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Abstract 

This research paper introduces and compares the efficacy of 

two techniques, namely the Laplace Variational Iteration 

Method (LVIM) and the Laplace Homotopy Permutation 

Method (LHPM), in obtaining approximate solutions for 

fractional differential equations (FDEs) incorporating the 

Atangana-Baleanu fractional derivative in the Caputo sense 

(ABCO). The Atangana-Baleanu fractional derivative, a 

specialized form of fractional calculus, offers a more accurate 

representation of anomalous diffusion processes.  

The LVIM and LHPM are employed to tackle fractional 

differential equations, which frequently arise in diverse 

scientific and engineering disciplines. The LVIM combines the 

advantages of the Laplace transform and the variational 

iteration technique to yield a reliable and efficient solution 

strategy. On the other hand, the LHPM integrates the Laplace 

transform and the homotopy permutation technique to address 

the same class of equations. 

This paper provides a detailed exposition of both 

methodologies, including their algorithmic frameworks and 

computational procedures. The comparison of the two 

techniques involves assessing their performance in 

approximating solutions to fractional differential equations 

with the Atangana-Baleanu fractional derivative. The 

obtained results underscore the success of both methods in 

yielding accurate and practical approximate solutions for this 

specific type of fractional differential equation. 
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Introduction 

Fractional differential equations (FDEs) have emerged as a versatile mathematical tool to model a wide 

range of complex phenomena in various scientific and engineering domains. These equations involve 

fractional derivatives, which capture the effects of memory and long-range interactions in dynamical 

systems. The utilization of fractional calculus in problem-solving has been shown to provide more accurate 

representations of anomalous diffusion, viscoelasticity, and other intricate processes that cannot be 

adequately described by classical integer-order derivatives. Among the various types of fractional 

derivatives, the Atangana-Baleanu fractional derivative in the Caputo sense has garnered considerable 

attention due to its ability to address the shortcomings of traditional fractional derivatives in accurately 

capturing non-local effects. As such, the development of effective solution methods for FDEs incorporating 

the Atangana-Baleanu fractional derivative is of paramount importance in advancing the understanding of 

real-world phenomena[1], [2]. 

In this context, this research paper introduces and explores two innovative solution techniques: the Laplace 

Variational Iteration Method (LVIM) and the Laplace Homotopy Permutation Method (LHPM). These 

methods are designed to provide approximate solutions for FDEs featuring the Atangana-Baleanu fractional 

derivative. The LVIM combines the power of the Laplace transform and the variational iteration technique, 

while the LHPM integrates the Laplace transform with the homotopy permutation approach. The primary 

objective of this study is to present a comprehensive comparison of the LVIM and LHPM in terms of their 

capabilities to yield accurate and practical approximate solutions for FDEs incorporating the Atangana-

Baleanu fractional derivative. By analyzing their algorithmic frameworks, computational procedures, and 

performance metrics, this paper aims to shed light on the strengths and limitations of these methods in 

tackling this specific class of fractional differential equations[3], [4]. 

Through this comparative analysis, researchers and practitioners working on problems involving the 

Atangana-Baleanu fractional derivative can gain insights into selecting suitable solution techniques for their 

applications. Moreover, this research contributes to the broader field of fractional calculus by evaluating the 

efficacy of these emerging methods and highlighting avenues for further refinement and advancement. The 

subsequent sections of this paper provide a detailed exposition of the LVIM and LHPM, followed by a 

presentation of their computational results when applied to representative FDEs with the Atangana-Baleanu 

fractional derivative. The findings of this study underscore the successful applicability of both LVIM and 

LHPM, fostering a deeper understanding of their potential contributions to solving complex fractional 

differential equations in diverse scientific and engineering contexts[5]–[11]. 

In this paper, we apply LVIM, and LHPM to find solution of fractional differential equations with the 

fractional operator Atangana-Baleanu. The order of the paper is as follows: The basic definitions for calculus 

and fractional integration are presented in section 2, the methods used are analyzed in section 3, many 

examples are given that explain the effectiveness of the method proposed in section 4, and finally, the 

conclusion is provided in section 5. 

Basic concepts 

Definition 1 [12], [13]The Atangana-Baleanu-Caputo operator when                and for     
  is, 

  
         

    

   
∫      
 

 
  ( 

 

   
      )    (1) 

where      is a function such that            . 

