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Abstract 

In this paper the stability by using the direct method for some 

Lyapunov functions was applied to the system of fractional-

differential-integral Riemann- Liouville type and the results 

explain the role of the Lyapunov in achieving stability. Some 

examples have been given to support the results. 
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---------------------------------------------------------------------***---------------------------------------------------------------------
 

Introduction: 

Stability is the first question in the theory of dynamic systems, and the study of stability worked for the 

first time in mechanics, because of the urgent need to study the equilibrium of systems and raise some 

questions about the motives of stability to introduce new mathematical concepts in general geometry, 

especially control engineering. 

The theory of stability was of great importance to Scientists specializing in mathematics and scientists 

specializing in astronomy for a long time from the years and had a catalyst effect in these fields as the 

beginning was in problem to prove that the solar system is stable and the issue of analyzing the stability of 

differential equations still attracts the attention of many specialists despite its long history so the theory of 

stability in the modern era has become widely used in physics, astronomy, chemistry and even in biology. 
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In 1892, the Russian scientist Lyapunov published his doctoral thesis entitled The General Question of 

Movement Stability, which included many fruitful ideas and important results. 

With these results, it became possible to divide the history of stability into two periods, the first before 

Lyapunov and the second after it, as it provided a precise definition of the stability of the movement as well 

as providing the two basic methods for analyzing stability issues. 

exponentially stable of composite fractional Riemann-Liouville differential-integral system. 

𝐷 
𝛼1

 
𝑅 𝐷 

𝛼2𝑧(𝑣) = 𝐴𝑧(𝑣) + 𝑓(𝑡, 𝑧(𝑣), 𝐷 
𝛾1𝑧(𝑣)) 𝑔̃(𝑡, 𝑧(𝑣), 𝐼𝛾2 

𝑅 𝑧(𝑣)) 
𝑅                                            (1.1) 

𝐷 
𝛼1+𝛼2−1𝑧(𝑣) |𝑡=0 = 𝑥0

𝑅  

𝐷 
𝛼1+𝛼2−2𝑧(𝑣) |𝑡=0 = 𝑥̃0

𝑅  

𝐷 
𝛼2−1𝑧(𝑣) |𝑡=0 = 𝑥̃̃0

𝑅  

Remark 1.1. 

𝐷𝑡
𝛼

0
𝑅𝐿 ( 𝐷𝑡

𝛽
𝑓(𝑡)) = 𝐷𝑡

𝛼+𝛽
𝑓(𝑡) −∑[ 𝐷𝑡

𝛽−𝑗
𝑓(𝑡)0

𝑅𝐿 ]
𝑡=0

𝑡−𝛼−𝑗

Γ(1 − 𝛼 − 𝑗)

𝑚

𝑗=1

0
𝑅𝐿

0
𝑅𝐿  

Where 𝑛 − 1 ≤ 𝛼 < 𝑛,   𝑚 − 1 ≤ 𝛽 < 𝑚  and   𝑚, 𝑛 ∈ ℕ 

Lemma 1.1. Let 𝑥 = 0 be an equilibrium point for the system (1.1), and 

𝐷 ⊂ ℝ𝑛 be a domain including the origin. 

Assume 𝒗(𝜈, 𝑥(𝑣)): [0.∞) × 𝐷 → ℝ  be a continuously differentiable function and locally Lipschitz 

such that 

(i) 𝜁1‖𝑥‖
𝑐 ≤ 𝒗(𝜈, 𝑥(𝑣)) ≤ 𝜁2‖𝑥‖

𝑐𝑑                                                                                     (1.2) 

(ii) 𝐷 
𝛼

 
𝑅 𝐷 

𝛽
 
𝑅 𝒗(𝑣, 𝑥(𝑣)) ≤ −𝜁3‖𝑥‖

𝑐𝑑                                                                                    (1.3) 

In which 𝑣 ≥ 0, 𝑥 ∈ 𝐷, 𝛼, 𝛽 ∈ (0,1), 𝜁1, 𝜁2, 𝜁3, 𝑐 and d  are arbitrary positive constants. 

Then 𝑧 = 0 is exponentially stable. If (i) (ii)holds globally on ℝ𝑛, then 𝑥 = 0 is globally exponential 

stable. 
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Proof:  from (1.2) and (1.3), we have: 

𝐷 
𝛼𝑅 𝐷 

𝛽
 
𝑅 𝒗(𝑣, 𝑥(𝑣))   = 𝐷 

𝛼+𝛽 𝒗(𝑣, 𝑥(𝑣)) − ∑[ 𝐷𝑣
𝛽−𝑗

𝒗(𝑣, 𝑥(𝑣)) 
𝑅 ]

𝑡=0

𝑣−𝛼−𝑗

𝛤(1 − 𝛼 − 𝑗)
≤ −𝜁3‖𝑥‖

𝑐𝑑

𝑚−1

𝑗=1

 
𝑅  

𝐷𝑅  
𝛼+𝛽 𝒗(𝑣, 𝑥(𝑣)) ≤ −𝜁3‖𝑥‖

𝑐𝑑 + ∑[ 𝐷𝑣
𝛽−𝑗

𝒗(𝑣, 𝑥(𝑣)) 
𝑅 ]

𝑣=0

𝑚−1

𝑗=1

 
𝑣−𝛼−𝑗

𝛤(1 − 𝛼 − 𝑗)
 

𝐷𝑅  
𝛼+𝛽 𝒗(𝑣, 𝑥(𝑣)) ≤ −

𝜁3
𝜁2
 𝒗(𝑣, 𝑥(𝑣)) + ∑[ 𝐷𝑣

𝛽−𝑗
𝒗(𝑣, 𝑥(𝑣)) 

𝑅 ]
𝑣=0

𝑣−𝛼−𝑗

𝛤(1 − 𝛼 − 𝑗)

𝑚−1

𝑗=1

 

𝐷𝑅  
𝛼+𝛽 𝒗(𝑣, 𝑥(𝑣)) + 𝐾(𝑣) 

= −
𝜁3

𝜁2
 𝒗(𝑣, 𝑥(𝑣)) + ∑ [ 𝐷𝑣

𝛽−𝑗
𝒗(𝑣, 𝑥(𝑣)) 

𝑅 ]
𝑣=0

𝑣−𝛼−𝑗

𝛤(1−𝛼−𝑗)
𝑚−1
𝑗=1                                                          (1.4) 

 

By Laplace transform for both sides of (1.4) we get 

ℒ[ 𝐷 
𝑅

 
𝛼+𝛽𝒗(𝑣, 𝑥(𝑣)) + 𝐾(𝑣)] 

= ℒ [−
𝜁3
𝜁2
 𝒗(𝑣, 𝑥(𝑣)) + ∑[ 𝐷𝑣

𝛽−𝑗
𝒗(𝑣, 𝑥(𝑣)) 

𝑅 ]
𝑣=0

𝑣−𝛼−𝑗

𝛤(1 − 𝛼 − 𝑗)

𝑚−1

𝑗=1

] 

ℒ[ 𝐷 
𝑅

 
𝛼+𝛽𝒗(𝑣, 𝑥(𝑣))] + ℒ[𝐾(𝑣)] 

= −
𝜁3
𝜁2
 ℒ[𝒗(𝑣, 𝑥(𝑣))] + ℒ [∑[ 𝐷𝑣

𝛽−𝑗
𝒗(𝑣, 𝑥(𝑣)) 

