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Abstract: Through the course of this study, a numerical approximation approach was de-
veloped for a category of scalar delay differential equations that were subject to impulsive
conditions. Each and every one of these equations was taken into consideration. An inno-
vative method of approximation is used, which involves the utilization of delay equations
that have piecewise constant arguments. The theoretical convergence of the approxima-
tion technique was shown at each and every point, with the exception of the instants of
time that were impulsive. Additionally, the numerical method does a decent job of esti-
mating the instants of time that are impulsive. In the event that the [3 parameter of the
problem is positive, we possess the capability to establish the convergence conclusion by
imposing an additional condition via the use of an additional condition. Without making
the assumption of a self-supporting condition, this condition guarantees that the solution
will cross the line x=c at a temporal interval that is impulsive. The conclusions of the the-
oretical convergence were shown by the presentation of numerical examples. Through the
use of numerical study, we were able to identify the existence of periods in the solution.
In this particular solution, the minimal period is defined by being bigger than the delay ©
that is associated with the model. We take note of the fact that sufficient conditions are
presented to guarantee the existence of periodic solutions; nonetheless, numerical exam-
ples illustrate that periodic solutions express themselves under criteria that are consider-
ably less strict than those that guarantee their existence. In light of this, there is a pressing
need for more study to be conducted in order to determine whether or not periodic solu-
tions are accessible for this particular set of impulsive equations.

Keywords: delayed differential equations, impulses, equations with piecewise constant ar-
guments, numerical approximation

1. Introduction

Differential equations that include a delay argument are referred to as delayed differ-
ential equations, or DDEs for short [1]. The difference between differential equations and
ordinary differential equations is that differential equations take into consideration the
function at earlier times in addition to its present value and derivatives [2]. The domains
of physics and biology are only two of the many areas in which these equations have
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found specific applications [3]. Recently, there has been a substantial amount of interest
in the process of creating improved numerical approximation techniques for DDEs that
include criteria of impulsive self-support [4]. In order to achieve solutions that are more
dependable and effective, these strategies intend to enhance the accuracy and conver-
gence features of the techniques that are already in use [5].

For a better understanding of DDEs, let's look at some instances below. An illustration
of the notion is provided by the following equations:

First, the equation (1.1.1): The equation x*' (t) = -2x(t-7t/2)

The following equation may be found in equation (2.1.1): x" (t) = -x' (t) - x' (t-1) -
3sin(x(t)) + cos(t)

x™' (t) equals x(t) minus x(t/2) plus x' (t-1) according to the equation (3.1.1).

With respect to equation (4.1.1), X' (t) is equal to x(t)x(t-1) plus t"2x(t+2).

Although (1.1.1) and (2.1.1) are instances of DDEs in this set of equations, (3.1.1) and
(4.1.1) are not examples of DDEs since they do not feature delayed terms. Despite the fact
that equation (3.1.1) and equation (4.1.1) both have x*' (t-1) on the right side, these
equations are not regarded to be DDEs [6].

In order to illustrate how DDEs may be used, let's have a look at the following
example:

An example of this would be 1.1.1: Consider the case of a barrel that is filled with
brine that has a capacity of B gallons overall. In addition to the water that is being poured
to the top of the barrel at a pace of q gallons per minute, the saltwater that is contained
inside the barrel is being stirred on a consistent basis. A steady flow of q gallons of seawater
per minute is being expelled from the barrel that is located at the bottom of the container
[7].

The variable x(t) should be used to represent the amount of salt, measured in pounds
of seawater, that is present in the barrel at the moment being signified by the variable. If
the saltwater is continuously mixed into the liquid, the remaining saltwater in the barrel
will have a concentration of x(t)/B pounds of salt per gallon. This is made on the
assumption that the saltwater is always being mixed. Therefore, the equation may be

represented in the form that is described below [8].
The expression x (t) = -q(x(t))/B

In reality, however, it is quite improbable that the seawater that is contained inside
the barrel could be churned up in a single second. Due to the fact that r is a positive
constant, the concentration of the saltwater that is still there will be equivalent to the
average concentration that was present at some time in the past, which is represented by
the symbol t-r. A differential equation for x is turned into a differential differential
equation (DDE) in this specific instance [9]: (5.1.1) the x' (t) equals -q(x(t-r)) divided by B