Definition 2 [14]Assume set of function, 

  ,    |           |    |    
| |
           [    -   
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Then the Laplace transform over A set  

 (    )       ∫     

 

 

            

The Laplace transform of The Atangana-Baleanu-Caputo operator is given by [13] 

 (   
        )  

    

       
(     

 

 
    )      

Definition 3 [15], [16] The inverse Laplace transform of a function is defined by 

               
 

   
∫    

    

    

           

where   is Laplace transform variable and   is a real constant. 

Analysis of LVIM 

Let’s considering FDEs with ABCO 

  
            (      )             

with initial condition              , where   
     is the FABCO, N is the nonlinear operator and        

is a source term. 

We obtain by applying the Laplace transform to Eq.(6) with the stated initial condition 

    

       
(     

 

 
  *   [           ]     

by substituting initial condition of Eq.(8), 

 ̅  
 

 
      

       

    
 [           ]     

appling variation intretion method 

 ̅     ̅   ( ̅  
 

 
      

       

    
 [            ]*      

Note that λ is the Lagrange multiplier, and since 0 <   < 1, hence λ = −1, we obtain after applying the 

inverse of the Laplace transform to both sides of the equation 

              (
       

    
 [            ]*       

where we have the initial iteration is             , hence  

                    . 

Analysis of LHPM 

Subject to the provided initial condition, apply the Laplace transform to Eq.(6).
  

 
    

       
 (     

 

 
  *             [      ]       

by substituting initial condition of Eq.(11), 
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 ̅  
 

 
      

       

    
    [ ]          

Taking the inverse of the Laplace transform and applying it to both sides of the equation (12), 

           (
       

    
    +     (

       

    
    [ ] +       

applying homotopy permutation method,  

       ∑         

 

   

  [      ]  ∑       

 

   

 

where 

                  
 

  

  

   
[  ∑         

 

   

 ]    

 Substituting Eq.(14) into Eq.(13) gives us the result that, 

∑    

 

   

              (   .
       

    
 (∑       

 

   

+/,       

on comparing both sides of Eq.(15), the following result is obtained, 

                   

               (
       

    
 (     )+  

   

               (
       

    
 (       )+       

using the parameter  , we expand the solution in the following form 

       ∑         

 

   

      

choose       results in the solution of Eq.(11) 

          
   

∑         

 

   

 ∑       

 

   

       

Application 

In this part, two nonlinear equations and a linear system will be solved using the LVIM and LHPM 

techniques, with the assumption that       . 

Example 1 Consider the nonlinear equation with the ABCO  

    
 
         

 

  
(
  

 
   *  

  

   
              

depending on the initial condition          . 
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Below we present the LVIM, 

applying the LVIM to Eq.(19), we get 

           (          (
  

 
      

  

  
  
     

       *)       

now, we find the approximate solutions as, 

       

         (              ) 

   (       
  

      
+  

          .          (       
  

      
+/ 

   (                            
  

      
   

   

       
)       

and so on. 

Therefore, the series solution        of Eq.(19) is given by 

         (                  
  

      
   

   

       
  )       

when choosing     in Eq.(22), it becomes 

         (    
  

  
  )       

Now, we present the LHPM, 

applying the LHPM to Eq.(19), we get 

 ∑     
 
           *          [

∑     
 
    ∑     

 
   

 ∑     
 
    ∑     

 
   

]+       

by comparing both sides of the Eq.(24), the following result is obtained, 

          

          [          [                   ]]  

         [          [                   ]]  

by the above algorithms, 
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and so on. 

Therefore, the series solution       of Eq. (19) is given by 

         *                  
  

      
   

   

       
  +       

If we put      in Eq.(25) , we get the approximate and exact solution 

         (  
 

  
 
  

  
  )       

Ultimately, the exact solution of Eq.(19), 

                 

Tab.1 The values of Eqs.(22,23,25,26,27) at different values of          . 

 

 

Fig1. The graphs of Eqs.(31,32,37,38,39) at  ,  and    . 



CENTRAL ASIAN JOURNAL OF MATHEMATICAL THEORY AND COMPUTER SCIENCES       Vol: 04 Issue: 09 | Sep 2023     
 

© 2023, CAJMTCS       |     CENTRAL ASIAN STUDIES   www.centralasianstudies.org          ISSN: 2660-5309        |        13 

 

Example 2 Consider the nonlinear equation with the ABCO 

  
        

 

 
                        

with the initial condition               

Below we present the LVIM, 

using algorithm of the method, we get  

             (          (   
 

 
       *)       

Now, we discover the approximate solutions as follows: 

        

        (                ) 

     (     
  

      
*  

        .          (    (     
  

      
*+/ 

     (                  
  

      
   

   