𝑅 ]
𝑣=0

𝑣−𝛼−𝑗

𝛤(1 − 𝛼 − 𝑗)

𝑚−1

𝑗=1

] 

𝑠𝛼+𝛽ℒ[𝒗(𝑣, 𝑥(𝑣))] −∑ 𝑠𝑗[ Dv
α−j−1

𝒗(v, x(v)) 
R ]

𝑣=0
+ ℒ[𝐾(𝑣)] =

𝑛−1

𝑗=0

−
ζ3
ζ2
 ℒ[𝒗(𝑣, 𝑥(𝑣))]

+ ℒ [∑[ Dv
β−j
𝒗(v, x(v)) 

R ]
v=0

v−α−j

Γ(1 − α − j)

n−1

j=1

] 
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(𝑠𝛼+𝛽 +
ζ3
ζ2
) ℒ[𝒗(𝑣, 𝑥(𝑣))]

= ∑ 𝑠𝑗[ Dv
α−j−1

𝒗(v, x(v)) 
R ]

𝑣=0
− ℒ[𝑘(𝑣)] +

𝑛−1

𝑗=0

ℒ [∑ [ Dv
β−j
𝒗(v, x(v)) 

R ]
v=0

v−α−j

Γ(1 − α − j)

m−1

j=1

] 

Let 𝑁 ≔ 𝑁(𝑠, ζ ) = (𝑠𝛼+𝛽 +
ζ3

ζ2
)𝑁 𝒗(𝑠) = ∑ 𝑠𝑗[ Dv

α−j−1
𝒗(v, x(v)) 

R ]
𝑣=0

− 𝐾(𝑠)
 

𝑛−1
𝑗=0 +

ℒ [∑ [ Dv
β−j
𝒗(v, x(v)) 

R ]
v=0

v−α−j

Γ(1−α−j)
m−1
j=1 ] 

𝒗(𝑠) =
1

𝑁
[∑𝑠𝑗[ Dv

α−j−1
𝒗(v, x(v)) 

R ]
𝑣=0

𝑛−1

𝑗=0

] −
1

𝑁
𝐾(𝑠) 

+
1

𝑁
ℒ [∑ [ Dv

β−j
𝒗(v, x(v)) 

R ]
v=0

v−α−j

Γ(1 − α − j)

m−1

j=1

] 

If Dv
α−j−1

𝒗(v, x(v 
R ))|𝑣=0 = 0        and         Dv

β−j
𝒗(v, x(v))|𝑣=0 = 0 

R   then 

The solution (1.1) is a zero solution 

If Dv
α−j−1

𝒗(v, x(v 
R )|𝑣=0 ≠ 0          and        Dv

β−j
𝒗(v, x(v))|𝑣=0 ≠ 0 

R   then 

𝒗(𝑠) = ∑
𝑎𝑗𝑠

𝑗

𝑁
− 
𝐾(𝑠)

𝑁
+ ∑

𝑏𝑗𝑠
𝛼+𝑗−1

𝑁

𝑚−1

𝑗=1

𝑛−1

𝑗=0

 

𝒗(𝑠) = ∑
𝑎𝑗𝑠

𝑗

𝑁

𝑛−1

𝑗=0

+ ∑ 𝑏𝑗
𝑠𝛼+𝑗−1

𝑁
−
𝐾(𝑠)

𝑁

𝑚−1

𝑗=1

 

Now, we have to prove ℒ−1 {
𝐾(𝑠)

𝑁
} is nonnegative 

ℒ−1 {
𝐾(𝑠)

𝑁
} =  ℒ−1 {

𝐾(𝑠)

𝑠𝛼+𝛽 +
ζ3
ζ2

}    =  ℒ−1 {
𝐾(𝑠)

ζ2𝑠𝛼+𝛽 + ζ3
ζ2

}   =  ℒ−1 {
𝐾(𝑠)ζ2

ζ2𝑠𝛼+𝛽 + ζ3
}      

= ζ2ℒ
−1 {

𝐾(𝑠)

𝑠𝛼+𝛽 + ζ2
}  =  ζ2ℒ

−1 {
𝐾(𝑠 − ζ2)

𝑠𝛼+𝛽
}  =  ζ2ℒ

−1 {
ℒ(𝑒ζ2𝐾(𝑣))

𝑠𝛼+𝛽
} 
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= 𝜁2𝑒
𝜁2ℒ−1 {

ℒ(𝐾(𝑣))

𝑠𝛼+𝛽
}                                                                                          (1.5) 

Using ℒ−1{𝑠𝛼+𝛽𝑀(𝑠)} = 𝑚′(𝑣) + 𝑚(0) , 

we have that ℒ−1 {
𝑠𝐾(𝑠)

𝑠𝛼+𝛽+ζ2
} = 𝑝′(𝑣) + 𝑝(0) 

Where 𝑝(𝑣) = ℒ−1 {
𝐾(𝑠)

𝑠𝛼+𝛽+ζ2
} =  𝑒ζ2 ∫ 𝐾(𝑧)𝑑𝑧

𝑣

0
≥ 0   and 𝑝(0) = 0 

Thus 𝑝′(𝑣) = 𝑒ζ2𝐾(𝑣) ≥ 0 

therefore (1.5) is nonnegative, so, we get  ℒ−1 {
𝐾(𝑠)

𝑁
} is nonnegative, we have that 

𝒗(𝑣, 𝑥(𝑣)) ≤ ℒ−1(∑
𝑎𝑗𝑠

𝑗

𝑁

𝑛−1

𝑗=0

) + ∑
𝑏𝑗𝑣

−𝛼−𝑗

𝑁Γ(1 − 𝛼 − 𝑗)

𝑚−1

𝑗=1

 

𝒗(𝑣, 𝑥(𝑣)) ≤ ∑
𝑎𝑗

𝑣𝑗𝑁
+𝑛−1

𝑗=0 ∑
𝑏𝑗𝑣

−𝛼−𝑗

𝑁Γ(1−𝛼−𝑗)

𝑚−1
𝑗=1                                                                                     (1.6) 

From (1.6) and (1.5), we get that 

‖𝑥(𝑣)‖ ≤ ∑
𝑎𝑗

ζ1𝑣𝑗𝑁
+

𝑛−1

𝑗=0

∑
𝑏𝑗𝑣

−𝛼−𝑗

ζ1𝑁Γ(1 − 𝛼 − 𝑗)

𝑚−1

𝑗=1

 

Thus, then 𝑥(𝑣) is exponentially stable. 