We may alternatively write the equation as x' (t) = -cx(t-r) if we define c as q/B. This
is another possible formula. On the other hand, this is an alternate method of
comprehending the equation. A usual term for this specific kind of DDE is either an R-

delay, a time-delay, or a slowness equation. All of these names refer to the same thing [10].
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Another distinction between delayed differential equations and ordinary differential
equations is that delayed differential equations take into consideration the function's
previous values. Ordinary differential equations do not take this into account. Delay
arguments are included into the equations in order to create them, and they have a wide
range of applications in the domains of physics and biology. It was explained how DDEs
may be used in the process of replicating the concentration of saltwater in a barrel over a
period of time by the example that was provided [11].

In this inquiry, the emphasis is on scalar linear delay differential equations with
constant delay and impulsive self-support conditions. The objective of this investigation is
to develop and investigate better numerical approximation approaches for these equations
[12]. We wish to compare and contrast the different ways' levels of performance in order
to assess the accuracy, stability, and efficacy of the various approaches based on their
distinct levels of performance. In addition to this, we will study the convergence features
of various techniques and determine the extent to which they are able to be applied to a

wide range of problems that present themselves in the real world [13].

2. Materials and Methods
2.1. Problem statement

The simple form of delay differential equations is as follows:
y () =ay(t) +by(t —1), t=t,
y(@) = @(t), t < to(1)

where a, b are complex real fixed numbers and 0 and @ is the given initial function.
One of the conditions for the existence of a solution for the delay differential equation is
the continuity of @.

In this thesis, the linear delay equation with self-supporting impulse conditions is

generally as follows:

x(t) = ax(t) + Bx(t — 1) aet=0 (2
3. x(t)=c+d, ifx(t-)=c
2.2. Now, considering the initial conditions, we will have:
x(t) =), te[-7 0] (4)

In this case, we will keep in mind throughout the above equation:
(H) ¢,d>0,a+|B]1<0,7>0,c < @(t) fort € [-1, 0], p:[-7, 0] > R

The Lipshitz function is continuous. By solving the impulsive initial value problem
(2) and (4) on the function, x is continuous on [0, «). There are discontinuities only in time
values in relation (2). Otherwise, it looks completely continuous in any interval [0, e) that
does not contain discontinuity points x. Therefore, in this thesis, we seek to achieve the
convergence of the existing method and use numerical results to show Given the
approximation convergence, we obtain a numerical approximation scheme for a linear
scalar delay differential equation with associated constant delay and with an impulsive

self-support condition.

Central Asian Journal of Mathematical Theory and Computer Sciences 2024, 5, 1-9. https://cajmtcs.centralasianstudies.org



https://cajmtcs.casjournal.org/

2.3. Delay differential equations with bounded delays and notation, uniqueness and existence
Most delay differential equations have constant delays with delays that are not

constant but bounded. Consider the delay differential equation.

x'(t) = f(& x(g1(1)) , -, x(gm(E))(5)

Wemustassumethat t—r < g () <tvt=tyandj =1,2,..,m forsome constant

r=0

Then the initial function is given as follows.
x(t) =0(t), t,—r<t<t,

2.4. Note that if v=0, the delay differential equation becomes an ordinary differential equation.
Assume that fis on [t, f) X D™ — R™ for some f >t, and the open set D c R"

is defined.

F(t,x) = f(t, x(g:1 (), ... , x(gm (©))(6)

Therefore, equation (5) briefly becomes the following equation.
x'(t) = F(t, x)(7)

2.5. The following definition, which was introduced by Simanov in 1960, is widely used for delay
differential equations.
Definition 1 If the function defined on [t —r,t] - R", then we define the new

function x;:[—r, 0] = R™ as follows.

x:(0) = x(t + o) —-r<o<0 (8)

Note that x, isobtained by considering x(s) for t —r < s <t and transferring this

part x to the interval [—7,0].

2.6. If x is a continuous function, then x, is a continuous function on [—r, 0].
Notation: We denote the set C([—r, 0], R™including all continuous functions from

[-7,0] » R"by Zand if A is a subset of R™, we assume do.

