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Introduction:

Stability is the first question in the theory of dynamic systems, and the study of stability worked for the
first time in mechanics, because of the urgent need to study the equilibrium of systems and raise some
questions about the motives of stability to introduce new mathematical concepts in general geometry,
especially control engineering.

The theory of stability was of great importance to Scientists specializing in mathematics and scientists
specializing in astronomy for a long time from the years and had a catalyst effect in these fields as the
beginning was in problem to prove that the solar system is stable and the issue of analyzing the stability of
differential equations still attracts the attention of many specialists despite its long history so the theory of
stability in the modern era has become widely used in physics, astronomy, chemistry and even in biology.
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In 1892, the Russian scientist Lyapunov published his doctoral thesis entitled The General Question of
Movement Stability, which included many fruitful ideas and important results.

With these results, it became possible to divide the history of stability into two periods, the first before
Lyapunov and the second after it, as it provided a precise definition of the stability of the movement as well
as providing the two basic methods for analyzing stability issues.
exponentially stable of composite fractional Riemann-Liouville differential-integral system.

RD@RDA25(1p) = Az(v) + F(t 2(v), RDV1z(v)) (b 2(v), " 2(v)) (1.2)
Rpaitaz=1z(p) |,_o = x4
Rpaitaa=27(p) |,_o = %,
RD@2=12(v) |20 = %
Remark 1.1.

m - —(x—j
4pe 4L F@) = 0O - Y [0 0] g )
j=1

Wheren—1<a<n m—-1<pB<mand mneN
Lemma 1.1. Let x = 0 be an equilibrium point for the system (1.1), and
D < R™ be a domain including the origin.

Assume v(v,x(v)): [0.0) X D —- R be a continuously differentiable function and locally Lipschitz
such that

M) Glxlle < v(v,x(@)) < Gllxl«@ 1.2)
(i) RDRDPv(v,x(v)) < —{5llx||<? (1.3)

Inwhichv >0,x €D, a,8 € (0,1),{;,{,,{35,cand d are arbitrary positive constants.

Then z = 0 is exponentially stable. If (i) (ii)holds globally on R, then x = 0 is globally exponential
stable.
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Proof: from (1.2) and (1.3), we have:

3

EpaRpPy(v,x(v)) =D v(v,x(v)) — [RDf_jv(v,x(v))]t=0mv_—a_j) < —¢5llx||¢@
=
m—1 . v_a_j
AP v(v, x(v)) < —Gllxll°* + Z [RDf_]v(v,x(v))]vzo Td—a=))
=
"
Epatb p(v,x(v)) < —= v(v x(v)) + Z [RD[g Tv(v, x(v))] S cpr—
Epatt v(v,x(v)) + K (v)
=% v(v x(v)) + X7 1[RD‘8 Tp(v, x(v))] 0r(1 — ]) (1.4)
By Laplace transform for both sides of (1.4) we get
L[ED**Fy(v,x(v)) + K(v)]
p=aJ
=L|-= v(v x(v)) + Z [RDB Tv(v, x(v))] S cpr—
LD Bv(v,x(v))] + LIK (V)]

_ _(_3 < RpB-Jj v

=g, @)+ £ ]ZI[ D o(v. x| rr—a
sa+B < ] Rpa—j—1 — _Z_3

Lo, x@)] = ) & [DFT v x()],_, + LIK@)] = = L[p(vx)]
j=0
n-1 . v
+L ; [RDE ]v(v,x(v))]vzo D)
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(544 +2) £l xw)

n-1 m-—1
o i s —a-j
- S/ [RDS T w (v, x(V)]_, — LIk@)] +£ ; [Rpf Jv(v,X(V))]V=OmV_—a_j)
Let N = N(S,Z) — ( a+p + )N U(S) — Zn lsJ[RDOL j— 11)(V X(V))] - K(S) +

v

v=0 F(l —a—j)

