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1-1 Introduction: For T =V +iQ be the tube domain over an irreducible symmetric cone Q in the
complexification VCof ann - dimensional Euclidean space V. Following [ 12 ] we denote the cone Q by
(1 + 2¢) and by Athe determinant function on V. For V = R®*€), we have as an example of a symmetric
cone onRG+Sthe Lorentz cone which is a rank 2 cone defined for € > 0 by

Aare) = {y® € ROyt — =yt > 0},
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The determinant function in this case is given by the Lorentz form
AY?) =yf = = Viie

By using the multi-indices.

Ift = ((142€) 4, ..., (1 + 2€)142¢) then

(1+2e)*=((1+2€),...,(1 + 2€)142¢)and for

a ER,(1+2e)+a = ((1 +2€);+a,.,(1+26)@34e) + a).

Also, if, (1+26),(2 +3¢) € RG+Ithene > 0 meats (14 26)14¢ < (1+36),for  all
€e=>0.

We use the following multi-index

2 2-¢&
9o = (2(1+2£))620’

For0 < e < oo and v> € R®*9, we denote by AL5"*?9)(Ty) the mixed —norm Bergman space consisting
of the square analytic functions f 2 in T, such that

||f2||L(1+e,1+25) = j (f |F2(x2 + iy2)|1+edx2
v Q 4

whereA,zis the generalized power function.

(1/1+2€)

(1+2€/1+¢€) dyz
2
) Az (y )A(y2)3+6/1+26> < o

:.7-2|-€,1+26(Tﬂ)

The space A2 (Ty)is nontrivial if and only if v? > g3, see [ 6]. Whene = Owe write A
:A}JZ’E(TQ) the classical Bergman space A+ (Q)correspondsto
v2=03B+€/1+2€,..,3+€/1+ 2¢).

The (weighted) Bergman projection P,zis the orthogonal projection from the Hilbert spaceLf]z (Tg)onto its
closed subspace Aﬁz(TQ)and it is given by the following integral formula

P2f%(z?) =d,. | B,*(z% w?)f*(w?)dV,2(w?).(1)
Tq
where B,z (22, w?) = Cva_(vz-I'%)((Zz —w?)/i)is the Bergman reproducing kernel forA2.. Hence we
3+€
used dV,z(w?) = AV ~Trzedu?dv?, where w? = u? + iv? € Ty,

The problem of boundedness of the Bergman projection on tube domains over symmetric cones has been
considered (see [12]). The best known results is given in [9] in the setting of the light cone. Recently, an
equivalent condition for the boundedness of the Bergman projection in terms of Hardy-type inequalities and

duality was shown in [12]. We introduce (see [12]) here the operators Tg,[ = (ﬁl,...,ﬁ(lJre))Which
generalize the Bergman projection i.e.
1
7 (7) () = | (89 f e 22)ama 5849 B, (32)
Z = <
B Tq H£1+6) Aﬁ %"‘ﬁue) A%(Szz)
where fz = (flzr ---'f(23+e))' z% = (le' ""Z(23+e))'212+e € TQ and f12+6 € L:llOC(TQ)

for e = 0. Combining classical function we obtain the following sufficient condition for the boundedness of
operator T from the product space
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(1+e€)

1_[ L1+E 3e+e? ( Q ) - t;&—.e)v (2+6)3+6(TQ )X - X L

rifps (1+6)U(1+E)+ 1+e 1+e

to the space L1*¢€ ((TQ)(”E), ]'[g“e) Av(21+6)dV(212 +6)). We consider such multifunctional operator see[ 10 ].

Some results here are analogous to results of [ 10 ] proven in the case of the unit ball in C3+€)_ It is suare
that almost all multifunctional results given here are well known in the case € = 0. For example, the case
e = 0 of the following theorem is in [4].

Theorem (1-1): Letvl, o ER, € =0,..,1+¢€1 <e <ocoand B = (B, ..., Ba+e)

3e+e? (TQ )

1+e€

(1+ YwZ 251

If the parameters satisfy the following conditions

1+e€
2
Z Brie > 50— @)
Embedding relations and boundedness.
(3+ e)min V2, —€+2
0<e<2+ e< (1+e) “+e) 3)
€—2
1+e€
] 1 3+e€ 2—¢€ )
ming e Pire > 1__{_62)ﬁ1+€ "Gro. +1 (1 T2t max(1+e)v(1+e)) (4)

€=

then T is bounded from

3+€
s ere(T) 10 L¥€ (T) 49, TITHD A¥Gr0 1526V (22,5, ).

2
(1+6)v(1+6)+ 1+e

Through the applications of the above result, we obtain a sufficient condition of the boundedness of the
Bergman projection in terms of the reproducing formula, which is new ( see [ 12 ]).

Theorem (1-2): Let »>>2*< and 0 < € < co. If forany f? € L;3€(Ty) the following representation formula
holds

dvi(z?) (5)

3+e
P2 f2(22)P.2f2(22) = C f2(ZH)Pyef (22 AP "1%2(32°)
vzf 2] vzf Z3 B 3+€ , B 2 3+e , B 2_52
Tq A(1+ze+2) (ﬂ) A(1+ze+E) (ﬂ)
i i

for some sufficiently large 8 and all z2, zZin T, then the Bergman projection P> is bounded on L},‘EE(TQ).