Ly = c([-1,0],4)(9)

So if x is continuous on [t — ' t] —
Then: x, € L,Sometimes we use the semi-open interval [t, ,8)-| or the full open
interval (o, ) so the symbol ] for [t,, ) or (a, ) We use delay differential equations with

constant coefficients.
2.7. The delay differential equations with constant coefficients will be as follows.

x'() =X, Apx(t—1) + h(2)(10)
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that A; are fixed and 0 <17; <7 forj=0, 1, 2,..., m and h(t) is a continuous function
on [ty, ). We usually consider equation (6) on [ty, f) with the initial function x,, = @,
which @€L. If h(t)=0, we call the equation homogeneous, so we emphasize more on

homogeneous equations.

Y®) =X, Ay(t-n)an

/ c=s-t

(o) v ¢ = = 4

The solutions of equation (15) are
A numerical approximation scheme

In this section, for a class of linear FDEs, we define a simple numerical
approximation of IIVP (15)-(16) using EPCAs.

o = B0 B+ WO 6E - BEB.5.0 2 O 5(
0% = B(D),08 [-F0] )16(

Prove a discrete parameter h > 0 numerical approximation. The set of mesh points
MAH N Mand [ B are defined by {HH: W B B }E{EN:0 0 ¥ } and {EH: 0 W K},

respectively. We introduce a simplified notation
g, B iR VT

2.8. The function £ — [£]_h is a piecewise constant function. It has jump discontinuities at points
Z h, where it is right-continuous. We associate the following EPCA with self-supporting
conditions to IIVP (15)-(16):

(y_h) t)=ay_h (tlh)+B_y h(tlLh -[t]_h), ae.t>0 (18)
y_h (kh)=c+d, if y_ h (kh-)<c, (19)
y_h o ()=o) t €[ 0] (20)

The solution of IIVP (18) — (20) is a function y_A : [ -7, = ) —R which is separable
[0,%0), and satisfies (18) excluding possible points. N_0 h ; It has a discontinuity point only
at the mesh points where (19) exists; and (20) in [-t,0]. Since the right side of (18) is in fixed
intervals [kh,(k + 1)h), every solution of (18) in intervals [kh,(k + 1)h) for k € N. Our opinion
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is that is that the impulsive condition (19) implies that IIVP (18) - (19) has discontinuities

only in some points.

2.9. Nh. In the following we summarize some properties [], we will use later in the article. The

definition of [t], gives the estimate

t—h<[t]l,<t, t €R (21)

From this rule [t], =t uniform in the entire real line of the above estimate implies
—-h=t—-1—-t+ @-h)<t—-t—([tl, —[tlp) <t —-t—=({ —h) + 7= he
Therefore

It —7—([tlp — [zl < h, t € R.(22)

Finally, we mention the relationship

Fixh>0andlet t € [kh, (k + 1) h)and [, := [1/h]. Integrating both sides of (18)
from kh to t, and taking the left limit, we gett — (k+1) h

Yo ((k + D) h=) = yp (kh) + h(ay, (kh) + Byn (kh =1, h)).(24)
We introduce the sequences
ak):=y, (kh), k= -1, , =l +1, - ,andb(k):= y, (kh—), k € N.

Then the impulsive self-supporting condition (20) yields a (k ) = b(k ) if b(k ) > ¢,

otherwise a (k ) = ¢ + d. Hence, the sequence a(k) and b(k) are obtained.

(k+1) =0 +ha)ak) + hBa(k —1,), k € Ny ,
ak+1) ={b(k+1). bk+1)>c c+d. bk+1)<c }25)
a(=k) = ¢(=kh), k=0,1,...,1,

2.10. Between kh and (k + 1) h, the function y_h linearly interpolates the values of a (k) and b (k +
1). As a result, we find that IIVP (18) - (20) has a unique solution. Let h >0 be fixed, and
let ty € Ny h, Y € G. We consider the approximate IVP without impulsive terms:

wp (8) = awy ([tln) + Bwn ([tln —[Tln), t 2t (26)
wp (t) = P(t —to), t € [ty —7T,to] 27)
Introduce the sequence a(k):= wy(kh + ty), k = —1,, — 1, + 1Then, it is
easy to see
atk+1) =00+ hax)a (k) + hfa (k —1,), k € N, (28)
a(k) =yY(=kh), k=0,1,...,1,. 9)
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3. Results and Discussion

