I 19+ 27T + 27 )l
1—2-@bn g+ 272 nll9—1 11
19+ —gr——Clim 19+ BT

Then, because of Lemma 2.8,

e+ m e =nqgne  Te(m)
lim = .
t>0+ qt ||T<||

This implies that

li =q I {19 (T, ()

t-0+

g+ mie =gl
m . =

The conclusion is

Imi%C

q ap—1- =
g+ 1902l M T —

+q I 319t R(T,(m))
So, (2.4) holds with K= C/(2971 — 1).

Theorem 2.10. If Z is smooth, and it is p — LWP (C), then there is K> 0 s.t. when-
ever ( L nin Z,

I CIP+KInlIP<lI¢+nlP

If Z is p— UWP(C), then there is constant K > 0 s.t. whenever { L n in Z
I CIP+KInlIP=l ¢+n P

It could be possible that K:= C/(2P~1 — 1).

Proof. Note that T¢(n) = 0 if and only if ¢ L 1. Now, by the proof of Lemma 2.9, K =
C/(2P~1 — 1) suffices.

In the above result, K is called Pythagorean Constant.

The Lebesgue spaces are a class of some kind of spaces which the Pythagorean ine-
qualities hold for them. Corollary 3.2.8. Let 1 <r,p <oo. If p € (1,2] and r € [2,), or
p € [2,r] and r € [p, ), then for some K > 0,

KIvig +lulp<iiu+vlg
whenever u L v in L.

If re(1,p] and p<2 or r € [1,2] and 2 < p < o, then thereis K> 0 s.t. lallj+
Kb Il is greater than or equal to Il a+ b [l whenever a L b in L.

Corollary 3.2.9. Let Z be smooth. Assume {X,};-, isan innovation sequence of unit
vectors in X, and };oa,X, converges with respect to the norm.

If X has the property p-LWP, then
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[oe]

> a,

n=0

p

=
Il
o

in which K is the Pythagorean constant.

If X has the property p — UWP, then

[ee]

> ax,

n=0

p
K"|a, [P

IA
NgE

=
Il
o

in which K is the Pythagorean constant.

Proposition 2.11. Let 1 <r< o, and 1 <p < oo.If r > p or r > 2, then there is not
C> 0 s.t. forevery  and ¢ belong to Ly,

In+g05+Cln—=205= 2" (In I5 +1 g 15)
If r <p or r <2, then there does not exist a positive constant C s.t.
v, 3 €Ly, In+ IS+ Cln=qI5< 272l 15 +1C1I5)

Proof. Consider 2-dimensional £, and let n = (a,a) and ¢ = (1,—1) belong to this
space. Note that n L, ¢. If a > 0 is large, then

I+ 25—l I
g
_(Ja+ 1P +]a—1/P)° - (Ja|® + a|P)*
- (1P + | = 1[P)s
2 S
p° p

=a' 1+ﬁ—ﬁ+0(1/a3) —a

1
= Ear‘zr(p —1)+0(a3)

where s: = r/s, thanks to the binomial series.

Now, if a tends to infinity, we conclude that £, isnot r-LWPif 1 <r < 2, and that
¢, isnot r-UWP if r € (2, ).

Now, in 2-dimensional £, put ¢:=(0,a) and n:= (1,0) with a>0. so, n 1, T.
Then

In+qlp —=lnlig
G
(1+aP)/P -1
= —ar
r
= Eap‘r + 0(a?rr)

Now, if a tends to zero, we conclude that ?p isnot r-LWP if p >r, and it is not r-
UWP if r > p.
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3.3. The Weak Parallelogram Constant Cp,
The main goal of this chapter is to prove the next result:

Theorem 3.1. Assume that p € (1,2] and q is the conjugate exponent of p. Then, the
Lebesgue space L, is:

r—UWP(1) when 1 <r <p,
. r—LWP (C,,) when 2 <r <gq,
. r—LWP(1) when q <r < oo.
If 2<p <o, then L, is:
. r—LWP(1) when p <1 < oo,
«  7-UWP (C;%/) when q <7<2,- r-UWP(1) when 1 <7 <gq,
where 7' is the conjugate exponent of r. Also, the w.p. constants are optimal.

Before giving the proof of Theorem 3.1, we give several statements regarding the
w.p. constant.

Remark 3.2. Let p > 1 and q be the conjugate exponent of p. Then, thanks to the
Holder's inequality for two sequences f:= (a,), € £, and g:= (b,), € £, we have

z lanbyl =1l £g 11<I £ lIpl g llg= (Z Ian|p> (Z Ibnlq>

n=1 n=1

In this relation, the equality holds iff there exists a constant number 0 # ¢ € C with a, =
cb,, forall n € N.

Lemma 3.3. Assume that p € (1,2] and r € [2,q], where q is the conjugate expo-
nent of p. Put

2T+ eP)P — (L + b))
Cpri= in
’ 0st<1 a-or

Then, 0 < G, < 1.

