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Introduction

Fractional calculus and its applications have attracted the attention of academics in recent years, not only in
mathematics but also in a wide range of other sciences, including physics, thermodynamics, engineering,
economics, etc. Electrical, electrochemistry, statistics, and probability are just a few of the fields where
fractional calculus is used extensively. Furthermore, many cosmic events that conventional differential
equations are unable to describe can be described by fractional differential equations [1-3].

One of the key techniques for estimating the solution to differential equations is the homotopy permutation
approach, which has been the subject of several studies. One of the integrals transforms utilized in the
solution of differential equations is the natural transform. To discover the approximate solution to differential
equations, we may now combine the homotopy permutation with the natural transform. [4-6].

Researchers in this discipline have thrived from their initial steps, due to numerous applications in physics,
economics, engineering, and biological sciences. Several complicated and efficient techniques, such as [7-
34], have been created and developed to solve fractional differential equations. The goal of this paper is to
provide both approaches for solving FPDEs using the fractional Atangana-Baleanu-Caputo operator
(FABCO), NVIM, and NHPM.
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In this paper, we apply NVIM, and NHPM to find solution of fractional differential equations with the
fractional operator Atangana-Baleanu. The order of the paper is as follows: The basic definitions for calculus
and fractional integration are presented in section 2, the methods used are analyzed in section 3, many
examples are given that explain the effectiveness of the method proposed in section 4, and finally, the
conclusion is provided in section 5.

Basic concepts

Definition 1. [35] The Atangana-Baleanu-Caputo operator when f € H1(e1,£2),61 > 2 andfor0 < S < 1
is

B(S) , S
ABEDIF(z) =22 [T F' () Es (- (= 0)%)dx, (1)
where B(S) is a function such that B(0) = B(1) = 1.
Definition 2. [36] Assume set of function,

I |
A = {f(T) HM) all aZ > O' |f(T)| < Meaj;T € (_1)1 X [01 OO)}'
Then the natural transform over A set

N(F@) = RGws) = [ e flun) de @

0
The natural transform yields the Laplace transform via the following formula[37],

(o]

1 1 /s
— —-st/u i —
R(u,s) =~ j e~/ f(0) dt = —F (u) 3)
0
From [38] and Eq.(3) , we get this relation

B(S) <
1-S+8 (%)S

Definition 3. [37] The inverse natural transform of a function is defined by

N (4D F(D)) = R(u,) - %f(m) “)

pioo
N YR, s))=f@) = % f e% R(u, s)dt, (5)
p—ioo
where s and u are natural transform variables and p is a real constant.
Analysis of NVIM

Let’s considering FPDEs with FABCO

BEDED(u, 1) + L(®(1, 1) + M(P(1, 1)) = f(1,7), (6)

with initial condition ®(u, 0) = ®y(u) , where *8¢D? is the FABCO, L is the linear operator, M is the
nonlinear operator and f (u, T) is a source term.

We obtain by applying the natural transform to Eq.(6) with the stated initial condition

(M@ =20G,0)) = N (WD L@ - M@)], ()

B(S)
1—5+5(§)5
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by substituting initial condition of Eq.(8),

- 1 1—5+5(%)S
O =-Dy(u) ——55 NIf (1) = L(P) - M(P)], ®

B(S)
appling variation intretion method
S
1-5+5(5)
B(S)

Bues = By 44| By~ 0() + NIL@) +M@,) = F D], (©)

Note that A is the Lagrange multiplier, and since 0 < § < 1, hence A = —1, we obtain after applying the
inverse of the natural transform to both sides of the equation

UN\S
1-8§+S8 (E)

Ppiq = Po(u) — N1 B(S)

N[L(®n) + M(Dy) — f(wD] |, (10)

where we have the initial iteration is ®(u, 0) = ®,(u), and hence

D, 1) = limy_e0 Pr (1, 7).

Analysis of NHPM

Subject to the provided initial condition, apply the natural transform to Eq.(6).