Theorem 1.1. Let 𝒗(𝑣, 𝑥(𝑣)): 𝛺 ⟶ 𝑅 and 𝑥(𝑣): [𝑣_0,∞] ⟶ 𝛺 are continuous differentiable functions, 

Ω ⊂ ℝ𝑛 and 𝒗(𝑣, 𝑥(𝑣)) is convex over Ω . Then 

𝐷𝑣
ζ1

𝑣0
𝑅 𝐷𝑣

ζ2
𝑣0
𝑅 𝒗(𝑥(𝑣)) ≤ (

𝜕𝒗

𝜕𝑥
)
𝑇

𝐷𝑣
ζ1

𝑣0
𝑅 𝐷𝑣

ζ2
𝑣0
𝑅 𝑥(𝑣),         ∀ ζ1, ζ2 ∈ (0,1)                                             (1.7) 

Proof.  From (1.7), we have that 

𝐷𝑣
ζ1

𝑣0
𝑅 𝐷𝑣

ζ2
𝑣0
𝑅 𝒗(𝑥(𝑣)) − (

𝜕𝒗

𝜕𝑥
)
𝑇

𝐷𝑣
ζ1

𝑣0
𝑅 𝐷𝑣

ζ2
𝑣0
𝑅 𝑥(𝑣) ≤ 0                                                                        (1.8) 
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𝐷𝑣
ζ1+ζ2

𝑣0
𝑅 𝒗(𝑥(𝑣)) −∑[ 𝐷𝑣

ζ2−𝑗
𝑣0
𝑅 𝒗(𝑥(𝑣))

𝑚

𝑗=1

 |𝑣=0
𝒗−ζ1−𝑗

Γ(1 − ζ1 − 𝑗)

− (
𝜕𝒗

𝜕𝑥
)( 𝐷𝑣

ζ1+ζ2
𝑣0
𝑅 𝑥(𝑣) −∑[ 𝐷𝑣 

ζ2−𝑗
𝑣0
𝑅 𝑥(𝑣)

𝑚

𝑗=1

 |𝑣=0
𝒗−ζ1−𝑗

Γ(1 − ζ1 − 𝑗)
) 

= 𝐷𝑣
ζ1+ζ2

𝑣0
𝑐 𝒗(𝑥(𝑣)) +∑𝒗(0)

𝒗1−(ζ1+ζ2)

Γ(1 + j − (ζ1 + ζ2))
  

𝑛−1

𝑗=0

 

−∑ [ 𝐷 𝑣
ζ2−𝑗

𝑣0
𝑅 𝒗(𝑥(𝑣))𝑚

𝑗=1  |𝑣=0
𝒗−ζ1−𝑗

Γ(1−ζ1−𝑗)
− (

𝜕𝒗

𝜕𝑥
)   ,    𝑛 = ⌈ζ1 + ζ2⌉ + 1 

( 𝐷𝑣
ζ1+ζ2

𝑣0
𝑐 𝑥(𝑣) +∑𝑣𝑗(0)

𝑣1−(ζ1+ζ2)

Γ(1 + j − (ζ1 + ζ2))
  −∑[ 𝐷 𝑣

ζ2−𝑗
𝑣0
𝑅 𝑥(𝑣)

𝑚

𝑗=1

 |𝑣=0
𝑉−ζ1−𝑗

Γ(1 − ζ1 − 𝑗)

𝑛−1

𝑗=0

) 

(𝜁1 + 𝜁2)𝑀(𝜁1 + 𝜁2)

1 − (𝜁1 + 𝜁2)
∫𝒗′(𝑥(𝑠)) 𝑒𝑥𝑝 [−

(𝜁1 + 𝜁2)

1 − (𝜁1 + 𝜁2)
(𝑣 − 𝑠)] 𝑑𝑠

𝑡

𝑡0

 

+∑𝑣𝑗(0)
𝒗1−(ζ1+ζ2)

Γ(1 + j − (ζ1 + ζ2))
  

𝑛−1

𝑗=0

−∑[ 𝐷 𝑣
ζ2−𝑗

𝑣0
𝑅 𝒗(𝑥(𝑣))

𝑚

𝑗=1

 |𝑣=0
𝒗−ζ1−𝑗

Γ(1 − ζ1 − 𝑗)
 

−(
𝜕𝒗

𝜕𝑥
)(
(𝜁1 + 𝜁2)𝑀(𝜁1 + 𝜁2)

1 − (𝜁1 + 𝜁2)
∫ 𝑥′(𝑠)𝑒𝑥𝑝 [

−(𝜁1 + 𝜁2)

1 − (𝜁1 + 𝜁2)
(𝑡 − 𝑠)] 𝑑

𝑣

𝑣0

+∑𝒗𝑗(0)
𝒗1−(ζ1+ζ2)

Γ(1 + j − (ζ1 + ζ2))
 −∑[ 𝐷 𝑣

ζ2−𝑗
𝑣0
𝑅 𝑥(𝑣)

𝑚

𝑗=1

 |𝑣=0
𝒗−ζ1−𝑗

Γ(1 − ζ1 − 𝑗)

𝑛−1

𝑗=0

) ≤ 0 

If  𝑥(0) = 0,            𝒗(𝑥(0)) = 0,        𝐷 𝑣
ζ2−𝑗

𝑣0
𝑅 𝑥(𝑣) |𝑣=0 = 0 

and   𝐷 𝑣
ζ2−𝑗

𝑣0
𝑅 𝒗(𝑥(𝑣)) |𝑣=0 = 0 

Then, 

(𝜁1+𝜁2)

1−(𝜁1+𝜁2)
∫ (

𝜕𝒗(𝑥(𝑠))

𝜕𝑧
−
𝜕𝒗(𝑥(𝑣))

𝜕𝑣
) . 𝑥′(𝑠) 𝑒𝑥𝑝 [−

(𝜁1+𝜁2)

1−(𝜁1+𝜁2)
(𝑣 − 𝑠)] 𝑑𝑠

𝑣

𝑣0
≤ 0                                      (1.9) 
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Suppose that 𝛷(𝑠, 𝑣) = 𝒗(𝑥(𝑠)) − 𝒗(𝑥(𝑣)) − (
𝜕𝒗

𝜕𝑥
)
𝑇
(𝑥(𝑠) − 𝑥(𝑣)) 

Then (1.9) become to 

(𝜁1 + 𝜁2)𝑀(𝜁1 + 𝜁2)

1 − (𝜁1 + 𝜁2)
∫

𝑑

𝑑𝑠
Φ(𝑠, 𝑣) 𝑒𝑥𝑝 [−

𝜁1 + 𝜁2
1 − (𝜁1 + 𝜁2)

(𝑣 − 𝑠)] 𝑑𝑠
𝑣

𝑣0

 

=
(𝜁1 + 𝜁2)𝑀(𝜁1 + 𝜁2)

1 − (𝜁1 + 𝜁2)
∫𝑑[Φ(𝑠, 𝑣)] 𝑒𝑥𝑝 [−

𝜁1 + 𝜁2
1 − (𝜁1 + 𝜁2)

(𝑣 − 𝑠)] 𝑑𝑠 ≤ 0

𝑣

𝑣0

 

 

Thus 

(𝜁1+𝜁2)𝑀(𝜁1+𝜁2)

1−(𝜁1+𝜁2)
∫ 𝑑[Φ(𝑠, 𝑣)] 𝑒𝑥𝑝 [−

𝜁1+𝜁2

1−(𝜁1+𝜁2)
(𝑣 − 𝑠)] 𝑑𝑠

𝑣

𝑣0
                                                        (1.10) 

=
(𝜁1 + 𝜁2)𝑀(𝜁1 + 𝜁2)

1 − (𝜁1 + 𝜁2)
[−𝑒𝑥𝑝 [−

𝜁1 + 𝜁2
1 − (𝜁1 + 𝜁2)

(𝑣 − 𝑣0)]Φ(𝑣0, 𝑣)

−
𝜁

1 − 𝛼
∫Φ(𝑠, 𝑣) 𝑒𝑥𝑝 [−

𝜁1 + 𝜁2
1 − (𝜁1 + 𝜁2)