In the above theorem the weights v? and f are taken real, but the result generalizes directly to the vector
weight case. The condition " g is sufficiently large "is related to the boundedness conditions for the
Bergman kernel and determinant function. For example, a necessary condition for the boundedness of the
Bergman projection P,zon L1£€(Ty) is that related Bergman kernel belongs to LU5""*29 (Ty)) where
e = 0and this can only happen for large values of B for (1 + €), (1 + 2¢) and v? fixed, see [11].

We considered the embedding relation between some generalization of the classical Hardy spaces and the
weighted mixed norm Bergman spaces in the tube domains over general cones ( see [12]). Let
H1*€(Tq)denotes the holomorphic Hardy space on the tube domain, i.e. the space of holomorphic square
functions f2onTgsuch that

1/1+€
1+6
||f2||}[1+e=<sup<1+26)eg [ 1rGe + i+ 20) ) <o
R3+
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Following [8], we extend the above definition of Hardy spaces to a more general family of spaces #;*¢(Tg)
for any locally finite and quasi-invariant measure u supported on Q. The space H,;*€(Tq) consists of all
square functions f2 holomorphic in T, satisfying

1/1+€

1+e€
||f2||ﬂﬁ+em=<sup<1+26)eg f |£2 (%2 +i(y? + (1 + 26)) )| dxzdu(y2)> <o
Tq

In particular, if u = §,, this space coincides with the classical Hardy space and if u is the Lebesgue measure,
it coincides with the Bergman space A*€(T).

We consider only those measures u which are obtained by analytic continuation from the family dugof
measures

a+20(1+2€) dt
FQ(]. + 26) A3+e/1+25

(1+2¢) > g3,
where I'pdenotes the gamma function of the cone Q.

A
di(1+26)(1 + 2€) = xo(1 + 2¢) ,(1 4+ 2¢) € RG*9,

In the family {“(1+26)}(1+26)e<c(1+26> of tempered distributions we consider only those which are positive

measures. These measures come from a characterization of Gindikin and correspond to those (1 + 2¢) =
((1426)y, ..., (1 + 26)31¢)) € C1+2€ which belong to the following Wallach set

= d d
E= {(u%,uf +2sgnui, ..., ufype +5 (sgnuf + -+ + Sgnuf)>: Ui W= 0}.

We are interested in the embedding relations between 2 "€ () and A% *29 (1),
I = Hei126), (14 2€) € Eand v? € R™*2€. We show the following sharp result (see [ 12]).

Theorem (1-3): Let(1+ 2¢€) € E 1 = Ut2e), v € R™2€and, v2 > g§. Then for 0<e <o with
T (1426) > giwe have: H2(Tg) © AZ*  (Ty)if and only if

> (1+2¢€)

4+46+462_ v2 N 34+¢ v2
244 142 \14+€e "1+ 3e+2e2)

We note that for the sufficiency part of the above theorem it suffices to prove that
2
H €(Tg) © Ai_'zu; (To)for all u? >2 such that u?(l+26) > gZ. This is a consequence of the
2 €
embedding relations between Bergman spaces. The condition

2
%(1 + 2€) > g2 shows that for(1 + 2¢) fixed, u?should be sufficiently large and so this theorem is not
applicable in all cases. It is clear that the usual Hardy space H 2 is not covered by this theorem.

Theorem (1-4): Let(1 + 2€) € E, i = p142¢), V* € RM™2€ and v? > g§. Then for 0 < € < oo we have:

Hi(Tg) © A$+E’1+26)(TQ) if and only if

3+e 3+e 1 (8+10€+8¢€? v? 3+e 3+e
(4+8e ’ ""4+85) + Z( 4+8¢ ) REveR (1+3e+2€2' e 1+3e+252)'
Then the sufficiency part of this theorem can be reduced to the proof of the embedding #7(Ty) <
AR (To)for u? > 4.

u? (5+9e+8¢€2
4\ 1+ze
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The necessity parts of Theorems (1-3) and (1-4) follow exactly as in Proposition 2.25 of [6] with the use of
norm identity provided in Proposition 3.1 of [8] for HZ(Ty). In order to prove sufficiency, we heavily rely
on Paley — Wiener theory in this setting. The only difference with the one —dimensional case is that one has
to deal with the beta function of the tube domain with respect to the rotated Jordan frame. That is, one needs
a version of Theorem VII. 1.7. of [7] where the generalized determinant function is replaced by the one
corresponding to the rotated Jordan frame ( see [5]).

Let ¢ denote positive constants, not necessarily the same at different occurrences on parameters is indicated
by subscripts. Given two quantities A and B the notation A < B. When both A < Band B < A hold we
write A = B.

2 Preliminaries and Auxiliary Results:
2.1 Symmetric Cones and the Generalized Determinant Function:

ForQ2 be an irreducible open cone of (1 + 2¢)rank in (3 + €) — dimensionalvector space endowed with an
inner product (./.) for which Q is self —dual. Let G(Q) be the group of transformations of Qand G its
identity component. There is a subgroup Hof G acting simply transitively on €, i.e. for every y? € Qthere is
aunique g2 € Hsuch that y2 = g2e, where e is fixed element inQ.