L [Z]- [RDB ]v(v X(V))]

n-—1

v(s) =% Z s/[RDy~ (v, x(v))] — %K(s)

j=0

m-—1

3| > [F0E o] s

i=1

If RD T (v, x(V))|peo =0 and RDPy (v, x(v)|po = O then

The solution (1.1) is a zero solution

If RDE T w(v, x(v) | oo % O and RDP Ty (v, x(v))|peo # O then
) Cas K(s) N = byseHil
V=N TN N
j=o0 j=1
) - ajs’ +m_1b s K(s)
V= LN iTN N
j=0 j=1

Now, we have to prove £~1 { s )} is nonnegative

_1 [K(s) _ K(s) _ K(s) _ K(s)%, }
£ e e B P i ua
{ N } Sa+B +§_3 Zzs"‘*g”ﬂs {(25a+ﬂ+§3
2 2

| K(s) _, [K(s=0) _, [L(e%2K ()
] - o) o
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= (26621:—1 {M} (1.5)

sat+p

Using £L7{s**fM(s)} = m'(v) + m(0),

we have that £~1 {s;fﬁ(i)z } =p'(v) +p(0)
2

Where p(v) = L‘l{ K(s) } = % fovK(Z)dZ >0 andp(0) =0

5B 17,
Thus p’(v) = e%2K(v) > 0
therefore (1.5) is nonnegative, so, we get £71 { (s )} is nonnegative, we have that

n—-1

v(v,x(v)) < L7? Z Z NF(1 = — )

=0

v(lplx(v)) <:§:ﬂ—1_fi.+.zyn 1_122_3_1_ (l 6)
’ = &J=0 yin J=1 Nr(1-a-j)) '

From (1.6) and (1.5), we get that

Thus, then x(v) is exponentially stable.

Theorem 1.1. Let v(v, x(v)): 2 — R and x(v): [v_0, o] — 0 are continuous differentiable functions,
Q c R™ and v(v, x(v)) is convex over Q . Then

RDS RDEp(x(v)) < ("”’) RDS RDSx(v), V1,3 € (0,1) (L.7)

Vo™V Vo~V

Proof. From (1.7), we have that

3}
RDS Rplp(x(v)) — (”) RD& DLy (v) < 0 (1.8)
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R D%ty (x(v)) RnS2—J v o

Dy 2y (x(v) —Z D v(x(W)) lymom———=

Vo~V j= ( ) v= Ol—w(l_zl_])

v_zl_j

m
a”) R81+ -~
—< D, 2 x(v) — E [ZD;2 7 x (V) |p=o .
vov Vo™V v — —
= r1-2¢—j)

0x

-G+
F(1+j— (G +3))

n-—1
= DI (x(n)) + z »(0)
j=0

—C1—J 9
— IS W) heora— (52) + m=TG+ Gl +1

m

n-1 1-(4+3) o
| " G . | 740! J
ng§1+<2x(v)+zv](0) _ —Z[vR;DE,Z Tx(v) |v=om
2, < 1]

F(1+j— (G +3))

((1+(2)M((1+(2)J- ( (s))e pl { ))( = )]

1-(4+3) -1+
n-1 m
] p1-(@C1+32) v‘(l J
J _ RNG2—J -
* LV O gy LMY gy,
ov\ [ ({1 + )M (G + 5) -1+ ¢,)
— (= —9s)|d
] R e o j l Gt S)l
(R O)) = , p=%1—J
_ C2—J
¥ Z YO TG L) ;[”I;D” XO) bmorg =g, =5 | =°
If x(0) =0, v(x(0) =0,  EDPTx(W)|yeo =0
and FDZ T v(x(1)) lyep = 0
Then,
15((1(1-5-2()2) N (av(;z(S)) - 6v(;c1§v))) X'(s) exp [_ 15((1;2()2) o S)] ds <0 (1.9)
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Suppose that @ (s, v) = v(x(s)) — v(x(v)) — ( ) (x(s) — x(v))
Then (1.9) become to

(G4 +LIM(E +
1-(+4)

)J. d—d)(sv)exp[ T &

(cl v N ] as

_ (G + MG+ G
1-(4+42)

)f L5, )] exp |~ (zl-%zz)