(𝑣 − 𝑠)] 𝑑𝑠

𝑣

𝑣0

] 

From the convexity of 𝒗(𝑣, 𝑥(𝑣)), we get Φ(𝑠, 𝑣) ≥ 0 

 

Thus 

(𝜁1 + 𝜁2)𝑀(𝜁1 + 𝜁2)

1 − (𝜁1 + 𝜁2)
[−𝑒𝑥𝑝 [−

𝜁1 + 𝜁2
1 − (𝜁1 + 𝜁2)

(𝑣 − 𝑣0)]Φ(0, 𝑣)

−
𝜁1 + 𝜁2

1 − (𝜁1 + 𝜁2)
∫Φ(𝑠, 𝑣) 𝑒𝑥𝑝 [−

𝜁1 + 𝜁2
1 − (𝜁1 + 𝜁2)

(𝑣 − 𝑠)] 𝑑𝑠

𝑣

𝑣0

] ≤ 0 
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The following result gives the interesting result of the globally exponential stable for differential integral 

fractional system 

Theorem 1.2. Let 𝑥 = 0 be the equilibrium point of (1.1) suppose that there exists a Lyapunov function 

𝒗(𝑣, 𝑥(𝑡)) and locally Lipchitz on 𝑋, such that 

𝛾1‖𝑥‖
𝑐 ≤ 𝒗(𝑣, 𝑥(𝑣)) ≤ 𝛾2‖𝑥‖

𝑐 

(
𝜕𝒗

𝜕𝑥
)
𝑇

(𝐴𝑥(𝑣)) + 𝑓(𝑡, 𝑥(𝑣), 𝐷 
𝛾1𝑥(𝑣) 

𝑅 ) ≤ −𝛾3‖𝑥‖
𝑐𝑑 

where 𝛾1, 𝛾2, 𝛾3, 𝑐 and 𝑑 are arbitrary positive constants. Then, 𝑥 = 0 is a globally exponential stable. 

Proof.  By theorem (1.1), we get 

𝐷 𝑣
𝜁1

𝑣0
𝑅 𝐷 𝑣

𝜁2𝒗(𝑥(𝑣)) ≤ (
𝜕𝒗

𝜕𝑥
)
𝑇

𝑣0
𝑅 𝐷 𝑣

𝜁1 𝐷 𝑣
𝜁2𝑥(𝑣)𝑣0

𝑅
𝑣0
𝑅  

= (
𝜕𝒗

𝜕𝑥
)
𝑇

(𝐴𝑥(𝑣)) + 𝑓(𝑡, 𝑥(𝑣), 𝐷 
𝛾1𝑥(𝑣) 

𝑅 ) ≤ −𝛾3‖𝑥‖
𝑐𝑑 

By lemma (1.1), 𝑥 = 0 is globally exponentially stable. 

Lemma 1.2. Let 𝑥(0) = 𝑢(0) and 𝐷 
𝜁1

𝑣0
𝑅 𝐷 𝑣

𝜁2𝑥(𝑣)𝑣0
𝑅 ≥ 𝐷 

𝜁1
𝑣0
𝑅 𝐷 

𝜁2𝑢(𝑣)𝑣0
𝑅  

Where 𝜁1 + 𝜁2 ∈ (0.1) then 𝑥(𝑢) ≥ 𝑢(𝑣) 

Proof.  In fact      𝐷 
𝜁1

𝑣0
𝑅 𝐷 

𝜁2𝑥(𝑣) = 𝜓(𝑣) + 𝐷 
𝜁1

𝑣0
𝑅 𝐷 

𝜁2𝑢(𝑣)𝑣0
𝑅

𝑣0
𝑅  

By using the fractional Laplace transform operator, we get 

ℒ( 𝐷 
𝜁1

𝑣0
𝑅 𝐷 

𝜁2𝑥(𝑣)𝑣0
𝑅 ) 

= ℒ(Ψ(𝑣)) + ℒ( 𝐷 
𝜁1

𝑣0
𝑅 𝐷 

𝜁2𝑢(𝑣)𝑣0
𝑅 ),                       𝜁1 + 𝜁2 < 1 

𝑠𝜁1+𝜁2𝑥(𝑠) = Ψ(𝑣) + 𝑠𝜁1+𝜁2𝑈(𝑠) 
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𝑧(𝑠) = 𝐿𝑥(𝑣),       𝑘(𝑠) = 𝐿Ψ(𝑣), 𝑈(𝑠) = 𝐿𝑢(𝑣), 

we get       𝑥(𝑠) =
Ψ(𝑠)

𝑠𝜁1+𝜁2
+ 𝑈(𝑠) 

By Laplace inverse and by Ψ(𝑣) ≥ 0, we get 

𝑥(𝑣) = 𝐷 
𝜁1+𝜁2

 
𝑅 Ψ(𝑣) + 𝑢(𝑣),      𝑥(𝑣) ≥ 𝑢(𝑣) 

 

Theorem 1.3. Let 𝑥 = 0 be an equilibrium point for the non-autonomous composite fractional-order 

system (1.1) with Lyapunov function 𝒗(𝑣, 𝑥(𝑣)) and class K-function 𝛾𝑖  (𝑖 = 1,2,3) such that 

𝛾1(‖𝑥‖) ≤ 𝒗(𝑣, 𝑥(𝑣)) ≤ −𝛾2(‖𝑥‖)                                                                                        (1.11) 

𝐷 
𝜁1

𝑣0
𝑅 𝐷 

𝜁2𝒗(𝑣, 𝑥(𝑣)) ≤ −𝑣0
𝑅 𝛾3(‖𝑥‖)                                                                                        (1.12) 

Where 𝜁1 + 𝜁2 ∈ (0,1) then 𝑥 = 0 is asymptotically stable. 

Proof. By (1.11) and (1.12), we get 

𝐷 
𝜁1

𝑣0
𝑅 𝐷 

𝜁2𝒗(𝑣, 𝑥(𝑣)) ≤ −𝑣0
𝑅 𝛾2(𝛾2

−1(𝒗(𝑣, 𝑥(𝑣)))                                                                      (1.13) 

By lemma (1.1) implies that 𝒗(𝑣, 𝑥(𝑣)) ≥ 0 then 𝒗(𝑡, 𝑥(𝑡)) ≤ 𝒗(0, 𝑥(0)) 

Now we have two cases 

1. For 𝜖 > 0 such that 𝒗(𝑣, 𝑥) ≥ 𝜖  , 𝑣 ≥ 0 , 0 < 𝜖 < 𝒗(𝑣, 𝑥) ≤ 𝒗(0, 𝑧(0)) , for  𝑣 ≥ 0 

By (1.11), and (1.12) we have 

𝐷 
𝜁1

𝑣0
𝑅 𝐷 

𝜁2𝒗(𝑣, 𝑥(𝑣)) ≤ −𝑣0
𝑅 𝛾3(𝛾2

−1(𝒗(𝑣, 𝑥(𝑣))) ≤ −𝜆𝒗(𝑣, 𝑥(𝑣)) 

where =
𝛾3(𝛾 2

−1𝜀)

𝒗(0,𝑥(0))
> 0 , then  𝒗(𝑣, 𝑥(𝑣)) ≤

𝒗(0,𝑧(0))