Note that Q induces in V a structure of Euclidean Jordan algebra with identity e such that
Q={x*x?eV}
We can identify( since Q is irreducible )the inner product with the one given by the trace on V/:
(x?/y?) = tr (x*y?),x*,y* € V.
For {cy, ..., c14+2¢} be a fixed Jordan frame in V and
V=00 Viive

be its associated Pierce decomposition of V. We denote by A; (x2), ...,A;142. (x?) the principal minors of
x? € V with respect to the fixed Jordan frame {cy, ..., c112¢}. Hence, A 43¢ (x2) is the determinant of the
projection P,x? of x?2 in the Jordan sub algebra:

y+3e) =0 Vi,1+e

We have A=A i0and Agise (x%) > 0,6 =0 when x* € Q. The generalized power function on
Qdefined as

A(1+26) (xZ) =A§1+26)1_(1+26)2 (xZ) Agl+26)2_(1+26)3 (xZ) .A(1+26)1+2e (xZ)'

1+2¢
x2 €0, (14 2¢) €Clt2e
We have the generalized gamma function associated to Q:
e~ (¢/5%) A1) (§2) AT/ 1¥2€ (£2)ag2,
(1 + 2¢) = f
! (1426) = (1 +26)q, ., (1 4 26)(142¢)) € CLH2€
This integral converges if and only if R(1 + 2€)14¢) > % =(1+¢) %for alle >0

In that case we have a formula:

2-¢ 1+2¢ 2 _¢
Fg(l + 26) = (277,') 2 1_[ r ((1 + 6)(1+6) - m)
1+e€

We have the following result on the Laplace transform of the generalized power function
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2—€

Lemma (2.1):Let(1+€)=((1+ €)1, ..., A+ €)142) €C3*  with RA+€)q4e) > ——= i €=
1,...,(1 + 2¢). Then, for all y2 € Qwe have

fg—i@z/fz)mme) (E2)A~CHO/142¢(£2) 42 = T (1 + 26)[Afy 400y D]

Here y? = h2eif and only if y=2 = k20~ Dewith h? € H and A{j, € = 1,...,1+ 2€arethe principal
minors with respect to the rotated Jordan frame{c;, ..., ¢1+2¢}-

The beta function of the symmetric cone Q is defined by the following integral

BQ(1+6,1+26) = f A252+ze—2(x2)A452+3e—2(e - xZ)de
an(e-Q) 1+2€ 1+2€
where (1+¢€), (14 2€) eC™?¢. When R(1+¢€);, R(1 + 26)(14¢) > ﬁ the above integral

converges absolutely and

_ Ta+ola+ze
Ba(i+e142¢) = To(2+36)

(see Theorem VII.1.7 in [7]).
Let mbe an element of G,, the stabilizer of e in Gsuch that
(1 + €)c1te) = Cle+1) 1+e)=1,..,(A+ 2¢)

Then for any y* € Qand (1 + 2€) € C'*2¢,A(, 156 (V%) = Ag142¢) (1 + £)71y?)identity, oneobtainsas in
the proof of Theorem VI11.1.7. of [7] the following result ( see [5] for details ).

Lemma (2.2):Lety? € Q. The integral

Fzzzf Aly =T (XD)AY L age (% — x2)dx?
(y) (yz_ﬂ)nﬂ (1+6) 1+26( ) (1+26) %(y )

converges if Rive),, o Ra+2e) 14 > 30050 f0r (1 +€) =1,..., (1 + 2¢). In this case.

2(1+2€)
2.2 Bergman Spaces with Kernel Function Integrability:

We show some estimates for the function in the Bergman space or the projections of the functions in
L3 2¢(Tg). We begin with a pointwise estimate of elements in AL;<'"2¢(Tg) . The following lemma
follows from the invariance of the Bergman spaces with respect to the transformation group (Ggq) (see [6]).

Lemma (2.3):Let 0 < € < o and v2 € R",v2 > g&. Then

p2
|f (ZZ)I 372( 2z2)[| £ (1+€1+2€)’ Zz € TQ

1+26 1+3€+e€
lJ

We also need a pointwise estimate for the Bergman projection of functions in L1*&1+2¢(T,,), defined by
integral formula (1), when this projection makes sense. We state the following integrability properties for the
determinant function.

Lemma (2.4):Let « € €(1*29 andy? € Q.
1) The integral

]0(}’2):[ dx?

R(B+6)

x“+1y
(=)

converges if and only ifRa > g2 + E In that case/o (¥2) = Co|A_arireyare @)
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2) For any multi-indices(1+2¢) and g and (1+2¢) € Qthe function y?+— Ag(y® +

2 1 dy?
1) Agr42¢) (v*)belongs to L (Q,

AHTZE@Z))” and only if Ra > ggand R(a + B) < g&*. In thatcase we
have

dy?
2 2 —
fR(3+6) Ag(Y* + 1+ 26)A1426 (Y )F(3+6)/(1+26) D) = Cg,(1+20Da+26e)+p (1 + 2€)

Of [6] for the proof of the above lemma. Let 7 denotes the set of all triples (1 + ¢, 1 + €, v?) such that € >

0and the functionB 2 (-, ie)belongs toL(éi? ),(TQ) We have the following pointwise estimate ( see [ 12]).

Lemma (2.5): Suppose (1 +¢€,1 + €,v%) € 7. Then
[Pz (f222)| = A_ v2 3+ (ZZ)||f2||L(12+e.1+26)

1+2¢ (1+2e)(1+¢€)

Proof: This is an easy consequence of the above lemma and Holder inequality.

We conclude this section with a useful embedding relation between mixed norm Bergman spaces (see [6] for
an alternative proof ) and [ 7].

