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Abstract 

The natural variational iteration technique (NVIM) and the 

natural homotopy permutation method (NHPM) are described 

in this article to provide an approximation solution to 

fractional differential equations using the fractional 

derivative of Atangana Baleaneau in Caputo sense. The 

algorithms of the two ways were compared, and the results of 

the two methods were shown to be successful for obtaining the 

approximate solution for this sort of fractional differential 

equation. 
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Introduction 

Fractional calculus and its applications have attracted the attention of academics in recent years, not only in 

mathematics but also in a wide range of other sciences, including physics, thermodynamics, engineering, 

economics, etc. Electrical, electrochemistry, statistics, and probability are just a few of the fields where 

fractional calculus is used extensively. Furthermore, many cosmic events that conventional differential 

equations are unable to describe can be described by fractional differential equations [1-3].  

One of the key techniques for estimating the solution to differential equations is the homotopy permutation 

approach, which has been the subject of several studies. One of the integrals transforms utilized in the 

solution of differential equations is the natural transform. To discover the approximate solution to differential 

equations, we may now combine the homotopy permutation with the natural transform. [4-6]. 

Researchers in this discipline have thrived from their initial steps, due to numerous applications in physics, 

economics, engineering, and biological sciences. Several complicated and efficient techniques, such as [7-

34], have been created and developed to solve fractional differential equations. The goal of this paper is to 

provide both approaches for solving FPDEs using the fractional Atangana-Baleanu-Caputo operator 

(FABCO), NVIM, and NHPM. 
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In this paper, we apply NVIM, and NHPM to find solution of fractional differential equations with the 

fractional operator Atangana-Baleanu. The order of the paper is as follows: The basic definitions for calculus 

and fractional integration are presented in section 2, the methods used are analyzed in section 3, many 

examples are given that explain the effectiveness of the method proposed in section 4, and finally, the 

conclusion is provided in section 5. 

Basic concepts 

Definition 1. [35] The Atangana-Baleanu-Caputo operator when f ∈ 𝐻1(𝜀1, 𝜀2), 𝜀1 > 𝜀2 and for 0 < 𝒮 ≤ 1 

is  

𝐷𝜏
𝒮𝐴𝐵𝐶 𝑓(𝜏) =

𝐵(𝒮)

1−𝒮
∫ 𝑓′(𝑥)

𝜏

0
𝐸𝒮 (−

𝒮

1−𝒮
(𝜏 − 𝑥)𝒮)𝑑𝑥,     (1) 

where 𝐵(𝒮) is a function such that 𝔅(0) = 𝔅(1) = 1. 

Definition 2. [36] Assume set of function, 

𝐴 = ,𝑓(𝜏)|∃𝑀, 𝛼1, 𝛼2 > 0, |𝑓(𝜏)| < 𝑀𝑒
|𝜏|
𝛼𝑗 , 𝜏 ∈ (−1)𝑗 × [0,∞)-,  

Then the natural transform over A set  

𝑁(𝑓(𝜏)) = 𝑅(𝑢, 𝑠) = ∫ 𝑒−𝑠𝑡

∞

0

𝑓(𝑢𝑡) 𝑑𝑡.                       (2) 

The natural transform yields the Laplace transform via the following formula[37], 

𝑅(𝑢, 𝑠) =
1

𝑢
∫ 𝑒−𝑠𝑡/𝑢

∞

0

𝑓(𝑡) 𝑑𝑡 =
1

𝑢
𝐹 (

𝑠

𝑢
).                    (3) 

From [38] and Eq.(3) , we get this relation  

𝑁 ( 𝐷𝜏
𝒮𝐴𝐵𝐶 𝑓(𝜏)) =

𝐵(𝒮)

1 − 𝒮 + 𝒮 (
𝑢
𝑠)

𝒮 (𝑅(𝑢, 𝑠) −
1

𝑠
𝑓(0))                 (4) 

Definition 3. [37] The inverse natural transform of a function is defined by 

𝑁−1(𝑅(𝑢, 𝑠)) = 𝑓(𝑡) =
1

2𝑖𝜋
∫ 𝑒

𝑠𝑡
𝑢

𝑝+𝑖∞

𝑝−𝑖∞

𝑅(𝑢, 𝑠)𝑑𝑡,             (5) 

where s and u are natural transform variables and p is a real constant. 