2−𝜁1+𝜁2
𝑒
(𝜁1+𝜁2)𝑣

2−𝜁1+𝜁2  

2. Let 𝑣1 ≥ 0 and satisfying 𝒗(𝑣, 𝑥(𝑣)) = 0 

By (1.11), we get 𝑧(𝑣1) = 0 and then 𝑥(𝑣) = 0    for  𝑣 ≥ 𝑣1 
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From (1) which contradicts which hypothesis states that 𝒗(𝑣, 𝑥(𝑣)) ≥ 𝜖 

Thus from (1) and (2) we get 

𝑙𝑖𝑚
𝑣→∞

𝒗(𝑣, 𝑥(𝑣)) = 0  and we get  𝑙𝑖𝑚
𝑣→∞

𝑥(𝑣) = 0 

Lemma 1.3. For 𝑚 < 𝛼 < 𝑚 + 1, 𝑚 ∈ ℕ0,  and 𝑣 ∈ 𝐶𝑚[0, 𝑇],  the following conditions are equivalent: 

i) the fractional derivative 𝐷 
𝛼

 
𝑐 𝑣 ∈ 𝐶[0, 𝑇] exists; 

ii) a finite limit 𝑙𝑖𝑚
𝑡→0

𝑡𝑚−𝛼 (𝑣(𝑚)(𝑡) − 𝑣(𝑚)(0)) =: 𝛾𝑚 exists, and 

𝑠𝑢𝑝
0<𝑡≤𝑇

|∫ (𝑡 − 𝑠)𝑚−𝛼−1 (𝑣(𝑚)(𝑡) − 𝑣(𝑚)(𝑠)) 𝑑𝑠
𝑡

𝜃𝑡
| → 0 as 𝜃 ↑ 1; 

iii) 𝑣(𝑚) has the structure 𝑣(𝑚) − 𝑣(𝑚)(0) = 𝛾𝑚𝑡
𝛼−𝑚 + 𝑣𝑚 where 𝛾𝑚 is a constant,               𝑣𝑚 ∈

ℋ0
𝛼−𝑚[0, 𝑇], 

and     ∫ (𝑡 − 𝑠)𝑚−𝛼−1 (𝑣(𝑚)(𝑡) − 𝑣(𝑚)(𝑠)) 𝑑𝑠 =:𝑤𝑚(𝑡)
𝑡

0
 converges for every 

𝑡 ∈ (0, 𝑇] defining a function 𝑤𝑚 ∈ 𝐶(0, 𝑇] which has a finite limit 

𝑙𝑖𝑚
𝑡→0

𝑤𝑚(𝑡) =:𝑤𝑚(0) 

For 𝑣 ∈ 𝐶𝑚[0, 𝑇] with 𝐷𝐶𝑎𝑝
𝛼 𝑣 ∈ 𝐶[0, 𝑇], it holds ( 𝐷 

𝛼
 
𝑐 𝑣)(0) = 𝛤(𝛼 + 1 −𝑚)𝛾𝑚 , 

( 𝐷 
𝛼𝑐 𝑣)(𝑡) =

1

Γ(𝑚 + 1 − 𝛼)
(𝑡𝑚−𝛼 (𝑣(𝑚)(𝑡) − 𝑣(𝑚)(0)) 

+(𝛼 −𝑚)∫(𝑡 − 𝑠)𝑚−𝛼−1    (𝑣(𝑚)(𝑡) − 𝑣(𝑚)(𝑠))𝑑𝑠

𝑡

0

),          0 < 𝑡 ≤ 𝑇 . 

Theorem 1.4. Let 𝑣 ∈ 𝐶([0, 𝑇],ℝ𝑛),     𝛼 ∈ (0,1),   the following conditions (i), (ii) are equivalent 

(i) The composite fractional derivative 

𝐷 
𝑅

0+
𝛼1 𝐷 
𝑅

0+
𝛼2𝑣 ∈ 𝐶([0, 𝑇], ℝ𝑛) exists, 
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(ii) 𝑙𝑖𝑚
𝑡→0

𝑣(𝑡)−𝑣(0)

𝑡𝛼
= 𝛾 exists, 

and 

𝑠𝑢𝑝
0<𝑡≤𝑇

‖∫ (𝑣(𝑡) − 𝑣(𝜏))(𝑡 − 𝜏)−𝛼𝑑𝜏
𝑡

𝜃𝑡
‖ →0    as  𝜃 → 1 

𝐷0+
𝛼 𝑣(𝑡) = 𝐷𝑡

𝛼𝑓(𝑡) +∑
𝑣(0)(𝑗)𝑡(𝑗−𝛼)

Γ(1 + 𝑗 − 𝛼)

𝑛−1

𝑗=0

0
𝑐𝑅  

=
𝑣(𝑡)−𝑣(0)

𝛤(1−𝛼)𝑡−𝛼
+

𝛼

𝛤(1−𝛼)
∫ (𝑣(𝑡) − 𝑣(𝜏))(𝑡 − 𝜏)−𝛼𝑑𝜏    ,
𝑡

0
    𝑛 − 1 < 𝛼 , 0 < 𝑡 ≤ 𝑇 

𝑣 ∈ 𝐶([0, 𝑇],ℝ𝑛)    and      𝐷0+
𝛼

 
𝑅 𝑣 ∈ 𝐶([0, 𝑇], ℝ𝑛), 𝐷0+

𝛼 (0) = Γ(𝛼 + 1)𝛾 
𝑅  

 

For 𝑣 ∈ 𝐶([0, 𝑇], ℝ𝑛) having fractional derivations. 

Proof. By lemma (1.3), we have that, 𝐷 ⊂ ℝ𝑛 is an open set and 0 ∈ 𝐷, by considering the following 

equation. 

𝐷 
𝛼1

 
𝑅 𝐷 

𝛼2𝑥(𝑣) = 𝐴𝑥(𝑣) + 𝑓(𝑡, 𝑥(𝑣), 
𝑅 𝐷 

𝛾1
 
𝑅 𝑥(𝑣))𝑔(𝑡, 𝑥(𝑣), 𝐼 

𝛾2
 
 𝑥(𝑣))                                    (1.14) 

Where 𝑓: 𝑅+ × 𝐷 × 𝐷 → ℝ𝑛 satisfies the following 

i) 𝑓(𝑡, 0,0)𝑔(𝑡, 0) = 0 

ii) 𝑓(𝑡,∙,∙)𝑔̃(𝑡,∙) locally Lipchitz continuous in 𝑁𝑏ℎ (0) by lemma (1.3), there exists a solution 

with for system (1.1) 

 

Let 𝜑: 𝐼 × ℝ𝑛 → ℝ𝑛,       𝑡 → 𝜑(𝑡, 𝑥0, 𝑥̃0, 𝑥̃0) the solution denoted of the system (1.1) on maximal  

interval of 𝐼 = [0, 𝑡𝑚𝑎𝑥(𝑥°, 𝑥̃°, 𝑥̃°) with 0 < 𝑡𝑚𝑎𝑥(𝑥°, 𝑥̃°, 𝑥̃°) ≤ ∞ 

The following there interesting for using the Lyapunov direct method to give an asymptotically behavior 

solution 

Theorem 1.5. For a given 𝑥0 ∈ ℝ
𝑛,  and 𝑉:ℝ𝑛 → ℝ satisfied, the following 

i) The function 𝑉 definition on ℝ𝑛 convex function and v(0) = 0 

ii) The function 𝑉 defined on ℝ𝑛 and differentiable 

Then 

𝐷0+
𝛼1

 
𝑅 𝐷0+

𝛼2
 
𝑅 𝑉(𝑢(𝑡)) ≤ 〈∇V(u(t)), 𝐷0+

𝛼1
 
𝑅 𝐷0+

𝛼2
 
𝑅 𝑢(𝑡)〉                                                                         (1.15) 

Where ∇V is the gradient of the function 𝑉. 