O (M, 8) = 20(0)) = Mg, ) ~ Ll O] - M @O, (D
1-5+5(%) o

by substituting initial condition of Eq.(11),

1—5+5(§)5

L W (L] + M o] - ), (12)

— 1
v =770 (x) —
Taking the inverse of the natural transform and applying it to both sides of the equation (12),

1—5+5(§)5

1 s+5(“)5
v =vy(x) + N —==2-N(g) | -N"1T 55)

B(S) NULv]+M[v]) ], (13)

applying homotopy permutation method,

v(x,1) = Lnzo #"vn (%, 1), Nulx, )] = Yoo p"Ho(v),  (14)

where

Hy(vq, U, U3, oo, V) = —

(Zzﬂ v;(%,4))] p=o,n = 0,1,2, ..

n! aﬁ
Substituting Eq.(14) into Eq.(13) glves us the result that,
S
o n -1 1_5+S(%) o0 n oo n
S0 (6,8) = G, 1) — p | N7 o N (S 2" Llval + B 2" Ha(0)) | |, (15)

on comparing both sides of Eq.(15), the following result is obtained,

© 2023, CAJMTCS | CENTRAL ASIAN STUDIES www.centralasianstudies.org ISSN: 2660-5309 | 32



CENTRAL ASIAN JOURNAL OF MATHEMATICAL THEORY AND COMPUTER SCIENCES  Vol: 04 Issue: 08 | Aug 2023

plivo(x,t) = G(x, 1),

1-S+S (%)5
B(S)

plvi(x,t) = -N"1 N (Llvo] + 7-[0(0))\ i

1—5+5(%)S

B(S) N(Llop-a] + ?fnl(v))\, (16)

privn(x,t) =-N"1

using the parameter p, we expand the solution in the following form

U(x,t) = zpn’lfn(x;t)' (17)
n=0

choose p = 1 results in the solution of Eq.(11)

v(x,t) = lirqz pru(x,t) = E v (x,1). (18)
p—)
n=0 n=0

Application

In this part, two nonlinear equations and a linear system will be solved using the NVIM and NHPM
techniques, with the assumption that B(S) = 1.

Example 1. Consider the nonlinear equation with the FABCO
2

ABCDS B (p, 1) = _;_u<1ﬂ_2® — u)CD + aa—uzcbz,o <8§<1, (19
depending on the initial condition ®(u, 0) = u?.

Below we present the NVIM,

Applying the NVIM to Eq.(19), we get

. S\ (12 12,
Ppyy = p2 =N (1-5+5(3) N(Id)”ncbn—ﬁcbn—(fbn),m+d)n), (20)

now, we find the approximate solutions as,

U\ TS
R (R O L) A R )

S
CI)2=M2+N_1 (1—5+5(§)5>N<(2—5)+5ﬁ>

S 28
=2 <1+(1_5)(2_5)+(5(1_5)+5(2_5))r(;+ 1)+52r(2T5+1)>’ 1)
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and so on.

Therefore, the series solution ®(u, T) of Eq.(19) is given by

s 728

+ 82

— 2 2 _ — 28?2
O(u, 1) =1 ((‘5 3§ +3)+ (35 -2§ )r(5+1) r(2s+1)

+), (22)

when choosing § = 1 in Eq.(22), it becomes

72
O(p, 7) = p? <1+r+§+--->, (23)
Now, we present the NHPM,

applying the NHPM to Eq.(19), we get

Z;.IO:O ﬂandqn - Z;O:O pan ]l (24)
+ 2nso#"Cn + Yo 2" Onl|’
by comparing both sides of the Eq.(24), the following result is obtained,

S0P Dy = P — N—ll(1—5+s(ﬁ)5)w
n=0# n U P 8

300:(1)0 = .uzr

. _
Pl = N1 [(1 -s5+5(%) )N[pocflo — pOBy + p°Co + p°Do]|,

UuUN\S -
prd,=N"1 [(1 ) +S(;) >N[301c/11 —p'B, + plc, + prd,]],

by the above algorithms,

(D0=|>12f
S
O, =2 (1-S+5—
1= H rs+1)
s 728
— 12 _ 2 285 -2 2 2

d, u((l 26 + 6%) + (26 S)F(S+1)+8 F(25+1)>'
and so on.