(v— s)] ds <0
Thus

(§1+82)M(31+32) (v {1+,
1-(1+05) fvo d[®(s,v)] exp [ 153 Ctly) (v— S)] ds (1.10)

G MG )|
1-(6+42)

B G +4;
1-(¢+42)

(v - vo)| @, v)

Z v
2 [ o e[

Vo

(v— s)] ds

From the convexity of v(v, x(v)), we get ®(s,v) = 0

Thus
(G4 + )M (G + ) L +0
1-(+4) 11— (¢ + (2) 170)] ®(0,v)
G+é | e
_mvf P(s,v) exp [_m(v —s)] ds[<o0
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The following result gives the interesting result of the globally exponential stable for differential integral
fractional system

Theorem 1.2. Let x = 0 be the equilibrium point of (1.1) suppose that there exists a Lyapunov function
v(v, x(t)) and locally Lipchitz on X, such that

villxll¢ < v(w,x(v)) < y,llx]|l€

T

(Z2) cax) + F(t,x(), "D7x(w)) < ~allele?

where y4, ¥, ¥3, ¢ and d are arbitrary positive constants. Then, x = 0 is a globally exponential stable.

Proof. By theorem (1.1), we get

v\’
vI;D%vR;D%v(x(v)) < (a) JSD%JSD%X(U)

ov\"

= (52) (Ax(@) + £ (& x(®), "DPx()) < =yl
By lemma (1.1), x = 0 is globally exponentially stable.
Lemma 1.2. Let x(0) = u(0) and ,FD% FD%x(v) = KD% FD%2u(v)
Where {; + ¢, € (0.1) then x(u) = u(v)
Proof. Infact RD% RD%x(v) =9 () + RDS RD%2u(v)
By using the fractional Laplace transform operator, we get

L(RD% RD%x(v))

= L(¥Y()) + L(ED% RD%u(v)), G+46<1

sS1+2x(s) = W(v) + s51+%2U(s)
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z(s) = Lx(v), k(s)=L¥Y(v), U(s) = Lu(v),

weget x(s) = O U(s)

5(1'*‘(2
By Laplace inverse and by W(v) > 0, we get

x(v) = RDS Y (v) + u(v), x(v) =u®)

Theorem 1.3. Let x = 0 be an equilibrium point for the non-autonomous composite fractional-order
system (1.1) with Lyapunov function v(v, x(v)) and class K-function y; (i = 1,2,3) such that

ri(lxID < v(v, x(@)) < =y, (lIxI) (1.11)
RD% RDS2v (v, x(v)) < —y3(lIx]) (1.12)

Where {; + ¢, € (0,1) then x = 0 is asymptotically stable.

Proof. By (1.11) and (1.12), we get

KD RDSv(v,x(v)) < —y,(y2 (W (v, x(v))) (1.13)
By lemma (1.1) implies that v(v, x(v)) = 0 then v(¢t, x(t)) < v(0,x(0))

Now we have two cases

1. Fore > 0suchthatv(v,x) 2e, v=0, 0<e <v(v,x) <v(0,2(0)),for v=0
By (1.11), and (1.12) we have

WD SDeY(v, (1) < —y3(r. T (v, x (1)) < — (v, x(v))

_vs(rzte) v(0,2(0)) %
where = ) > 0, then v(v,x(v)) < PYA e2-%1+%2
2. Let v, > 0 and satisfying v(v, x(v)) = 0

By (1.11), we get z(v,) = 0 and thenx(v) =0 for v > v,

© 2024, CAJMTCS | CENTRAL ASIAN STUDIES www.centralasianstudies.org ISSN: 2660-5309 | 14
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From (1) which contradicts which hypothesis states that v(v, x(v)) > €

Thus from (1) and (2) we get

lim v(v,x(v)) = 0 and we get 1girzlox(v) =0

Lemmal3d. Form<a<m+1, meN, andv € C™[0, T], the following conditions are equivalent:

i) the fractional derivative °D*v € C[0, T] exists;
i) afinite limit Lim ¢™~ (v (£) = v (0)) =: yry, exists, and

sup f;t(t —s)mmet (v(m)(t) — v (s)) ds| —»0asf11;