Proof.  Form 𝑢 ∈ {𝑥0} + 𝐼0+
𝛼1𝐼0+

𝛼2𝐶([0, 𝑇], ℝ𝑛)  thus, 𝜓 ∈ 𝐶([0, 𝑇], ℝ𝑛) such that 
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𝑢 = 𝑥0 + 𝐼0+
𝛼1𝐼0+

𝛼2𝜓   exist and continuous on [0, 𝑇], also from 

𝐷0+
𝛼2

 
𝑅 𝐷0+

𝛼1
 
𝑅 𝑢(0) = 𝑐

𝑡−(𝛼1,−𝛼2)

Γ(1−(𝛼1+𝛼2))
                                                                                               (1.16) 

𝐷0+
𝛼1𝑅 𝐷0+

𝛼2
 
𝑅 𝑢(𝑡) =

𝑢(𝑡) − 𝑢(0)

Γ(1 − 𝛼)

𝑑

𝑑𝑡
𝑡𝛼 +

𝛼

Γ(1 − 𝛼)
∫𝑢(𝑡) − 𝑢(𝜏)(𝑡 − 𝜏)−𝛼𝑑𝜏        

𝑡

0

 

, 0 < 𝑡 ≤ 𝑇                                                                        (1.17) 

Using (i) (ii), and lim
𝑡→0

(𝑉(𝑢(𝑡)) − 𝑉(𝑢(0)))
 

𝑡−𝛼 = (∇𝑉(𝑢(0)), 𝛾)  and from (ii), we get 

sup
0<𝑡≤𝑇

‖∫𝑉(𝑢(𝑡)) − 𝑉(𝑢(𝜏))(𝑡 − 𝜏)−𝛼𝑑𝜏

𝑡

𝜃𝑡

‖ → 0 

And from theorem (1.4) show that 

𝐷0+
𝛼2

 
𝑅 𝐷0+

𝛼1
 
𝑅 𝑉(𝑢(0)) = 𝑐

𝑡−(𝛼1,−𝛼2)

Γ(1+(𝛼1+𝛼2))
  (∇𝑉(𝑢(0)), 𝛾)   for 𝑡 ∈ (0, 𝑇].                                       (1.18) 

𝐷0+
𝛼2

 
𝑅 𝐷0+

𝛼1
 
𝑅 𝑉(𝑢(𝑡)) =

𝑉(𝑢(𝑡)) − 𝑉(𝑢(0))𝑡−𝛼

Γ(1 − 𝛼)
+ 

𝛼

Γ(1 − 𝛼)
∫𝑉(𝑢(𝑡)) − 𝑉(𝑢(𝜏))(𝑡 − 𝜏)−𝛼𝑑𝜏

𝑡

0

 

(1.19) 

From (1.16) and (1.18), we have 

𝐷0+
𝛼1

 
𝑅 𝐷0+

𝛼2
 
𝑅 𝑉(𝑢(0)) = 〈∇𝑉(𝑢(0)), 𝐷0+

𝛼1
 
𝑅 𝐷0+

𝛼2
 
𝑅 𝑢(0)〉                                                                     (1.20) 

For 0 < 𝑡 ≤ 𝑇  using (1.17) and (1.19), we get 
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𝐷0+
𝛼1

 
𝑅 𝐷0+

𝛼2
 
𝑅 𝑉(𝑢(𝑡)) − 〈∇𝑉(𝑢(𝑡)), 𝐷0+

𝛼1
 
𝑅 𝐷0+

𝛼2
 
𝑅 𝑢(𝑡)〉

=
(𝑡)−𝛼𝑉(𝑢(𝑡)) − 𝑉(𝑢(0)) − 〈∇𝑉(𝑢(𝑡)), 𝑢(𝑡) − 𝑢(0)〉

Γ(1 − 𝛼)

+
𝛼

Γ(1 − 𝛼)
∫𝑉(𝑢(𝑡)) − 𝑉(𝑢(𝜏))(𝑡 − 𝜏)−𝛼𝑑𝜏 −

𝑡

0

𝛼

Γ(1 − 𝛼)
∫(∇𝑉(𝑢(𝑡)), 𝑢(𝑡) −  𝑢(𝜏)

𝑡

0

> (𝑡 − 𝜏)−𝛼𝑑𝜏 

(1.21) 

Because V is convex and differentiable, we obtain 

𝑉(𝑢(𝑡)) − 𝑉(𝑢(𝜏)) − 〈∇𝑉(𝑢(𝑡)), 𝑢(𝑡) − 𝑢(𝜏)〉 ≤ 0   for 0 ≤ 𝜏 ≤ 𝑡 ≤ 𝑇 with (1.20), and (1.21) 

We get 

𝐷0+
𝛼1𝑅 𝐷0+

𝛼2
 
𝑅 𝑉(𝑢(𝑡)) ≤ 〈∇𝑉(𝑢(𝑡)), 𝐷0+

𝛼1
 
𝑅 𝐷0+

𝛼2
 
𝑅 𝑢(𝑡)〉  , ∀ 𝑡 ∈ [0, 𝑇] 

The following results are very interesting for an asymptotically stable nonlinear intgro fractional system 

Theorem 1.6. Consider the following composite fractional equation 

𝐷0+
𝛼1𝑅 𝐷0+

𝛼2
 
𝑅 𝑥(𝑡) = 𝑓(𝑡, 𝑥(𝑡), 𝐷𝛾1𝑥(𝑡))𝑔̃(𝑡, 𝑥(𝑡), 𝐼𝛾2𝑥(𝑡)) 

and 𝑓: 𝐷 × 𝑅𝑛 × 𝑅𝑛 satisfies 𝑓(𝑡, 0,0)𝑔̃(𝑡, 0,0) = 0 , and 𝑓, 𝑔 is local Lipchitz continuous in the 

neighborhood of origin. Let 𝑉:ℝ𝑛 → ℝ+  satisfying 

i) The function 𝑉 is convex and differentiable on ℝ+ 

ii) There exist constants 𝑎, 𝑏, 𝐶1, 𝐶2, 𝑟 > 0 such that 

𝐶1‖𝑥‖
𝑎 ≤ 𝑉(𝑥) ≤ 𝐶2‖𝑥‖

𝑏     for all 𝑥 ∈ 𝐵𝑟(0); 

iii) There are constants 𝐶3 ≥ 0 and 𝑐 ≥ 𝑏 such that 

〈∇𝑉(𝑥), 𝑓(𝑡, 𝑥(𝑡), 𝐷𝛾1𝑥(𝑡))𝑔̃(𝑡, 𝑥(𝑡), 𝐼𝛾2𝑥(𝑡))〉 ≤ −𝑐3‖𝑥‖
𝑐 for all  𝑥 ∈ 𝐵𝑟(0)  then 

(a) The trivial solution is stable if 𝐶3 = 0 ; 

(b) The trivial solution is asymptotically stable if 𝐶3 > 0 and 𝑐 ≥ 𝑏 

Proof. By 𝑓(𝑡, 0,0)𝑔̃(𝑡, 0,0) = 0 there is 𝑟1 ∈ (0, 𝑟) such that 𝑓 is Lipschitz continuous on 𝐵𝑟1(0) and 

let 𝐿 be a Lipschitz constant of 𝑓 on 𝐵𝑟1(0) also let 𝐹 be an extended Lipschitz function of 𝑓 such that 

𝐹(𝑡, 𝑥) = 𝑓(𝑡, 𝑥(𝑡), 𝐷𝛾1𝑥(𝑡))𝑔̃(𝑡, 𝑥(𝑡), 𝐼𝛾2𝑥(𝑡)), 𝑥 ∈ 𝐵𝑟1(0) 
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hence, for any 𝜀 ∈ (0, 𝑟1), set 𝛿 =
1

𝐾
(
𝑐1

𝑐2
)1 𝑏⁄ 𝜀𝑎 𝑏⁄ , for 𝐾 > 1 is large enough to 𝛿 < 𝜀. 