Therefore, the series solution®(u, ) of Eq. (19) is given by
s 25

+ &2 !
rS+1

d(u, 1) = p? [(3—35+52)+(35—252) 5 F(25+1)+---l. (25)

IfweputS - 1in Eq.(25), we get the approximate and exact solution

T2

O(u,7) = p? <1+%+2!+---). (26)

Ultimately, the exact solution of Eq.(19),
O(u, 1) = ple®. (27)
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Example 2. Consider the nonlinear equation with the FABCO
1
D;.SGD(M,T)+E(®2)H—®+CD2=0,0<8S1 (28)

with the initial condition ®(u,0) = e™*.
Below we present the NVIM,

using algorithm of the method, we get

Dy =e* N1 <<1 —S+S (?)5> N (cp2 + % (@), — d))), (29)

Now, we discover the approximate solutions as follows:®, = e™¥,

S
(Dl=e_ll—(<1—5+5( N(— e”)) 2 S+Sﬁ>
5
D, =eH — (1—5+5( ) (—e u(z 5+5r(s+1)>>
TZS
:e”<(3—35+52)+(35 252)r(5+1) 82F(25+1)>, (30)

thus, the approximate solution of Eq.(28) can be written,

,l.S TZS
d(u,t) = e™* ((3 - 35 +52) + (3§ — Zsz)m-l- SZM'F ), (3D

when choosing § = 1 in Eq.(31), it becomes

21
Now, we present the NHPM,
applying the NHPM to Eq.(19), we get

2
d(u, 1) =e" ”<1+T+—+ ), (32)

N [cﬂﬂ%f (1) = —%(qﬁu + - qﬂ], (33)

by using the inverse natural transform to both sides of Eq.(33) and the initial condition,

(34)

U\S 1
D7) = 2 + N1 [(1_5+5(Z) )N[—E(¢2)u—¢2+¢] ,

by applying homotopy permutation method on Eq.(34),

S
Yo PPy =yt — pN Tt [(1 -5+S (g) )N[Z;o:o P AL — Yo P "By + 2o 2" P,[,  (35)
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by comparing both sides of the Eq.(35), the following result is obtained,
%70: (DO = e_”,

5 |
plidy =N [(1 =5 +5(4) ) WP Ao - 2By + p°0,]

~

UuU\S ]
p2D, = N1 [(1 —S+S (;) >N[p1c/ll — 1B, + pld,]|.

By the above algorithms,

O, =e™H,

®, =e¥ (1 —5+S r(in)’

TS TZS
— ol _ 2 _ 982 2
D, =e ((1 28 +8%) + (28 = 28) sy + 8 r(25+1)>’ (36)

and so on.

Therefore, the series solution ®(u, 7) of Eq. (28) is given by
s

5
TS+1

TZS

2 .o
reZs+1)

d(u,7) = e* l(3 — 35 4+ 82) + (3§ — 252) l (37)

IfweputS = 1in Eq.(37), we obtain

T T2 T
Dd(u, 1) =e‘“(1+F+§+---) =e‘“zyzexp(—,u+‘c). (38)
! ! L k!

Ultimately, the exact solution of Eq.(28).

d(u,7) =e™T  (39)

Example 3. Suppose that the nonlinear system with the FABCO:
DiP(u1) -V, +¥+P=0,0<5<1,

DIW(u, 1) — P, +¥+0=0,0<y<1  (40)

where 0 < §, A < 1 with the initial condition
@ (p, 0) = sinh(p),

Y(u,0) = cosh(u). (41)

Below we present the NVIM,

We obtain using the method's algorithm

u S
@, (1,7) = D(1, 0) — N1 <<1 —S+S (g) )N{lle —y, - c1>n}>,

W (7)) = W 0) + N1 ((1 —A+1 (g)x) MOy — W, — qan}), (42)

Now we discover the approximate solutions as follows:

Do = sinh(u), ¥y = cosh(u),
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s
@, = sinh(u) — cosh(u) (1 -5+ Sﬁ)

X
Y, = cosh(u) — sinh(u) (1 A+ Kﬁ)

A
[ 1-550-D+x1-95) TG+ D

s 7S+ J (sinh(u) — cosh(w))

@, = sinh(u) +

T
[+5(1 G er(s A+ D

_S(1-8)+5(1-5) ﬁ]l

+ .5 £25 Icosh(,u)

“tern T+ |

- S1-D 450 -1t ]
(=500 +50 -V |

TK §+7ﬁ |
A=) s TS r(5+x+1)J

21— %) + X1 - %) ﬁ]