0<t<T

iii) v has the structure v™ — v (0) = y,,t¥ ™ + v,,, where y,, is a constant, U €
ey~ ™[0,T],

and fot(t — gym-a-1 (v(m) t) —vm (s)) ds =:w,,(t) converges for every
t € (0, T] defining a function w,,, € C(0, T] which has a finite limit
ltiﬂol Wi (£) =:wp, (0)

For v € C™[0, T] with D¢, v € C[0,T], itholds (“D*v)(0) = I'(a + 1 — M)V,

(D™v)(t) = (™= (v (£) - v™(0) )

I'm+1—-a)
+(a—m) f (t — s)m—a-t (v<m>(t) - v<m>(s)) ds), O0<t<T.
0

Theorem 1.4. Letv € C([0,T],R™), a € (0,1), the following conditions (i), (ii) are equivalent

(i) The composite fractional derivative

RDoiRDy2v € C([0,T], R™) exists,
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v(t)-v(0)

tax

(i) ltirg = y exists,

and
Sup ||f9tt(v(t) —v(D)(t — T)‘“dr” -0 as f-1
0<t<T

n-1 . ,

v(0)DtU-o

RDo: = ¢pax —
o+v(0) = 5D f(8) + EO raA+)—a
]=

_ v(t)-v(0) a t _ _ \-a _

v € C([0,T,R") and RD&wv € C([0,T],R™),RDE (0) = I'(ax + 1)y

For v € C([0, T], R™) having fractional derivations.
Proof. By lemma (1.3), we have that, D c R™ is an open set and 0 € D, by considering the following

equation.
RpaRpe2x(v) = Ax(v) + f(t, x(v), RDV1x(v)g(t, x(v), ["2x(V)) (1.14)

Where f: R* x D x D —» R™ satisfies the following

i)f(t,0,0)g(t,0) =0
i) f(t,,)g(t,) locally Lipchitz continuous in Nbh (0) by lemma (1.3), there exists a solution

with for system (1.1)

Let p:I X R* = R", t— @(t, xq, Xy, X,) the solution denoted of the system (1.1) on maximal

interval of I = [0, t;,qx (%o, X, Xo) With 0 < t,45 (X0, Xo, Xo) < 00
The following there interesting for using the Lyapunov direct method to give an asymptotically behavior

solution
Theorem 1.5. For a given x, € R", and VV: R™ — R satisfied, the following

i)The function V definition on R™ convex function and v(0) = 0

i) The function V defined on R™ and differentiable
Then
RDorRDy2V (u(t)) < (VV(u(t)), RDytRDy?u(t)) (1.15)

Where VV is the gradient of the function V.

Proof. Form u € {xo} + I;+1,2C([0,T],R™) thus, 3 € C([0,T], R™) such that

+
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u = xo + Iy 152 exist and continuous on [0, T], also from

t—(@1-az)

RngRngu(O) = Cm (116)
® ~u(0) d t
R @1 R s _ult)—u a g a f _ N«
Dy Dyzu(t) = e Fri ) u(t) —u(r)(t — 1) %t
0
0<t<T (1.17)
Using (i) (ii), and lim (V(u(t)) — V(u(O))) t=% = (VW (u(0)),y) and from (ii), we get
t
sup f V(u®) —Vu@)(t—1)"%|[-> 0
0<ts<T .
And from theorem (1.4) show that
—(a1,—a2)
RDE2RD&Y ((0)) = cm (W (u(0)),y) fort e (0,T]. (1.18)

V(u®) = Vu(0)t ™
'1-a)

RDy2RDIV (u(t)) =

: -
"Ta-o OJ V(u®) - V@)t - 1)"%dr

(1.19)

From (1.16) and (1.18), we have
RDotRDy2V (u(0)) = (VV(u(0)), RDyRD;?u(0)) (1.20)

+ 0+ +

For0 <t < T using (1.17) and (1.19), we get
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RDorRDy2V (u(®)) — (VW (u(D)), RDgtRDg2u(t))
_ O™V (u®) = V(u0)) — (Vv (u®)), u(t) — u(0))
B r1-oa)

a a a
Ta-o Of V(u®) - V(u@®)(t - 1) ) Of (W (u(®), u(®) = u(?)