Now for 𝑥0 ∈ 𝐵𝛿(0) the solution of 

{
𝐷0+
𝛼1𝑐 𝐷0+

𝛼2
 
𝑐 𝑥(𝑡) = 𝐹(𝑡, 𝑥(𝑡)), 𝑡 > 0

𝑥(0) = 𝑥0
                                                                                          (1.22) 

Is 𝜑̃(. , 𝑥0) and it is unique on the interval [0,∞) and ‖𝜑̃(𝑡, 𝑥0)‖ = 𝜀, put 

𝑡0 ≔ inf {𝑡 > 0: ‖𝜑̃(𝑡, 𝑥0)‖ ≥ 𝜀}, then 𝑡0 > 0 and ‖𝜑̃(𝑡0, 𝑥0)‖ = 𝜀  and 

‖𝜑̃(𝑡, 𝑥0)‖ < 𝜀 ∀𝑡 ∈ (0, 𝑡0) then 𝜑̃ satisfy (i), (ii). 

(a) Suppose that 𝐶3 = 0 from theorem (1.5), we get 

𝐷0+
𝛼1

 
𝑅 𝐷0+

𝛼2
 
𝑅 𝑉(𝜑̃(𝑡, 𝑥0)) ≤ 〈∇𝑉(𝜑̃(𝑡, 𝑥0)), 𝐹(𝜑̃(𝑡, 𝑥0))〉 ≤ 0   for all  𝑡 ∈ [0, 𝑡0] Then 

𝑉(𝜑̃(𝑡, 𝑥0)) ≤ 𝑉(𝑥0)  ∀𝑡 ∈ [0, 𝑡0]                                                                                           (1.23) This 

combining with (i), we get 

‖𝜑̃(𝑡, 𝑥0)‖ ≤ (
𝑐2
𝑐1
‖𝑥0‖

𝑏)

1
𝑎⁄

∀ 𝑡 ∈ [0, 𝑡0] 

Hence 

‖𝜑̃(𝑡0, 𝑥0)‖ ≤ (
𝑐2

𝑐1
‖𝑥0‖

𝑏)
1
𝑎⁄

≤ (
𝑐2

𝑐1
𝛿𝑏)

1
𝑎⁄

                                                                               (1.24) 

It is contradiction 

Thus ‖𝜑̃(𝑡, 𝑥0)‖ < 𝜀  ∀ 𝑡 ∈ [0,∞) 

hence 𝜑̃(. , 𝑥0) is a solution of the equation with 𝑥(0) = 𝑥0 and it is stable. 

(b)    Let 𝐶3 > 0, as in (a), we have that 𝜑̃(𝑡, 𝑥0) = 0 is a solution of (1.14) is stable. 

For 𝜀 > 0, 𝜀 < 𝑟1 , ∃ 𝛿 > 0  such that the solution 𝜑̃(𝑡, 𝑥0) of (1.14) with ‖𝑥0‖ < 𝛿 satisfies 

‖𝜑̃(𝑡 , 𝑥0)‖ < 𝜀, for all 𝑡 ≥ 0 

From theorem (1.5) and from conditions (ii) (iii) we have that 

𝐷0+
𝛼1

 
𝑅 𝐷0+

𝛼2
 
𝑅 𝑉(𝜑̃(𝑡, 𝑥0)) ≤ −𝑐3‖𝜑̃(𝑡 , 𝑥0)‖

𝑐 ≤ −
𝑐3

𝑐2

𝑐
𝑏⁄
(𝑉(𝜑̃(𝑡, 𝑥0)))

𝑐
𝑏⁄      for all 𝑡 ≥ 0. 

Put 𝐴 ≔
−𝑐3

𝑐2

𝑐
𝑏⁄
, 𝑝 ≔

𝑐

𝑏
  and consider the following 
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𝐷0+
𝛼1

 
𝑅 𝐷0+

𝛼2
 
𝑅 𝑦(𝑡) = 𝐴𝑦𝑝(𝑡), 𝑡 > 0           𝑦(0) = 𝑦0 > 0                                                              (1.25) 

The solution Φ(∙, 𝑦0) to (1.25) exists on the whole interval [0,∞) and satisfies 

On the other hand, we have that 

𝑉(𝜑̃(𝑡, 𝑥0)) ≤ Φ(𝑡, 𝑉(𝑥0)), ∀𝑡 ≥ 0  thus, for any  𝑥0 ∈ 𝐵(0, 𝛿) ∖ {0} 

We get            lim
𝑡→∞

‖𝜑̃(𝑡 , 𝑥0)‖
𝑎 ≤

1

𝐶1
lim
𝑡→∞

 

𝑉(𝜑̃(𝑡, 𝑥0)) ≤
1

𝐶1
lim
𝑡→∞

Φ(𝑡, 𝑉(𝑥0)) = 0 

From existence and uniqueness (1.22) if 𝑥0 = 0  then 𝜑̃(∙ ,0) = 0, so the trivial solution of (1.14) is 

asymptotically stable. 

Example 1.1. Consider the following compost fractional Riemann- Liouville derivative integral systems 

follows  𝐷 
𝛼1

 
𝑅 𝐷 

𝛼2𝑥1(𝑣) = −𝑥1(𝑣) − (𝑥2

1

2(𝑣) + 𝐷 
𝛾1𝑥2)(𝑥2

1

2(𝑣) + 𝐼𝛾2𝑥2(𝑣)) 
𝑅

 
𝑅  

𝐷 
𝛼1𝑅 𝐷 

𝛼2𝑥2(𝑣) = −𝑥2(𝑣) − (𝑥1

1
3(𝑣) + 𝐷 

𝛾1𝑥1)(𝑥1

1
2(𝑣) + 𝐼𝛾2𝑥2(𝑣)) 

𝑅
 
𝑅  

the Lyapunov function 𝑉(𝑣, 𝑥(𝑣)) = 𝑥1

4

3(𝑣) + 𝑥2

4

3(𝑣) 

Where (𝑣) = [𝑥1(𝑣), 𝑥2(𝑣)]
𝑇 , we have (

𝜕𝑣

𝜕𝑡
)
𝑇

[
−𝑥1(𝑣) − (𝑥2

1

2(𝑣) + 𝐷 
𝛾1𝑥2)(𝑥2

1

2(𝑣) + 𝐼𝛾2𝑥2(𝑣) 
𝑅

𝑥2(𝑣) − (𝑥2

1

3(𝑣) + 𝐷 
𝛾1𝑥1)(𝑥1

1

2(𝑣) + 𝐼𝛾2𝑥2(𝑣) 
𝑅

] 