Y, = cosh(u) + (cosh(u) — sinh(u))

X sinh ().

a2 F 2

Yrarn T r(2x+ ) J

Hence, Eq.(40) has approximate solution is given by

[ 7]
| A=A -D+1XA-98) =5—F
® = sinh(u) + | s th; 1) (sinh(u) — cosh(u))
o _x)r(5+ 1) +‘%r(s +A+1)
S
|-s -8 +50-8)—|
+ F(ing 2 cosh(p) —
-2 + 82 ‘
r(s D TS+ D
| 1-H5A-D+8(1 - 7&)% |
= cosh(u) +l X (s;; ) (cosh(u) — sinh(u))
PA=9) o T N E A D
X

T
AL — %) +A(1 - A) —}
+ [ FTO‘ D sinh(u) — . (43)

21
2
r(x+ O +A r(2A+ 1) J

If weput S — 1 and A— 1 in Eq.(43), we recreate the problem solution as below.

®(,7) = sinh() (1+=+-) —cosh() (T+S+-),
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3 2
Y(u,7) = cosh(p) (T + ;—, + ) — sinh(p) (1 + % + - ) (44)
Now, we present the NHPM,
applying the NHPM to Eq.(40), we get

502" 00 1) = sinh() = pN [ (1-5+8 (£) ) W {0 — ¥ — 0}

502" 0) = cosh() = p (1= 24+ 3 (2) ) W = - 0,}], 45)

on comparing both sides of the (45) ,
P2 @y = v(x,0), p°: ¥, = ¥(x,0),

pL@ {(1 S+ 5 )N{LPMO -y, — CDO}},
pLW, =-N"1 {(1 A+ )N{CDMO Y, — CDO}},
T {(1 s+5( )J\r{w#1 —y, - CDl}},

A
p2W, = 1 {(1 —1+1(%) )J\f{obﬂ1 —y, - @1}}.
By the above algorithms,
@, = sinh(u), ¥, = cosh(u),

®; = —cosh(u) (1 -S5+S F(5+1))

Y, = —sinh(u) (1 ~ A+ xr(x+1))

| 0+ © ]
| A-8A-1+ (1—5)m |

) TS +X

Ts+D MG AT D

S TZS

2 T 2
+[(1—5) +25(1—5)F(S+1)+5 F(25+1)lCOSh(‘u)'
S
[ 1-8A-0+S1-1)———
- S F(jg:; D (cosh(u) — sinh(w)
(1 -$) T+ 1) + er(s + X+ 1)J

7( 2
[(1 — )2 + 2A(1 - X)

D, = (sinh(u) — cosh(w))

+5(1-%)

 —

TS R 1)] sinh(x)

Therefore, the approximate solution of Eq.(40) is given by
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S
® = sinh(u) — cosh(u) <1 —ot Sﬁ>
s

] . 1
1-A-D+11-8) ——= |
+ s FS;; D |(sinh(,u) — cosh(u))
A=V T il
. , = , 728
+ _(1—5) +25(1_5)F(5+1)+5 F(25+1)lCOSh(H)+m'

X
Y = cosh(u) — sinh(u) <1 —A+ Xﬁ)
] . 1
A-A-D+SA -V |
+ . F(‘Zj; D (cosh(u) — sinh(w))
__H(l =9 T+ S1 r(s +A4 1)J
5 T
+ _(1 — )%+ 241 —-X%) Tt 1) F(ZK n 1)l sinh(u) + ---. (46)

IfweputS — 1 and A— 1 in Eq.(46), we get

P(1,7) = sinh() (1+5+ ) —cosh(w) (t+5+-),

W(y, 1) = cosh(p) (1 + 2— + ) — sinh(p) (r +T3—3!+ ) .(47)

This solution is equivalent to the exact solution in closed form:
®(u, t) = sinh(p) cosh(t) — cosh(p) sinh(1),

W(u, ) = cosh(p) cosh(p) — sinh(p) sinh(p) . (48)
Conclusions

In this work, two nonlinear equations and a linear system of partial differential equations were successfully
approximatively solved utilizing the NVIM and NHPM employing the FABO sense. The examples show that
the NVIM and NHPM conclusions are very similar. The approaches are particularly successful in
analytically and numerically solving a wide range of classes of linear and non-linear fractional differential
equations.
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