Lemma (2.6):Suppose 0 < ¢ < coandv?, B > g3. Then A% *29(1y) A[(;”E'”ZE)(TQ) if and only if

v2(14+3€)+3+€e _ B(1+2€)+3+€
(1+3€e+2€2) (1+4€+2€2) ’

v2(1+3€)+3+e _ B(1+2€)+3+e€
(1+3€+2€2) (1+4€+2€2)

(x2(1+6,1+36) +y2(1+ 36)) _such that
(1+€,1+3€)EZ

Proof: Let us suppose that

. We recall that there is a sequence of points

(1+e)/1
(1+e) l
IF 20 e Z (Z |F?(284261430)| ) B,y 0 asn(y2(1 + 36))

1+3€ \1+2e€

see [5] and [4]. From this and embeddings between (1€ spaces we obtain

(1+e)/1
142 (1+2¢€)
||f2||i(:'+266)1+26) Z (z |f (z(1+26 1+36))| > AB+ (+e) (1+ze)(y 1+ 36))

1+26)(1+2€
1+3€ \1+2e€ ¢ I )

< (1+€)

>(1+26)/(1+e)

Z |f2(z(21+e,1+26))|

1+2

( B (21 430)) | = 1720029,
(1+e€) 2
(1+3¢€) \(1+€) v

For the converse, we test with functions B, (-, x* + iy*) where yu is large enough and s fixed in x* + iy?.
Now continuity of the embedding and Lemma (2.4 ) give

(3+7e+2€2)(y2) <cA 1 (3+7€+2€2)(y2)' yz €

_ \er/erasc ) _ 2
(+20u+Brsg (1+3€e+2€2) R =T (1+3e+2€%)
which implies that 2txste  FUZOTE1e)
(1+3€e+2€2) (1+2€)2

2
As a first application of the above to prove that H? (T) < Ai‘zu(z )(TQ)for all u? > 2such that u? > gZ.In
5 (1+2€

fact, if (1 +¢,1 + 2¢) and v? satisfy the hypotheses of Theorem (1.3 ) then, by the above lemma, we have
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Ai'zuz(TQ) <—>A1(]12+6'1+26)(TQ) with u? < (1 4 2¢). Similarly, for proof of sufficiency in Theorem 1.4 it

2

suffices to prove that H;? (T) < A ( (TQ) for all u? > 4.

3.1 Multifunctional Bergman —Type Operators and Embeddings:

We denote by [[]1= A(%) the partial differential operator of (1 + 2¢) on R®*defined by
[ [e!C*1)] = A(£2)ei*I€), x2, 82 € RGO,

3.1 MultifunctionalBergman —type Operators:

We investigate boundedness of the operator Tgfrom 156 L((i?)v (T
(1+3¢€)

(1+€) (+o) - & 2 , o
to L (T TILHOA” Grs0™ Trady (z143¢)) |- We apply the obtained result to multifunctional

embeddings for functions in the Bergman spacesA( *e) (Tq)where v? >
following result (see [12] ). .

Theorem (L5): Letv? = (v, ..,vf,) € R e >0and €= 0,8 = (B, ..., Bu+re)) € RME. If the
parameters satisfy the following conditions

—_and € > 0. We begin with the
(1 2€)

(1+¢€)
1 Z - (2—¢)
(1+e€) £ buro > 329
€2

(1+e)v

min
0S6<2+6<(2—(1+6)(1+26)—1> and

(1+e€)

min g Z 8 » (3+¢€) (1+¢€)/(4-2¢) _ 14 max,2
WP+ (1 +e) L "M (1 +3e+2€2) ' (1 +e)\(1+26) (1+e)"(1+e)

then Tyis bounded from TS5 L((lli?)v(m) . (6)(13:;6)(%)

to L(1+€) ((TQ)(”E), [1ise A”<1+6>‘(ﬁ)dv(z(21 +3E))). The ideas of proof is taken from [10].

Proof:Using Hdlder inequality we obtain

(1+e€)
. (ve) (l_[(1+€)fe O(ZZ)) (1+e)26 0 ﬁ(1+s)(322) dv (z?)
|Tg(f (Z(1+e), - Z(1+6))| f (1+ y 1 ( Ste g )) P >1x]
Ta l_[ €) Aavo\\1+ze  P1+e) A(1+2e)(\szz) A\T+2e) (3z2)

where

(H(1+6)|f6 O(ZZ)|(1+6))A(1+6)ZE 0 ﬁ(1+e)(322) dv (z?)

(ZZ _ Z—Z) (1+E)0-’(1+e) A(%) (SZZ)
[

(U412 (22| )amaZe=s baso(522) gy (,2)

(ZZ — 7 > (1+e)’ Y(1+e) A(%)(SZZ)
{

© 2024, CAJMTCS | CENTRAL ASIAN STUDIES www.centralasianstudies.org ISSN: 2660-5309 | 80

Ta l—[(1+£)

](1+e)’/(1+e) —

Ta l—[(1+€)




CENTRAL ASIAN JOURNAL OF MATHEMATICAL THEORY AND COMPUTER SCIENCES  Vol: 05 Issue: 01 | Jan 2024

1
and a(14¢) T Y(14e) = 110 (1+2€ ,3(1+e))

Let us choosey (;4¢)such that Ya o> ((HE)Z(”E) Ba+e) + 7 )Then we estimate the integral J using

7% — 72
o(5)
i

42 _ 72 1+6)(1+6) Y (11¢)

Halder inequality and Lemma (1.4)

(1+e€)
](1+e)’/(1+e) :J. 1_[
e=0
Tq
(1+e€)
> (146 1_[ f
e=0 Tq

(1+E)’)/(1+5) 1

A(1+e)zgl Ba+e— (1+26)( z2) dV (z?)