> (t—1)" %1
(1.21)
Because V is convex and differentiable, we obtain
V(u@®) - V(u@) = (v(u@®)),u®) —u@)) <0 for0 <t <t<T with (1.20), and (1.21)
We get
RDgIRDg2V (u(t)) < (VW (u(®)), RDgiRDy2u(t)) ,V t € [0,T]
The following results are very interesting for an asymptotically stable nonlinear intgro fractional system
Theorem 1.6. Consider the following composite fractional equation
EDotRDy2x(t) = (£, x(t), D x(£)) G (¢, x(£), I">x (L))

and f:D x R™ x R™ satisfies f(¢t,0,0)gG(t,0,0) =0 , and f,g is local Lipchitz continuous in the
neighborhood of origin. Let V: R™ —» R* satisfying

i)The function V is convex and differentiable on R*

i) There exist constants a, b, C;, C,,v > 0 such that

Cilx]|* < V(x) < Gllx||> forall x € B.(0);

iii) There are constants C; > 0 and ¢ > b such that
(VV(x),f(t,x(t),D”lx(t))g(t,x(t),IVZx(t))) < —csl|x]||€ forall x € B,(0) then
@ The trivial solution is stable if C; = 0;

(b) The trivial solution is asymptotically stable if C; > 0andc = b

Proof. By f(¢,0,0)g(t,0,0) = 0 there is r; € (0,7) such that f is Lipschitz continuous on B, (0) and
let L be a Lipschitz constant of f on B,. (0) also let F be an extended Lipschitz function of f* such that

F(t,x) = f(t,x(), D"x(£)) g (¢, x(£), ["2x (1)), x € B, (0)

© 2024, CAJMTCS | CENTRAL ASIAN STUDIES www.centralasianstudies.org ISSN: 2660-5309 | 18
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hence, for any € € (0,7;),set § = %(z—l)l/bea/b, for K > 1 is large enough to § < .
2

Now for x, € Bs(0) the solution of

‘DyteDy2x(t) = F(t,x(1)),t > 0 (1.22)
X(O) = XO
Is (., xp) and it is unique on the interval [0, ) and ||@(t, xo)|| = &, put
to = inf{t > 0:||@(t, x)|| = €}, then t, > 0and ||@(ty, x)|| = € and
@ (t, xo)|l < eVt € (0,ty) then @ satisfy (i), (ii).
@) Suppose that C; = 0 from theorem (1.5), we get
RDoLRD2V ((t,x0)) < (VW (@ (8, %0)), F(@(t,%0))) < 0 forall ¢ € [0,¢,] Then
V(@(t,x0)) < V(xp) Vt € [0, ¢0] (1.23) This
combining with (i), we get
~ C2 b 1/a
It 1l < (Zlxol?) v € [0,¢]
1
Hence
~ Cy b 1/(1 Cy b 1/a
15 Cto,xo)ll < (Zl1xol?) < (267) (124)

It is contradiction
Thus [|3(t, xo)|| < & ¥ t € [0, 0)

hence @(., xy) is a solution of the equation with x(0) = x, and it is stable.

(b) LetCs; > 0, asin (a), we have that @(t, x,) = 0 is a solution of (1.14) is stable.

For e >0,e<r;,36 >0 such that the solution @(t,x,) of (1.14) with ||x,|]| < § satisfies

l@(t, x|l < ¢ forall t =0

From theorem (1.5) and from conditions (ii) (iii) we have that

RDERDEY (B(t, x0)) < —c3ll@(t, x)II€ < — 2= (V(@(t, %)) /> forall t > 0.