Example: In this example, the initial shock value problem of equation (30) with

X(t) = ax(t) + Bx(t—T), a, t >0,
x(t)=c+d,if x(t-) = ¢, (2)

x(t) = g(t), t € [-1, 0].
a=-05,f=04,i=1.0,c=0.1,d=04, gt)=0.2

Consider. Since B >0, the solution is generally not uniform in time intervals [5 Ent) for n

€ N. Numerical solution of the impulsive initial value problem

(Int) = ayn (tn) + Byn (tn-1 - [t]n), a0. t >0
yn(kh) = c +d, if yn(kh-) <c, (31)
Ya (t) =v(t), t € [-T, 0].

For the values of h=0.1 (blue points) and h=0.001 (red points), we have constructed
the figures shown in Figure 1. The picture demonstrates that the numerical approximations
for the big step size h=0.1 and for the tiny step size in the h=0.001 time period [0,209] are

pretty similar to one another. This is something that can be noticed.

In Figure 1, the horizontal green lines correspond to the levels x=c and x=c+d, the
blue dots are the numerical solution for h=0.1 and the purple dots are the numerical

solution for h=0.001 in the interval [0,300].

But the numerical solution corresponding to h=0.1 time goes below the level ¢, 209.4,
so due to the impulsive conditions yy(t) = @(t),t € [-7,0] creates a fake jump and for

the next time 209.4, these two answers differ significantly.

This approximates this type of impulsive problem: if the exact solution is very close
to the lower critical value ¢, a small error in the approximation may cause a similar

spurious jump, and then tracking the solution fails.

05

0.45 -

04

035}

03

%Qcoooultt

025

—

0 L 1 1 1 L ]
4] 50 100 150 200 250 300

Figure 1 Numerical solution for h=0.1 (blue points) and h=0.001 (red points).
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Note that if the numerical solutions for h=0.01, h=0.001 and h=0.0001 even in a long
time interval, the resulting graphs match visually, and the convergence of the numerical

method is obtained as h—0+.

0.5

0.45

0.4

0.35

03

0.25

0.2

0.15

0.1

005

0 I L 1 1 1 ]
0 100 200 300 400 500 600 700 800

Figure 2 Numerical solution for h=0.001 in [0,800]

Finally, in Figure 2 we present the numerical solution for h=0.001 of the interval
[0800]. We observe that the numerical solution is asymptotically periodic, hence the figure
indicates the existence of a periodic solution for this example, also with a minimum period
around t>111. Note that there is no known theoretical result for the existence of a periodic

solution of the impulsive initial value problem (30) for the case {3 > 0.

4. Conclusion

An approach to numerical approximation has been developed for the class of scalar
delay differential equations that include impulsive elements. This approach has been
given specific attention. As its mathematical foundation, the unique technique of
approximation uses delay equations with piecewise constant inputs as its
implementation. We were able to show that the approximation scheme is theoretically
convergent at every point, with the exception of the impulsive time instants, despite the
fact that the numerical approach approximates the impulsive time instants. This was
accomplished by demonstrating that the approximation scheme is convergent at every
point. In situations when the 3 parameter of the issue is positive, we possess the capability
to exhibit the convergence conclusion by applying an additional constraint. It is the
responsibility of this condition to guarantee that the solution crosses the line x=c at a
moment that is impulsive, in addition to the self-supporting condition that is expected to
be there. To illustrate the theoretical convergence results, we gave numerical examples.
This was done in order to illustrate the conclusions. Through the use of numerical
research, we were able to demonstrate that there is a periodic solution. This particular
solution has a minimum period that surpasses the delay t that is associated with the
model. Despite the fact that this thesis offers sufficient prerequisites to guarantee the

existence of periodic solutions, numerical examples illustrate that periodic solutions may
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exist under conditions that are considerably less robust. Something like this is something
that we are aware of. As a result of the fact that the existence of periodic solutions for this
set of impulsive equations is something that has to be examined further, extra study is

necessary.
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