1/(1+¢€)
1

A(1+e)zgl Ba+e— (1+26)( z2) dv (zz)>

(1+¢€)
_ ] 1 (1+€) _(3+€
=(1+e) | | A~ Yaso g Lo Bare (1+26)(SZ(21+6))
€20
Hence we obtained
(1+€)
(1+e) (1+€) [ 3+€
J<(1+e) | | Ao ey oo Parat (1+e)'(1+26)(52(21+e))

€20

Using the estimate (13) and Lemma (2.4) we finally obtain

(1+€) N (146) 3y
j R H6=0 |Tﬁ(f2)(zf, ...Z(21+€))| € AV(21+3E) 13:26 dV(Z% . dV (Z(21+E))
Tq

(1+€)

(1+€) 5 5 1+6) dV(Zz)
ave [ (]l Wara@I™) g amass s,z a2

Tq NG (322)

(1+e)a(1+3e)
A Z(1+3e)
f f H(1+6) l
+3) (3+4e+€?)
Ta Tq v(1+3e) 1+25 —(1+ey(

1+E)+(1+e)(1+s)’26 o Paret m(dz(lﬂe))

where

dV(Zl) dV(Z(1+E))
Note that (11) implies (1 + €)@(1436) > Vii43e) — (1 + )V a436) +
1 3+4e+e? 5
S Base + (3tacte)

(1+e)(1+e)’ (1+3e+€2)(1+€)’ ~ (1+2€)
holds and, for every e = 0, ..., 1 + &, we have

. Then, if we finally choosea;¢)and y(14¢)such that (12)

(1+e€)

1 5
1+e)(1+e)\ (1+¢) Z) Ba+e t+ —(1 T 20) <Y@a+e)
€E=
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1 ( 3+e€ ny ) min(1+6)v(21+3e) + E1+e§+1
Ja+e\1+2e ""ar9) (1+¢)
< min
Z(1+6)ﬁ + (3+€)
I 4 (1+e) (1+e) T 1rze) |
\ A+ol+e) )

then an application of Lemma (2.4) gives estimate

+€) (3+e) _ 1+ (1+e)
g (ZZ) < (1+€)A 0 U(1+35)+(1+6)(1+25) (1+6)Z (a(1+3e)+ﬁ(1+3e)) (1+E)/Z 0 .3(1+3e) (1_,_26)(14_6)/(322)

Finally, using Hdolder inequality

(1+¢€)
(1 +6) _(3+e)
J o TT 1 () Gt e b0t cag)a o v o)
(1+€) dV( 2)
2 (1+6) | T v o+ oS AV Iz
<(1+e) 1_[ fG+e(@)] AR T30 TR — s <
Tq - A1+2€)

(Be+ 2
(1+¢) <l-[(1+6) |f(1+€)( 2)|(1+6) A(l"'e)”(use)+ (1+2e) dlﬁf;))) <

(1+2¢€)

An analogue of the following lemma in the setting of the unit ball in C3+€) is contained in [10]. Note that
the case € > 0is obvious ( see [12] ).

2—€

Lemma (2.7): Letvd 50 > ——,€ = 0,..,1 + eand € > 0. Then there is a constant e > 0 such that
(1+2€ )

(1+€)

( (3+
f 1_[ |f(1+3e)( 2)|(1+€)A(€)(13:25)+2e 0%1430) (1+ze)(322)dv(22)
Tqo
€=

(1+€)
(1+€)
sC(1+e) 1_[ ||f(21+3e)||A<1+e)
€=0 1’(1+3s)
Proof: By Lemma (2.6 )we have A 1 _a+o,, (Tg) @A A0re) (To) to prove the

(3+€)
Traless Y30 ()(1+zee) Z(HG) V(1+3€)

lemma, we only need to check that forf(”E)eA(tJ’E) (To),€ = 0the productfy® ... fG,o s in
1

A 51402 (Tq) with the appropriate norm estimate. Anapplication of Hélder inequality
(+e) Y(143¢)
(1+e)
2 (1+€) Z v ~.2 2
|f(1+3e)(z )l A(He) =0 a0 (“26)(«52 )dV(z?)
Ta =
(1+e)

(3+6) 1/(1+6)
(1+e) v? e ~
<f £ 430 (rse (1+26)(Jzz)dV(Zz)>

(1+3¢€)/(1+¢€)
A(1+e)
1’(1+3e)

A complete analogue of the following multifunctional result in the setting of the until ball can be found in
[10] (see [12]).

finishes the proof since the last expression is equal to l_[(1+6)||f(1+3e) ”
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(3+¢€)
(1 2 )
so that for any sequence(z(1+6)) in T, the following representation holds for £, ..., fi4.. € H(Tq)

Theorem (1.6): Letv(21+36) > —~——for e = 0, let 0 < e < oo and suppose that B, are sufficiently large

L5 o (22) ArseZetiPuvo (322)

FEGE) o flae ) = (4 e |

— _2
Te Hl"'e Alig(((1+26)+ﬁ(1+e)) <Z(1L>
l

Assuming none of the functionsf%1 +3¢) If identically zero, the following statements are equivalent.