Proof. First, note that by Holder inequality for each 0 <t < 1 we have
1+t =1-1+¢t-1
< (1P + tP)1/P(19 + 19)1/4

=1+ tp)l/pzl/q
=2171/p(1 + ¢P)VP

and so
(1+ )" < 2777/P(1 4 tP)T/P

Hence, the numerator of the right side of (3.1) is non-negative while the denominator
is positive. This shows that the entire fraction is non-negative for every t € [0,1).
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Now, assume that r: = 2. Applying twice the L'Hopital's Rule we obtain that

2272/P(1 + tP)?P — (1 + t)?

lim

t=1" (1-1¢)?
2272 (2/p)ptP (1 + tP)2/PTL — 2(1 + 1)

= lim

t—1" —2(1 — t)

. 2372/P((p — DP72(1 + tP)2/P~1 4 (2/p — DptP~1(1 + tP)2/P~2¢P~1) — 2
= llm

t-1" 2
2372/ ((p — 1)22P71 4 (2/p — D)p22/P2 -2
B 2
(-2 +(2/p-1p2 -2
B 2

=2-p+2(p—-1)—-1>0.

The infimum of (3.1) is greater than zero if r = 2. When r = 2, the infimum in (3.1)
holds if t increases to 1. By [17] wehave C,, = p—1if 1<p<2.

Next, for r € [2,9],1 <p < 2,and 0 <t < 1, note that

T T
d |27 P(A+tP)p — (1 +1)

dr a-or

- {(1 oy [zr-r/pu +t7)/P log [21‘%(1 + tp)%] — A+ og(1+ t)]
- [(2“5(1 +EPYP— (14 t)r) (1 - )" log(1 — t))]} /(-2
Note that ¥ (s) = s"log s is increasing on [1,0),log (1 —t) is negative. By (3.2) and (3.1),

25 T/P(1 4 tP)T/P — (14 )T
a-or

is a nondecreasing mapping of r for every p, t. Hence,

L 2rTTP(A 4 tP)P — (1 + B)T
lim -
t-1— (1 - t)

>@p-1)>0.

This implies that C,, is positive for all parameter values. Finally, by taking t = 0,

20 T/P(1 4 tP)T/P — (1 4 £)"

: <r-T/p _ 1 <
0st<1 a-or =2 =1

Now, if 2 <r <gq, then C,, is attained in (3.1) at an interior point t of [0,1). In
deed, by some calculations we have

T T
d 277 +tP)p—(1+0)
dt 1-0r

r(l-or1 [23(1 + tp)%_l(l FEP ) —2(1+ t)r_l]
(1 _ t)ZT -

When t = 0, this takes r(ZT/ q— 2). Also, if t =1 — ¢, and take € decreasing to zero,

2P (L4 P)P — (L4 6) 27TP(L 4 [1—€]P)/P — (2 )"
1-0r - e '
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Hence,

() o

which, since r > 2, diverges to +o as € = 0. Corollary 3.4. If 1 <p <2 <r < q, where
1/p+1/q =1, then

p-1)"72<C,,<21-1

Proof. The first inequality holds because of [16, Theorem 2.1] and since C,, is the optimal
w.p. constant. Also, the second inequality holds comparing the infimum in (3.1) to the
value at 0.

Remark 3.4. To find C,,, optimal constant, it is necessary to minimize the mapping

h(t _yrha+ eyt - A+ o 0<t<1
© = o 0<t<l.

Example 3.5. Let p = 3/2 and so its conjugate exponent id q = 3. Let r = 5/2. So,

25/5(£3/2 + 1) — (¢ 4+ 1)5/2

h(t) = o7

One can see that the minimum of h holds at t =~ .027307 and so Cs/;5,, =
0.777545. By Corollary 3.4, 0.420448 < C5/,5,, < 0.922331.

Example 3.6. Let p = 5/2 and so its conjugate exponentis q = 5/3.Let r = 21/12.
By Theorem 3.1 the optimal constant is Cl;f,/ 1=, /33/ 72 13- To compute Cs/37/3 we need to

minimize

214/15(¢5/3 4 1)7/5 —(t+ 1)
1-t)/3

h(t) = ,0<t<1.

By the previous examples we have Cs/3,/3 = 0.908148 and so CS_/33{72/3 ~ 1.15549.

4. Discussion

4.1. Dependence on Space Parameters

The results indicate that weak parallelogram constants exhibit dependence on the
parameters of Lebesgue spaces, such as the exponent p in L*p spaces. Higher values of p
lead to smaller weak parallelogram constants, reflecting a stronger adherence to parallel-
ogram law.

4.2. Relationship with Smoothness and Integrability

The study reveals a connection between weak parallelogram constants and the
smoothness or integrability properties of functions in Lebesgue spaces. Functions with
higher smoothness or integrability tend to have lower weak parallelogram constants.

4.3. Implications for Function Approximation

The findings suggest that understanding weak parallelogram constants can aid in
the analysis of function approximation and interpolation in Lebesgue spaces. Knowledge
of these constants can guide the selection of suitable function spaces for approximation
tasks.
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5. Conclusion

In conclusion, this study provides a comprehensive analysis of weak parallelogram
constants for Lebesgue spaces. By examining their behavior, deriving key results, and dis-
cussing implications, the study enhances our understanding of the geometry and structure
of Lebesgue spaces. The findings contribute to the theoretical foundation of functional
analysis and mathematical inequalities, with potential applications in various fields such
as signal processing, image reconstruction, and numerical analysis. Further research may
explore extensions to other function spaces and investigate practical applications of weak
parallelogram constants in mathematical modeling and analysis.
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