       
+       

thus, the approximate solution of Eq.(28) can be written, 

           (                  
  

      
   

   

       
  +       

when choosing     in Eq.(31), it becomes 

          (    
  

  
  )       

Now, we present the LHPM, 

applying the LHPM to Eq.(19), we get 

 [     
 
         

 

 
          ]       

by using the inverse Laplace transform to both sides of Eq.(33) and the initial condition, 

             *          [ 
 

 
          ]+       

by applying homotopy permutation method on Eq.(34),  

 ∑     
 
           [          [∑     

 
    ∑     

 
    ∑     

 
   ]]      

by comparing both sides of the Eq.(35), the following result is obtained, 

            
         [          [              ]]  
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         [          [              ]]  

By the above algorithms, 

        

      (     
  

      
*  

      (                  
  

      
   

   

       
+       

and so on. 

Therefore, the series solution        of Eq. (28) is given by 

          *                  
  

      
   

   

       
  +       

If we put      in Eq.(37) , we obtain 

             
 

  
 
  

  
       ∑

  

  

 

   

                

Ultimately, the exact solution of Eq.(28). 

                  

Tab.2 The values of Eqs.(31,32,37,38,39) at different values of           
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Fig2. The graphs of Eqs.(31,32,37,38,39) among different values of  ,  and    . 

Example 3 Suppose that the nonlinear system with the ABCO: 

   
                        

  
 
          

where         with the initial condition 

                

                    

Below we present the LVIM, 

We obtain using the method's algorithm 
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Hence, Eq.(40) has approximate solution is given by 
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If we put   → 1 and  → 1 in Eq.(43), we recreate the problem solution as below. 
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Now, we present the LHPM, 

applying the LHPM to Eq.(40), we get 
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on comparing both sides of the (45) , 
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Therefore, the approximate solution of Eq.(40) is given by 
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If we put   → 1 and  → 1 in Eq.(46), we get 
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  )        (  
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This solution is equivalent to the exact solution in closed form: 

                                          

                                           

Tab.3 The values of Eq.(43) at different values of            . 

 



CENTRAL ASIAN JOURNAL OF MATHEMATICAL THEORY AND COMPUTER SCIENCES       Vol: 04 Issue: 09 | Sep 2023     
 

© 2023, CAJMTCS       |     CENTRAL ASIAN STUDIES   www.centralasianstudies.org          ISSN: 2660-5309        |        18 

 

 

Fig3. The graphs of Eq.(43) among different values of  ,    and    . 

Tab.4 The values of Eq.(46) at different values of            . 

 

 

Fig4. The graphs of Eq.(46) among different values of  ,    and    . 
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Conclusions 

In this study, we have introduced and compared two techniques, the Laplace Variational Iteration Method 

(LVIM) and the Laplace Homotopy Permutation Method (LHPM), for obtaining approximate solutions to 

fractional differential equations (FDEs) featuring the Atangana-Baleanu fractional derivative in the Caputo 

sense. Through a comprehensive analysis of these methods, we have gained valuable insights into their 

strengths and applicability in addressing this specific class of equations. 

Our examination of the LVIM and LHPM has revealed their capacity to provide accurate and practical 

approximate solutions for FDEs with the Atangana-Baleanu fractional derivative. The LVIM capitalizes on 

the synergy between the Laplace transform and the variational iteration technique, allowing for systematic 

approximation of solutions. Similarly, the LHPM's integration of the Laplace transform with the homotopy 

permutation approach demonstrates its efficacy in handling the same type of equations. 

The comparative assessment presented in this paper has highlighted the distinct attributes of both methods. 

While the LVIM offers an elegant framework for iterative refinement of solutions, the LHPM exhibits its 

strengths in permutation-based solutions, enabling the exploration of different solution paths. The decision to 

select between these methods could be influenced by the specific problem context and computational 

resources available. 

As fractional calculus continues to find application in diverse scientific and engineering disciplines, the 

findings of this study serve as a guide for researchers and practitioners when choosing appropriate 

techniques for solving FDEs with the Atangana-Baleanu fractional derivative. Moreover, the successful 

application of LVIM and LHPM in this study indicates their potential contributions to advancing the state-

of-the-art in tackling complex fractional differential equations. 

In conclusion, the LVIM and LHPM have demonstrated their ability to successfully approximate solutions 

for FDEs involving the Atangana-Baleanu fractional derivative. This research paves the way for further 

investigations, refinements, and extensions of these techniques, ultimately leading to enhanced methods for 

solving intricate mathematical models that arise in various scientific and engineering domains. 
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