1) There is a constant € > 0 such that

(1+€) lte) 1 5(+e av(z?)
| TL, Wl ™ Oawor s oot —f— 4 o < o
Tq €=0 A(1+25)(322)

2) fi 430 € ASZ”LE) (Tq) foralle =0,...,(1 +¢€).
(1+3€)

Proof: We havealready seen that 2) = 1) independently of the representation formula (15).
Let us prove implication 1) = 2) assuming (15). Since the functions are not identically zero, condition

(1+€) (1+€) 42 _(3+e)
-’; -’; I L_O 120 (Zaaao) |7 800 T020(2, 5) AV (2430) - AV (120) < o0
Q Q =

implies £ 3¢ € A;z::)e) (To) foralle =0,...,1 + & Now, using the representation (15) we obtain

_ (1+e) /_, (1+€) 2 __(3+9)
s J;"n f l_L 0 (lef(?l+3e)(z(21+36))| e AC+39) (1+26)(Z(21+3e))> dV(Z(21+36))
Tqo =

dV(Z(21+3E))

(1+€)

( )
) 1+€ 1_[ AV(1+3e) (1+25)(SZZ) dV(Z(1+3€)) dV(Z(1+36))

f f |TQ f? (21: - Z(1+e)
Tq JTq
where fZ = (f2, s [t +¢)- The proof of Theorem (1.5) gives.
(1+e) (+e) o2 G+
f f l_L o (”f(21+3e)(z(21+36))” NG (1+25)(~52(21+3e)) dV(Z(21+3e)) ---dV(Z(21+3e)) < o
Tq Tq =

Wt (5,1 + 0) € 5 % € Roe 20, vt 220430 (25) ¢ 13

+2€ i

Let us define, forf3 ;) € L(“E) , the following operations:

(1+3e)

3+€

_)) f f(1+36) (Z ) HE 36 v(l )f(1+6) (Z ) A(1+6)ZE 0 E(1+€) (SZZ) dV(Z )
Z = —
Ta [0 Avhiss- (G50 (Z_me), - ) a(T726) (372)

Sp,(1+3¢) (f—z)) ( z
l

and
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(1+e€)

(1 + Zf)ﬁ = Z (1 + 26)ﬂ,(1+36)

e=0

We show the following ( see [12]),

Theorem (1.7): Suppose(v(21+3e), 1+ e)) € o if the parameters satisfy conditions (2), (3) and (4), then the
operators Sg and Sgare bounded from

(1+€) 1+e)
1_[ L(1+e) (Tg) to (L(“E)(T ya+e), l_[ AVlre)~ 1+26)( Z)dV(le)>

=0 (1+e)

Proof: Clearly we only need to prove the result for Sﬂ(me)fixed(l + 3¢). An inspection of the proof of
Theorem (1.5)and Lemma (2.5) give

—|Ate) 2 3tey
f f 1530 (F2 (22| 2°0v0 6520 (322)aV (22) .. dV (2 40)) <
TqaYTaqa

(1+e)

(1+6€) (1+e) . dvi(z?)
(1+e) j |f(21+35)(22)| 1_[ v(1+e)f(1+6) (Zz)| Ze 0 ”(1+e)+( )(1+2€)(‘522)T
Ta €#3€ A(1+26) (322)

(1+€)

(1+e) < 1_[||f(1+e)”L(1+e> f B ase @] avire 5 Sz)av (@) < (L +€) 1_[||U(1+e)”L(1+e)

€+3€ 1’(1+e) Ta €%3€ 1’(1+e)

and the proof is complete.

Theorem (1.8): Supposev(ZHE) €o fore=0,..,(1+¢€) Suppose also that, for S;.¢large enough, the
following representation

(1+€) o ) . "
I favso Mjai Pz, f* (22) A3 E%0 Baise) (S22) W)
1_[ 1’(1+36)f(1+36) (Z(1+36)) 1+ E)(1+e)ﬁj

3+e) , B _2 3+e) , B _ 3+€
e Tq Az(umﬁz)(u) Az((1+26)+z)(22;_z) AGze
l l

holds for any sequence (2(21+6)):Z in Toand any f2,5., € L™ (Tg), € > 0.

We also have the following corollary which gives a sufficient condition for boundedness of the Bergman
projection (see [12] ).

Corollary (1.1): Let(vz, 1+ e)) € o. If the following representation

2(,2 2 F2(72 (3+¢)
f2(z*)P2f*(z?) AP~ (13+26)(322)d1/(z2)

Pyaf (2P f2(2) = (1 + e»fT pilesigHd) (272 wilies) (222)
Q € £ 74 € L7 "4
i i

holds for all zZ,z% € T and f2 € LS;LE)TQ, where g is large enough, thenP,2 is bounded onLSz*e)(TQ).

Proof: Using Lemma(2.5) we clearly have

F2(22)| 9P 2 f2(22)| T+ A2 (322)dV (22)
Tq

<(1+ e>||f2||(%;2 Av(z?) | 1f2(z?)|0+0 a7 G5 (522)dv (22) = (1 + e)nfznsz;?

v Tq v

Now, following the proof of Theorem (1.7) we obtain
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P, f2||28+t§) = f P2 f2(22)|HO| P2 2 (22)| 4O AV~ (520 (322) A7~ (528) (S22) AV (22)dV (22)
T

a“Ta

<(1+6) | 1f2E)IO9|P2f2(2)| 1 )A% (322) dV (2?)