Analysis of NVIM 

Let’s considering FPDEs with FABCO 

𝐷𝜏
𝒮𝐴𝐵𝐶 Ф(𝜇, 𝜏) + 𝐿(Ф(𝜇, 𝜏)) + 𝑀(Ф(𝜇, 𝜏)) = 𝑓(𝜇, 𝜏),           (6) 

with initial condition Ф(𝜇, 0) = Ф0(𝜇) , where 𝐷𝜏
𝒮𝐴𝐵𝐶  is the FABCO, L is the linear operator, M is the 

nonlinear operator and 𝑓(𝜇, 𝜏) is a source term. 

We obtain by applying the natural transform to Eq.(6) with the stated initial condition 

  
𝐵(𝒮)

1−𝒮+𝒮(
𝑢

𝑠
)
𝒮 (𝑁(Ф) −

1

𝑠
Ф(𝜇, 0)* = 𝑁[𝑓(𝜇, 𝜏) − 𝐿(Ф) − 𝑀(Ф)],         (7) 
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by substituting initial condition of Eq.(8), 

 Ф̅ =
1

𝑠
Ф0(𝜇) −

1−𝒮+𝒮(
𝑢

𝑠
)
𝒮

𝔅(𝒮)
𝑁[𝑓(𝜇, 𝜏) − 𝐿(Ф) − 𝑀(Ф)],             (8) 

appling variation intretion method 

 Ф̅𝑛+1 = Ф̅𝑛 + ƛ.Ф̅𝑛 −
1

𝑠
Ф0(𝜇) +

1 − 𝒮 + 𝒮 (
𝑢
𝑠)

𝒮

𝔅(𝒮)
𝑁[𝐿(Ф𝑛) + 𝑀(Ф𝑛) − 𝑓(𝜇, 𝜏)]/,     (9) 

Note that λ is the Lagrange multiplier, and since 0 < 𝒮 < 1, hence λ = −1, we obtain after applying the 

inverse of the natural transform to both sides of the equation 

Ф𝑛+1 = Ф0(𝜇) − 𝑁−1 .
1 − 𝒮 + 𝒮 (

𝑢
𝑠)

𝒮

𝔅(𝒮)
𝑁[𝐿(Ф𝑛) + 𝑀(Ф𝑛) − 𝑓(𝜇, 𝜏)]/,    (10) 

where we have the initial iteration is Ф(𝜇, 0) = Ф0(𝜇), and hence  

Ф(𝜇, 𝜏) = lim𝑘→∞ Ф𝑘(𝜇, 𝜏). 

Analysis of NHPM 

Subject to the provided initial condition, apply the natural transform to Eq.(6).  

   
ℬ(𝒮)

1−𝒮+𝒮(
𝓊

𝓈
)
𝒮  (𝒩(𝓊, 𝓈) −

1

𝓈
𝓋(0)* = 𝒩(ℊ(𝓍, 𝓉) − ℒ[𝓋(𝓍, 𝓉)] − ℳ [𝓋(𝓍, 𝓉)]),         (11) 

 

by substituting initial condition of Eq.(11), 

  𝓋̅ =
1

𝓈
𝓋0(𝓍) −

1−𝒮+𝒮(
𝓊

𝓈
)
𝒮

ℬ(𝒮)
𝒩(ℒ[𝓋] + ℳ [𝓋] − ℊ),                        (12) 

Taking the inverse of the natural transform and applying it to both sides of the equation (12), 

  𝓋 = 𝓋0(𝓍) + 𝒩−1 .
1−𝒮+𝒮(

𝓊

𝓈
)
𝒮

ℬ(𝒮)
𝒩(ℊ)/ − 𝒩−1 .

1−𝒮+𝒮(
𝓊

𝓈
)
𝒮

ℬ(𝒮)
𝒩(ℒ[𝓋] + ℳ [𝓋])/,       (13) 

applying homotopy permutation method, 

  

 𝓋(𝓍, 𝓉) = ∑ 𝓅𝑛𝓋𝑛(𝓍, 𝓉)∞
n=0 ,𝒩[𝓊(𝓍, 𝓉)] = ∑ 𝓅nℋn(𝓋)∞

n=0 ,         (14)  
  

where 

ℋn(𝓋1, 𝓋2, 𝓋3, … , 𝓋𝑛) =
1

n!

∂n

∂𝓅n
[𝒩(∑𝓅𝒾𝓋𝑖(𝓍, 𝓉))]𝓅=0

n

i=0

, n = 0,1,2, … . 

 Substituting Eq.(14) into Eq.(13) gives us the result that, 

∑ 𝓅𝑛𝓋𝑛
∞
𝑛=0 (𝓍, 𝓉) = 𝒢(𝓍, 𝓉) − 𝓅 (𝒩−1 .

