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Abstract 

Using a carefully selected step and off-step points produced 

from the Bhaskara Cosine approximation formula and Gauss-

Lobato grid points with constant step size, this numerical 

study presents the Block Hybrid Nyström-type method of 

order seven for solving the second order Bratu problem with 

impedance boundary conditions at two-point concurrently. 

Without the use of a combination of predictor-corrector mode 

and or the shooting approach, the solution is achieved 

immediately without having to convert it to a system of first 

order ordinary differential equations. The diffusion of heat 

produced by the application that imposed the impedance 

conditions is the focus of a numerically tested problem. The 

present findings showed that the proposed method produce an 

efficient performance in terms of accuracy, and error when 

compared with the existing methods. The convergence and 

stability properties of the BHNTM are discussed. 
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1.0. Introduction 

Nonlinear phenomena are of fundamental importance in various fields of science and engineering. The 

nonlinear models of real-life problems are still difficult to solve either analytically or numerically. There has 

recently much attention devoted to the search for better and more efficient solution methods for determining 

a solution, approximate or exact, analytic or numerical, to nonlinear models, Wang (1988). This paper, 

focuses on the numerical method for solving the second order two-point boundary value problem of Bratu-

type connected with impedance conditions. In general, the following boundary value problem is given as: 
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   , ,    for                                                                  (1)

with 

y x f x y y a x b   

  

   

   
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q y a q y a
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where 1 2 3 4, , , , , , ,  and a b q q q q   are constants and 1 2 3 4, , ,  and q q q q are nonzero. Most recently, attention has 

been given to solve equation (1) by conventional methods of Adomian decomposition and its modifications, 

Runge-Kutta methods, multistep methods and some block methods developed (see, Sunday et al, (2022), 

Mishra et al, (2021), Ogundiran et al, (2019), and Singh et al, (2019), Sunday et al, (2014)). Using these 

conventional techniques, one prominent approach in a transformation of these problems into a system of 

reduced order differential equations. The approach is good but lack a stable numerical scheme for 

approximating these problems. Efficient numerical schemes are needed due to the fall in the stability of these 

problems due to their transformations. Numerous existing researches of hybrid block method used the 

approach of predictor-corrector or guess in selecting their hybrid points. Toraman et al. (2019), Noor and 

Noor (2021). The motivation of this study is to produce technique whose hybrid points are obtained rather 

than estimated. Without loss of generality, the introduction of a unique way of obtaining the hybrid points in 

the selected intervals with the aim of improving the solution of the existing methods. This research aims to 

solve the Bratu-type problem with impedance boundary conditions which is of the form (1) on an interval 

[x0, xn] using the continuous implicit k-step Block Hybrid Nyström-type method. 

Functional value and derivatives of the solutions are provided for Impedance type in (2). Boundary value 

issues will be susceptible to the Neumann condition if only derivative values are present; otherwise, 

condition (2) is known as the Dirichlet type. According to Akano & Fakinlede (2015), Impedance boundary 

conditions are known as Robin boundary conditions and the convective boundary conditions respectively, 

and they occur in a variety of application fields such as electromagnetic problems and heat transfer 

problems. The Bernoulli polynomial together with Galerkin approximation in solving linear and nonlinear 

Robin boundary condition problems had been studied by Islam & Shirin (2011).  

Renowned researchers developed Adomian decomposition techniques for solving analytical stage and 

numerical simulations, including Duan et al. (2013) and Rach et al. (2016). While this was going on, the 

boundary value problems in question were discretized by Bhatta & Sastri (1995) and Lang & Xu (2012) and 

then solved using symmetric global (continuous) splines and the Quintic B-Spline collocation approach, 

respectively. 

As mentioned by Fatunla (1995), in order to reduce computing costs, the proposed algorithm's development 

must at the very least provide this capability of simultaneously generating solutions at several sites. These 

authors' works like Nasir et al. (2018), Phang et al. (2012), Majid et al. (2013), and Omar & Adeyeye 

(2016), all provide evidence for this implementation. At two moments simultaneously, they all got close to 

the answer to (1). This study was motivated by the benefits of the results from their conversation. 

Researchers such as Majid (2004) and Zawawi et al (2012) adopted the Diagonal block method for solving 

first order differential equations. Solving second order ordinary differential equations using diagonal block 

method has been discussed in Zinuddin et al. (2014). In this research, the extension of the derivation of Jator 

& Manathunga (2018) to obtain the formulation of direct integration for solving second order differential 

equations with specially selected step and off-step points. The new formulae obtained have been 

implemented to solve the boundary value problems. 