Tq
<(1+e) ||f2||<%f+2

3.2 Multifunctional Inequalities Involving Bergman PrOJectlon or the Box Operator:

We derive multifunctional inequalities involving the Bergman projection or the box operator. As a
preparation ( see [12 ]).

Proposition (1.1): Let (v?,(1+¢€)) €o If P,is bounded on Liﬂ*e)(TQ)theanzis bounded,

(1+€) (1+4€+€?)
fromL, """ (Tg) to L(1+36)v2+36(11:;€) (Tq) forany (1 +3€) EN

. Proof: SupposeP,,2 is bounded on LS{“E). Then using Lemma (2.5) we obtain, fro any f2 € LS{"E)(TQ):

3€
P2 f2(29)| O (322) dV (22) = j (1Py2f 2z O (322)) P2 f2(22)| 140
Tq

AV~ (322)dv (22)

Tq

< @+l [ 1par2E) a0 (556 372 av (22)

(1+e)
Tq

1+4-E+E

1+ ||f2||((1+6)

Proposition (1.2): Let (v2,(1+¢€)) €0 for 0 < e < 1+ €.Suppose PV?1+36) is bounded on Lf}lzt:“) (Tq)
foralle =0,...,(1+¢€).Thenfroany ! € N we have

(1+e) (1+4e+€?) ) (1+¢€)
P |f2(@) )| = <40 [ [0l
(1+3€) A2(1+2e)(\§22) c o L2
Proof: Usmg the above proposition. Holder's inequality and Lemma (2.5) we obtain
(1+¢€) ( 4V (22
1+4e+
J. [T{[Pa 2™ e 55 )| e <
v(1+3e) 1+2€ (\SZZ)
(1+€)
(I=-D@A+€)  (1+e)
a+o [ [ I3l e
(1+e€)
€=0
(1+€)
v 1+E dV(ZZ)
f 1_[ [ 2 | 2)| bro*(ir2e) (32 2)]1+E—
(143€) AZ 112€ (JZZ)
™ 2 (I-D(+e) it 2y|(1+€)% p (A+EVE 13t ((1+§)2) .2 2 e
(1+e€) 1_[ |C(f )(1+e)”L(1+6) H |Py2f2(z%)] *26)(3z%)dV (z?)
€=0 iz e=0 VT
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(1+e€)
2 lave
<(1+e) 1_[ ||f(1+3e)”L(12+i)
€=0 Y(1+e)

It is well-know that the operator m satisfies the following boundedness estimate

Imf2l,are < cllf?ll are
v2+(1+e) v2

It is well-follows, using Hdélder'sinequality, that for € > 0 ande = 0
1+€
|mf2(22)| 029 f2(22)|-ea” O R2I~(52) (522 av (22) < (1 + Ol 2 avo
Ta v?
We obtain a multifunctional version of the above estimate. We introduce the following operator, which we
still denote by m, defined for pointwise products of holomorphic square functions:

(1+€)

.(flzt f(21+6)) = z f12 "'fez(.f(21+e))f22+e -"f(21+e)'
€=0

We note that them inside the sum is the usual m as defined at the beginning. The next theorem generalizes
(22), this idea appearted in [10]( see [12] ).

Theorem (1.9): Letv? > (%)e > 0. Then there exist € > Osuch that
(1+€) \ dV( 2)
(142€) ¢ 2, 11€ e z
L 0y el [ G T e e e K
- L] £2(T72e) (522)
(1+€)

(1+€)

<a+o | [IfZoline
€=0 e

Proof: Using Minkowski's inequality, the pointwise estimate for function in Af}l;’e)(Tﬂ) and the estimate
(22) we obtain

(1+¢€)
- 1+e€ dv 2
f |l(f12, f(21+e))|(1+26) 1_[ |f(21+e)(22)| EA(1+E)(VZ+W)+(1+26)(Szz)% <c
Tq €=0 AZ(m)(Szz)

1/(1+2¢)\ (1126

(1 +2¢) (1+2¢)
(1+€) a+e) |fGi3e(@D)| |mfG 3022
Z (1+€)
_ 1+€
= TQ 3ce 1_[ |f(21+36)(22)| SA(1+E)(1J2+_1+26)+(1+26)/
e=0

4. Paley-Wiener Representation and Embeddings:

We make use of Paley-Wiener theory to prove Theorem (1.3) and Theorem (1.4). We fix a measure y =
Ua+2e)Where (1 + 2¢) € E. We recall that }[j (Tg) is a Hilbert space see [8]. Then

-1
Lizszey (@) = P (Q4¢1 00 (289)dE?) = L2(QA7 420 (269)71dE?) 7
The followingPaley-Wiener characterization of functions in }[j (Tg) has been obtained in [8]

Theorem (1.10): For everyF? € H;?(T)there is an F2 € L¢; .+ (Tq) such that
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Conversely, |ffzeL(1+26)*(Q)then the above integral converges absolutely to a function
2

F2 ¢ 3¢, To) Moreover IE N5z = 1F 21,2,

( +2¢—:)*.

We only need to show the following result in proving Theorem (1.3) ( see [ 5]).

(1+2(:‘)

Theorem (1.11): Let(1 + 2€) € E,i = U142¢) for all 0 < € < oo such that > g we have

FH2(To) & ALT29,(Ty).