+ /b

)

Put 4 := _C—Z p := - and consider the following
)
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RDyIRDIZy(t) = AyP(D),t >0  y(0) =y, >0 (1.25)

+

The solution @ (-, y,) to (1.25) exists on the whole interval [0, o) and satisfies
On the other hand, we have that

V(@(t xo)) < ®(t,V(xp)), YVt =0 thus, forany x, € B(0,6) \ {0}

We get lim [|3(t, %)l < = lim
t—o0 Ci t—>

V(@(txp)) < ci lim®(t,V (%)) =0
1toe

From existence and uniqueness (1.22) if x, = 0 then @(-,0) = 0, so the trivial solution of (1.14) is
asymptotically stable.

Example 1.1. Consider the following compost fractional Riemann- Liouville derivative integral systems

1 1

follows RD*1Rp%x (v) = —x;(v) — (xg(v) + RD”lxz)(xg(v) + I"2x,(v))

EDTRD2x, (v) = —xp(0) — (6 (V) + RDV1x) (k7 (¥) + 22, (v))

the Lyapunov function V (v, x(v)) = x3(v) + x3(v)

1 1

ooy’ —x;(0) = (3 () + D1 x) (3 (v) + 172, (v)
at 1

Where (v) = [x;(v), x,(v)]" , we have ( B
%, () — (W) + RDV1x)) (02 (v) + 2%, (v)

(g_z) —xl(v>—<x12(v>+ Dylxz)(?(v)wzxz(v) < V(o,x())
x, () — (k3 (V) + RDV1xy) (22 (v) + 723, (V)
IxW)I < V(,x(0)) < V2lx )3
then  (22)' —a ) = (G0 + D) (G0 + P

x (V) — (xé(v) + RDVx)) (x2(v) + 722, (v)
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Therefore, the system is globally exponentially stable.

Example 1.2. Consider the following compost equation fractional which is defined as follows:

Rp@iRpaz(X(t)) = nsgn(X (1)) 0<a;<a,<1,n>0

Using Lyapunov function
1
V(t) = Exz(t)

V= %(Zx(t)a'c(t))

V(t) = x()x(t)

a1 Rty _(>0ifx()>0
“DeED (x(t))_{<0if5c(t)<0

Rp@Rpz(x(t)) = —nsgn (x(¢)) , 0<ay<1l , 0<ay<1

t—a1—1

Rpartaz y(p) — [RDgz—lx(t)]tzo O = —nsgn(x(t))

t—a1—1

Rrai+az RDa1+a2x(t) — Rjasi+a; (RD;lz—lx(t)lt_O) 1“( - ) = _T’Rla1+a’2 (sgn x(t))
- -4

_ t~o1 1-— r Tt
Ryai+a; (RD;"2 L@ )— — Tl( ) X)) >0

X(O - X(0) - o) T=a) "M@ T M@
Rpas+ay (Rsz_lx(t)| B L +7 1o, Tt ,X() <0
t=0/T(—ay) M@ M@/
. pDRjaitaz Rszz_lx(t)lt:O l_t:(—_la— ) -7 MZT) lf Sgn(x(t)) >0
X(@®) = —a1—11
DR]a1+a2RDf‘z—1x(t)|t=0 It‘(—al) +7 MZT) if sgn(x(t)) <0
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t—a1-1 T

t=0 I'(~ay) N M(7)

If DRI“*@RpE2~ 1y (1)|

andnﬁ>0

Then
v (<0 if sgn(x(t)) >0
X® = {> 0 if sgn(x(t)) <0
Thus

sgn X(t) = —sgn x(t)
We have that sgn ((t)) = sgnX(t)sgn (X(t)) = —sgnX(t)sgnX(t) < 0
So, if (t) < 0 then RD*1RD%2p(t) < 0

Then by lemma (1.1), x = 0 is globally exponentially stable.

Conclusions:

This paper aims to present the Lyapunov functions in the stability and stabilization of different types of
fractional deferential and integro-differential fractional related to some nonlinear functions of fractional and
integral components including different types of fractional derivatives all the results explained by fractional
analytic made different treatments than ordinary analytic. The systems were presented as a new formulation
of stabilization field such as compositions Riemann-Liouville.

Some examples were presented to explain the new results of this paper.
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