The organization of this paper is as follows: Section 2 presents the derivation of the two-point Hybrid Block 

Nyström-Type method. Section 3 explains the analysis of the method including the order, consistency, and 

stability. Section 4 presents the validation and clear overview with tested problem. Section 5 concludes the 

findings from the study.  
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2. Mathematical Formulation 

In order to obtain the numerical formula for the approximate solution of (1), the function 

1

( ) ( )
c i

j

j

j

y x Y x a x
 

            (3) 

is considered as the basis where  x is continuous within the interval [a, b], c and i represents, collocation and 

interpolation points respectively. Variables ja are coefficients to be determined distinctly. The second 

derivatives of (3) equated to (3) is given as  

   
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2( ) ( ) 1 , ,
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collocation matrix 
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Using Maple 2015 Software, the above system of nonlinear equations is solved via the matrix inversion 

algorithm. The unknown coefficients  'ja s , are then substituted into (3) to obtain the continuous form of the 

proposed Hybrid Block Nyström -type Method (HBNTM5): 

     
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where      0 1,   and nx x x   are continuous coefficients that are distinctly determined as presented in 

Table 1:  
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3.0. Analysis of the Proposed Hybrid Block Nystrom-Type Method  

3.1. Local truncation error  

The local truncation error associated with a second order differential equation by the difference operator: 

     2

0

;
k

i n i n

i

y x h a y x ih h f x ih 


                   (20) 

where  y x is an arbitrary function, continuously differentiable on the interval  1,n nx x  . Expanding the 

expression in (20) in Taylor series about the point x , gives:  

           2 2 2

0 1 2 1; ... ...p p q q

p qy x h C y x C hy x C h y x C h y x C h y x  


             (21) where vectors 

   

0

0

1

0

2

0

2

0

,

,

1
,

2!

1
1 2

!

k

i

i

k

i

i

k

i i

i

k
p p

p i i

i

C

C i

C i

C i p p p i
p





 

 












 




 


 


   










         (22) 

According to Lambert (1991), the method’s order is 2p  if in (21) 

0 1 2 1 2... 0,    and   0.P p pC C C C C C         Therefore, 2pC  is the error constant and  2 2

2

p p

p nC h y x 

 is the 

principal local truncation error at the point nx  . 

The local truncation error over the selected interval is defined to be the difference between the result 1nY  of 

the proposed method supposing all the previous values are accurate, and the solution is given by 1
ˆ
nY  . Hence, 

the local truncation error  

1 1 1
ˆ ,n n nY Y      

where  

 

 
1

5 1 1
, , , ..., 1 ,

74 4 2ˆ .
5 1 1

, , , ..., 1
74 4 2

T

n n n n

n

n n n n

y x h y x h y x h y x

Y

y x h y x h y x h y x



      
         

      
      
            
      

   (20) 

Supposing that  ny x is sufficiently differentiable, the expressions 

       ,    and n i n i n i n iy x v h y x v h f x v h y x v h       can be written in Taylor series polynomial about the 

point nx  to obtain the following forms: 

   
   

   
   

   
   

0

1

0

2

0

,
!

, 
!

.
!

k

k n

n i i

k

k

k n

n i i

k

k

k n

n i i

k

y x
y x v h v h

k

y x
y x v h v h

k

y x
y x v h v h

k














  





   


  









          (21) 
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Assuming all that the inputs to the method are exactly correct, then the main and additional methods 

becomes 

 

 

1
2 2 ( 2)

0

1 0

21
2 2

0

0 1

1
2

0

( ) ( ) ( ) ( ) ( ) ( ) ,
!

( )
( ) ( ) ( ) ( ) ( ) ,

!

( ) ( ) ( )

n i

k
r s

i k

x v n i n n j n

j k

kr s
k n

n i n n j i

k j

r s

n i n j

j

v h
y y x v hy x h i y x h i y x

k

y x
y x v hy x h i y x h i v h

k

y x v hy x h i y

 

 



  




 

  

 

 



 
      

  

 
      

 

 
     

 

 

 



 

 

1

1 2 2

1

1
( 2)

0

1 0

21

0

0 1

( )

( ) ( ),           
!

( ) ( ) ( ) ( ) ( ) ,
!

( )
( ) ( ) ( ) ( ) ,

!

n i

r s
k

i j

j k k

n n

k

k
r s

i k

x v n n j n

j k

kr s
kk n

n n i j

k j

v i

x h y x
k

v h
y y x h i y x h i y x

k

y x
y x h i y x h v i h

k



 

 

 


  



  




 

  

 

 
 
 



 
        

  

 
       

 




 

 

1

1
1 1 2

0 1

               (22)

                                        

( )

( ) ( ) ( ) ( ),
!

r s
k

i j
r s

j k k

n n j n

j k

v i

y x hy x i h y x
k





 

  
  

 





















 

  
         
  


 

 

the LTEs and order  p is shown below. 