(1+2€)?
2

Proof: Let F2 € H2(To)by Theorem (1.10) there is an f2 in L%, , , .\« (Tq) such that
u (1+2€)
F2(z2) = (1+ €)ave) f P/ FREDNY e (281)d €2, 22 E T,
Q
It follow from Plancherel's theorem that
f IF2(x% + iy?)|2dx? = (1 + €) f e 207V F2(E)N] 1 pey 282)dE2, 22 €T,
R(B+6€) Q

Integration the (1 + 2€)/2 — power of the left hand side of the above equality with respect to the measure
_(3*€
Aasz0t) ) 29 (y?)dy?

and using Minkowski's inequality for integrals and Lemma (2.1) we obtain

2
i * % dyZ
Tt E).[ <J el(x2(1+26)/§2)|f2(fz)|2A(1+26)*(5;2)d fZ) A(1+26)*(y2) 3+€
o \a JREA P
2/(1+2€) (1+2€)/2
—(1+2€/82) 2 dy? S S
<(1+¢) e A(1+25)*()’ ) 3te |f=&“] A(z+4e)*(f )dé
e\ A (739 (y2)
(1+2€)/2
-¢ <f A azey OIS 2(€2>I2Az‘2+46)*<52>d€2) = cllF2Nag
Q (1+26)*
where
2/(1+2€) dyz
I = J <J |F2(x2 + iy2)|2 dx2> A(1+26)*(y2) — — ”lelil(;-ffe))
a \JRG+® A_(m)(yz) (1420)"

Finally we need the following Paley-Wiener construction of functions in the Bergman space A2 (“26)( see [
12]).

Lemma (2.8): Let € > 0and v? € R1+29)_ |ff2js in the space

Lz( 1 )vz*(ﬂ) = I? (Q,Ai(ﬂ)v% (Zfz)dfz),then the function F2defined by

2 1_(1+ze) 1+2€

F?(z?) =

21) 2

& 3+ef 9_(x2/§2)f2(fZ)AEHZe)*(ZfZ)d §%,2% €Ty
Q

belongs to A% 27 (To)-
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Proof: The estimation of the L2 (1+2€)

theorem and one obtains

-norm of the integral in (24)proceeds exactly as in the previous

|2 Il, 2(1+26) <@ +ellfe

(Fzeh™

Thus, we only have to prove that for any f2 € LZ( 2¢ ), ..(Q) the integral in (24) converges absolutely to a

holomorphic function F2(z?2) on T,. It suffices to prove this at the point z? = ie. Using Holder's inequality
and Lemma (2.1) we obtain

/
/) a2, (25ag?)
2€ ) 2k N (L)VZ* ( E ) f

(1+ze 1+€

f e~ F2(ED A 420y (2EDAE < NI 2 2
Q

1/2

3
=2, 27 (v )
L(4-€ 1) 2% (1 + 26) 1 + 26

1+2€

and this clearly finite.
We now give a proof of the following result, which implies Theorem (1.4) ( see [12]).
Theorem (1.12): Let (1 + 2€) € B, u = p42¢)forall 0 < e < cowe have

H2(Tg) & AGT2E) (To).

(1‘226)(5+9e+46 )

1+2€

Proof: Given F2 inH2(T,) we need to show that F 2belongs to A%"2972 (T,) By Theorem (1.10)

(1+2€)(5+9e+4e )
4 1+2€

there exists Lf, , )+ (Tq)such that
F2(z)) = (1 +€) f el F2ED N sz (262)dE?, 22 € Tg
Q
Using this Paley-Wiener representation we get

F2(z2)=(1+ e)§3+6) fﬂxﬂei(xZ/ZEZ)fZ(Szz)fZ(l + 26)A{1426) (282 Al 426+ (262)dE2d (1 + 26),

=(1+ 6)%3+E) j j ei(xZ/uZ)fZ(uZ _ fz)fz(fz)A21+26)* (2((u2 _52)) AE1+26)* (252)d€2d(1 + 26),
Q OxQO
=1+ E)%3+E)J e!¥*/4%) g2 (u?)du?,
Q
where

92 (w?) = f 2% = E)0 ey (2((? —82)) Ay (262)d?
an(uz-Q)

4 1+2€

By Lemma (2.8) in suffices to prove that g2(u?)A” 1+26<3+86+85 >(u ) is L2 = (3+8E+8E )(Q)

2 1+2€

or, equivalently, that is in L? (Q). We start with a pointwise estimate ofg?(u?). Holder's

_ (5+9e+4$2)

1+2€

inequality and Lemma (2.2) we obtain

2
92?2 < ( fﬂ o PP DI (20 7)) Aam)*(zeZ)de)
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= (14 Oy, 51y @) ( fﬂ

u- — 2
- (f Q 7567 EZ)IZVZ(EZ)IZAEHZEY (2((u2 _52)) El+2e)*(252)d §2>
an(uz-9) A

X <—I;lﬂ(u2_ ) 21+25)* (2((1L2 _52)) A’El+26)*(2€2)d§2>

F2@? = EDNF2ED A a0 (2((? —€2)) Azﬁze)*(st)de)

Nnuz-9)

It easily follows that

|2

lg? (W?)|*du?

*

(2(1+26)*+13:2€E)

<o [ [ 1P = ey (20 82)) Bsaer (26270
a’anwz-0)

— 2114 — 2114
=@+l = A+olFl;

and the proof is complete.
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