{
 
 

 
 
(
𝜕𝑣

𝜕𝑥
)
𝑇

[
−𝑥1(𝑣) − (𝑥2

1
2(𝑣) + 𝐷 

𝛾1𝑥2)(𝑥2

1
2(𝑣) + 𝐼𝛾2𝑥2(𝑣) 

𝑅

𝑥2(𝑣) − (𝑥2

1
3(𝑣) + 𝐷 

𝛾1𝑥1)(𝑥1

1
2(𝑣) + 𝐼𝛾2𝑥2(𝑣) 

𝑅

] ≤ −𝑉(𝑣, 𝑥(𝑣))

‖𝑥(𝑣)‖
4
3 ≤ 𝑉(𝑣, 𝑥(𝑣)) ≤ √2

3
‖𝑥(𝑣)‖

4
3

 

Then     (
𝜕𝑣

𝜕𝑥
)
𝑇

[
−𝑥1(𝑣) − (𝑥2

1

2(𝑣) + 𝐷 
𝛾1𝑥2)(𝑥2

1

2(𝑣) + 𝐼𝛾2𝑥2(𝑣) 
𝑅

𝑥2(𝑣) − (𝑥2

1

3(𝑣) + 𝐷 
𝛾1𝑥1)(𝑥1

1

2(𝑣) + 𝐼𝛾2𝑥2(𝑣) 
𝑅

] ≤ −‖𝑥(𝑣)‖
4

3 
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Therefore, the system is globally exponentially stable. 

Example 1.2. Consider the following compost equation fractional which is defined as follows: 

𝐷 
𝛼1

 
𝑅 𝐷 

𝛼2(𝑋(𝑡)) = 𝜂𝑠𝑔𝑛(𝑋(𝑡)) 
𝑅            0 < 𝛼1 < 𝛼2 < 1 , 𝜂 > 0 

Using Lyapunov function 

𝑉(𝑡) =
1

2
𝑥2(𝑡) 

𝑉̇ =
1

2
(2𝑥(𝑡)𝑥̇(𝑡)) 

𝑉̇(𝑡) = 𝑥(𝑡)𝑥̇(𝑡) 

𝐷 
𝛼1𝑅 𝐷 

𝛼2(𝑥(𝑡)) = {
  > 0  𝑖𝑓 𝑥̇(𝑡) > 0 

< 0  𝑖𝑓 𝑥̇(𝑡) < 0 
𝑅  

𝐷 
𝛼1

 
𝑅 𝐷 

𝛼2(𝑥(𝑡)) = −𝜂𝑠𝑔𝑛 (𝑥(𝑡)) 
𝑅           ,        0 < 𝛼1 < 1     ,      0 < 𝛼2 < 1 

𝐷 
𝛼1+𝛼2𝑥(𝑡) − [ 𝐷𝑡

𝛼2−1𝑥(𝑡) 
𝑅 ]

𝑡=0

𝑡−𝛼1−1

Γ(1 − 𝛼1 − 1)
= −𝜂𝑠𝑔𝑛(𝑥(𝑡))𝑅  

𝐼 
𝛼1+𝛼2𝑅  𝐷 

𝛼1+𝛼2
 
𝑅 𝑥(𝑡) − 𝐼 

𝛼1+𝛼2
 
𝑅 ( 𝐷𝑡

𝛼2−1𝑥(𝑡) 
𝑅 |

𝑡=0
)
𝑡−𝛼1−1

Γ(−𝛼1)
= −𝜂 𝐼 

𝛼1+𝛼2
 
𝑅 (𝑠𝑔𝑛 𝑥(𝑡)) 

𝑋(𝑡) − 𝑋(0) =

{
 
 

 
 𝐼 

𝛼1+𝛼2 ( 𝐷𝑡
𝛼2−1𝑥(𝑡) 

𝑅 |
𝑡=0
)
𝑡−𝛼1−1

Γ(−𝛼1)
− 𝜂 (

1 − 𝜏

𝑀(𝜏)
+

𝜏 𝑡

𝑀(𝜏)
) , 𝑋(𝑡) > 0 

𝑅

𝐼 
𝛼1+𝛼2 ( 𝐷𝑡

𝛼2−1𝑥(𝑡) 
𝑅 |

𝑡=0
)
𝑡−𝛼1−1

Γ(−𝛼1)
+ 𝜂 (

1 − 𝜏

𝑀(𝜏)
+

𝜏 𝑡

𝑀(𝜏)
) , 𝑋(𝑡) < 0 

𝑅

 

𝑋̇(𝑡) =

{
 
 

 
 𝐷 𝐼 

𝛼1+𝛼2 𝐷𝑡
𝛼2−1𝑥(𝑡) 

𝑅
 
𝑅 |

𝑡=0

𝑡−𝛼1−1

Γ(−𝛼1)
− 𝜂

𝜏

𝑀(𝜏)
  𝑖𝑓 𝑠𝑔𝑛(𝑥(𝑡)) > 0

𝐷 𝐼 
𝛼1+𝛼2 𝐷𝑡

𝛼2−1𝑥(𝑡) 
𝑅

 
𝑅 |

𝑡=0

𝑡−𝛼1−1

Γ(−𝛼1)
+ 𝜂

𝜏

𝑀(𝜏)
  𝑖𝑓 𝑠𝑔𝑛(𝑥(𝑡)) < 0
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If  𝐷 𝐼 
𝛼1+𝛼2 𝐷𝑡

𝛼2−1𝑥(𝑡) 
𝑅

 
𝑅 |

𝑡=0

𝑡−𝛼1−1

Γ(−𝛼1)
< 𝜂

𝜏

𝑀(𝜏)
 

and 𝜂
𝜏

𝑀(𝜏)
> 0 

Then 

𝑋̇(𝑡) = {
< 0              𝑖𝑓 𝑠𝑔𝑛(𝑥(𝑡)) > 0

> 0              𝑖𝑓 𝑠𝑔𝑛(𝑥(𝑡)) < 0
 

Thus 

𝑠𝑔𝑛 𝑋̇(𝑡) = −𝑠𝑔𝑛 𝑥(𝑡) 

We have that 𝑠𝑔𝑛 (𝑣̇(𝑡)) = 𝑠𝑔𝑛𝑋(𝑡)𝑠𝑔𝑛 (𝑋̇(𝑡))  = −𝑠𝑔𝑛𝑋(𝑡)𝑠𝑔𝑛𝑋̇(𝑡) < 0 

So, if 𝑣̇(𝑡) < 0   then 𝐷 
𝛼1

 
𝑅 𝐷 

𝛼2
 
𝑅 𝑣(𝑡) < 0 

Then by lemma (1.1), 𝑥 = 0 is globally exponentially stable. 

 

 

 

Conclusions: 

 

This paper aims to present the Lyapunov functions in the stability and stabilization of different types of 

fractional deferential and integro-differential fractional related to some nonlinear functions of fractional and 

integral components including different types of fractional derivatives all the results explained by fractional 

analytic made different treatments than ordinary analytic. The systems were presented as a new formulation 

of stabilization field such as compositions Riemann-Liouville. 

Some examples were presented to explain the new results of this paper. 
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