For HBNTM with five (5) off-grid points ( 5w  ), gives 

 

 

 

 

 

(9) (9) 10

(9) (9) 10

(9) (9) 10

(9) (9) 10

(9) (9

28132172125
( ) O

1207309213103041069056

147697
( ) O

651143046758400

43
( ) O

317940940800
;

351
( ) O

8038803046400

109474638723

372626300340444774400

n

h y x h

h y x h

h y x h

y x h

h y x h

h y



 





   


 

 

) 10

(9) (9) 10

( ) O

43
( ) O

158970470400

x h

h y x h













 






     (23)  

showing that the proposed method with 5w   has order with at least 7p  . 

0 1 8
ˆ ˆ ˆ... 0  C C C    and 

9

28132172125 147697 43
, , ,

1207309213103041069056 651143046758400 317940940800ˆ
351 109474638723 43

, ,
8038803046400 372626300340444774400 158970470400

C

 
 
 
 
 
 

. 

3.2. Definition 1 (Consistency of the method) 

The proposed (BHNTM) method is said to be consistent if the order of the method is greater than or equal to 

one, that is if 1p  . 

In addition to: 
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i.  1 0    and     

ii.     1 1   where       and  z z  are first and second characteristic polynomial respectively 

defined as    
0 0

 =   and  
k k

j j

j j

j j

z z z z   
 

   where  z satisfies  

iii. 
0

 0  
k

j

j




  ii.         1 1 0   and   1 2! 1        

Definition 2 (Stability of the method) 

Zero-stability is a property concerned with the method when limiting the step size to zero. Thus as the step 

size tends to zero in the main method (8) – (13), the following system of equations:  
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y y
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











 





 


 





 

          (24) 

which can be written in matrix form as  

0 1

1 0,i iA Y A Y             (25)  

5
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1

4

1

2

3

4
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1

0
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1 0 0 0 0 0 0 0 0 0 0 1

0 1 0 0 0 0 0 0 0 0 0 1

0 0 1 0 0 0 0 0 0 0 0 1
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0 0 0 0 1 0 0 0 0 0 0 1

0 0 0 0 0 1 0 0 0 0 0 1
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 
    
    
    
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      
    
    
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    
 
 
 
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n
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n

y

y

y

y

y

y



 
 
 
 
 
 
 
 
 
 
 

 

Following Ajinuhi et al. (2023), a method is said to be zero stable if the root ir  of the first characteristic 

polynomial 0( ) =det ir A r A   does not exceed one ( 1ir  ). 

The first characteristic polynomial of the BHNTM is given by  

 5 1 0.r r              (26) 

The roots of (26) are 0,0,0,0,0,1r   in which none of them is greater than one. Therefore, the BHNTM is 

zero-stable. 
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Definition 3 (Convergence of the method) 

Let  y x denote the exact solution of the given boundary value problem and let  
0

N

j j
y


be the 

approximations obtained with the developed numerical strategy. The method is said to be convergent of 

order   if, for a sufficiently small  , there exists a constant K independent of  , such that: 

 
0
max p

j j
j N

y x y Kh
 

  .  

Note that  
0
max 0p

j j
j N

y x y Kh
 

   as 0h  

Theorem 1 (Convergence theorem). Let  y x be the exact solution (1) with boundary conditions in (2), and 

 
0

N

j j
y


the discrete solution provided by the proposed BHNTM, the proposed method is convergent to order 

seven. 

Proof. Following Mufutau and Ramos (2021), the matrix D of dimension       given by: 

1,1 1,2 1,2

2 ,1 2 ,2 2 ,2

.. ...

. . . . .
,

. . . . .

... .

N

N N N N

D D D

D

D D D

 
 
 
 
  
 

 

where the elements ,i jD are  

The necessary and sufficient conditions for the proposed k-step Hybrid Block Nyström -Type method to be 

convergent are that, it must be consistent and zero stable according to Dahlquist (Lambert, 1973). Hence, by 

definitions 1 and 2 the method is convergent. 

4.0. Implementation of the method 

Considering the application of the derived schemes here to the Bratu’s problem with Robin (Impedance) 

boundary condition for the efficiency and accuracy of the method implemented as block method. 

Example 1: Consider the nonlinear second order Bratu problem  

   2
0,     0 1

y x
y x e x

      

 with boundary conditions: 

 (0) (0) 1  and  (0) (0) 0.5 ln 2y y y y      . 

Exact solution:     ln 1y x x   

Source: Nasir et al. (2018). 

4.1. Region of Absolute Stability 

The absolute stability region of the newly constructed block hybrid Nyström –type method (8) – (13) is 

plotted using the boundary locus method. 
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Figure 4.1: Region of Absolute Stability for BHNTM with five hybrid points. 

Table 2: Comparison of Numerical result for Bratu problem with Impedance condition with the 

Proposed          when      

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

 

  Exact solution 
Phang et 

al. (2011) 

Majid et 

al. (2011) 

Nasir et 

al., (2018) 

Oguniran et 

al. (2023) 
         

0.0 0.00 
2.07 × 

10
−06

 

1.18 × 

10
−05

 
0.00 0.00 

1.12 × 

10
−14

 

0.1 0.18232155679 
1.77 × 

10
−06

 

1.25 × 

10
−05

 

5.30 × 

10
−07

 
1.25 × 10

−13
 

4.98 × 

10
−15

 

0.2 0.26236424447 
1.62 × 

10
−06

 

1.36 × 

10
−05

 

9.48 × 

10
−07

 
2.33 × 10

−13
 

2.23 × 

10
−15

 

0.3 0.33647223662 
2.03 × 

10
−06

 

1.46 × 

10
−05

 

1.66 × 

10
−06

 
7.38 × 10

−13
 

9.61 × 

10
−16

 

0.4 0.40546510811 
2.36 × 

10
−06

 

1.47 × 

10
−05

 

1.33 × 

10
−06

 
5.66 × 10

−13
 

3.43 × 

10
−16

 

0.5 0.47000362925 
2.39 × 

10
−06

 

1.44 × 

10
−05

 

1.53 × 

10
−06

 
2.96 × 10

−13
 

3.29 × 

10
−17

 

0.6 0.53062825106 
2.39 × 

10
−06

 

1.37 × 

10
−05

 

1.34 × 

10
−06

 
6.81 × 10

−13
 

1.24 × 

10
−16

 

0.7 0.58778666490 
2.29 × 

10
−06

 

1.29 × 

10
−05

 

1.38 × 

10
−06

 
8.66 × 10

−13
 

2.20 × 

10
−16

 

0.8 0.64185388617 
2.18 × 

10
−06

 

1.20 × 

10
−05

 

1.25 × 

10
−06

 
1.23 × 10

−13
 

2.38 × 

10
−16

 

0.9 0.69314718056 
2.03 × 

10
−06

 

1.10 × 

10
−05

 

1.23 × 

10
−06

 
5.48 × 10

−12
 

2.51 × 

10
−16

 

1.0 0.09531017980 
1.88 × 

10
−06

 

1.01 × 

10
−05

 

1.14 × 

10
−06

 
9.30 × 10

−12
 

2.52 × 

10
−16
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Discussion or results 

This research study aims to develop an implicitly continuous k-step Block Hybrid Nyström-Type Method 

using the power series polynomial with five hybrid points generated via the Bhaskara Cosine approximation 

formula to solve the Bratu problem with impedance boundary conditions. In order to access the accuracy of 

the proposed method, the present numerical results were compared with methods presented by Nasir et al. 

(2018) and Oguniran et al. (2023). 

Table 2 shows clearly that the proposed (BHNTM1,5) method requires no initial guess as recorded by Nasir 

et al. (2018) for solving example 1. Thus, as a result of this efficient performance, the proposed (BHNTM1,5) 

method outperforms the existing methods found in literature in terms of error and accuracy and would rather 

be preferred in applications. 

Conclusion  

This study presents a single-step implicitly continuous Block Hybrid Nyström-Type Method of order seven 

to solve directly the nonlinear second order Bratu problem with impedance boundary conditions. The 

BHNTM are applied as simultaneous numerical integrator over non-overlapping subintervals and hence they 

present more accurate results when compared to methods found in literature. The method proposed is 

A(alpha) stable which makes the methods suitable for solving any kind of two-point boundary value 

problems with mixed boundary condition. However, future research will be to adopt the method to solve 

other forms of the two-point boundary value problems with mixed boundary conditions. Overview from the 

result showed a significant finding that the proposed Hybrid Block Nyström -Type Method gives an efficient 

and faster time of execution with better accuracy than the other methods found in literature. The proposed 

method outperforms the existing methods and can handle any kind of Impedance boundary conditions 

problems.  
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