1−𝒮+𝒮(
𝓊

𝓈
)
𝒮

ℬ(𝒮)
𝒩(∑ 𝓅𝑛∞

n=0 ℒ[𝓋𝑛] + ∑ 𝓅nℋn(𝓋)∞
n=0 )/,,    (15)  

on comparing both sides of Eq.(15), the following result is obtained, 
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𝓅0: 𝓋0(𝓍, 𝓉) = 𝒢(𝓍, 𝓉), 

𝓅1: 𝓋1(𝓍, 𝓉) = −𝒩−1

(

 
 1 − 𝒮 + 𝒮 (

𝓊
𝓈)

𝒮

ℬ(𝒮)
𝒩(ℒ[𝓋0] + ℋ0(𝓋))

)

 
 

, ⋮ 

𝓅𝑛: 𝓋𝑛(𝓍, 𝓉) = −𝒩−1

(

 
 1 − 𝒮 + 𝒮 (

𝓊
𝓈)

𝒮

ℬ(𝒮)
𝒩(ℒ[𝓋𝑛−1] + ℋn−1(𝓋))

)

 
 

, (16) 

using the parameter 𝓅, we expand the solution in the following form 

 𝓋(𝓍, 𝓉) = ∑ 𝓅𝑛𝓋𝑛(𝓍, 𝓉)

∞

n=0

,             (17) 

choose p = 1 results in the solution of Eq.(11) 

𝓋(𝓍, 𝓉) = lim
𝓅→1

∑ 𝓅𝑛𝓋𝑛(𝓍, 𝓉)

∞

n=0

= ∑ 𝓋𝑛(𝓍, 𝓉)

∞

n=0

.            (18) 

Application 

In this part, two nonlinear equations and a linear system will be solved using the NVIM and NHPM 

techniques, with the assumption that 𝔅(𝒮) = 1. 

Example 1. Consider the nonlinear equation with the FABCO  

𝒟𝒜ℬ𝒞
𝜏
𝒮Ф(𝜇, 𝜏) = −

𝜕

𝜕𝜇
(
12

𝜇
Ф − 𝜇*Ф +

𝜕2

𝜕𝜇2
Ф2, 0 < δ ≤ 1,   (19) 

depending on the initial condition Ф(𝜇, 0) = 𝜇2. 

Below we present the NVIM, 

Applying the NVIM to Eq.(19), we get 

Ф𝑛+1 = 𝜇2 − 𝑁−1 ((1 − 𝒮 + 𝒮 (
𝑢

𝑠
)
𝒮

)𝑁 (
12

𝜇
Ф𝜇𝑛Ф𝑛 −

12

𝜇2
Ф𝑛

2 − (Ф𝑛
2)𝜇𝜇 + Ф𝑛*+ , (20) 

now, we find the approximate solutions as, 

Ф0 = 𝜇2, 

Ф1 = 𝜇2 + 𝑁−1 ((1 − 𝒮 + 𝒮 (
𝑢

𝑠
)
𝒮

)𝑁(𝜇2)+ = 𝜇2 ((2 − 𝒮) + 𝒮
𝜏𝒮

Γ(𝒮 + 1)
+, 

 Ф2 = 𝜇2 + 𝑁−1 .(1 − 𝒮 + 𝒮 (
𝑢

𝑠
)
𝒮

)𝑁 ((2 − 𝒮) + 𝒮
𝜏𝒮

Γ(𝒮 + 1)
+/ 

= 𝜇2 (1 + (1 − 𝒮)(2 − 𝒮) + (𝒮(1 − 𝒮) + 𝒮(2 − 𝒮))
𝜏𝒮

Γ(𝒮 + 1)
+ 𝒮2

𝜏2𝒮

Γ(2𝒮 + 1)
) , (21) 
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and so on. 

Therefore, the series solution Ф(𝜇, 𝜏) of Eq.(19) is given by 

 

 Ф(𝜇, 𝜏) = 𝜇2 ((𝒮2 − 3𝒮 + 3) + (3𝒮 − 2𝒮2)
𝜏𝒮

Γ(𝒮+1)
+ 𝒮2 𝜏2𝒮

Γ(2𝒮+1)
+ ⋯),     (22) 

when choosing 𝒮 = 1 in Eq.(22), it becomes 

Ф(𝜇, 𝜏) = 𝜇2 (1 + 𝜏 +
𝜏2

2!
+ ⋯ ),           (23) 

Now, we present the NHPM, 

applying the NHPM to Eq.(19), we get 

 

 ∑ 𝓅𝑛Ф𝑛
∞
𝑛=0 = 𝜇2 − 𝓅𝒩−1 *(1 − 𝒮 + 𝒮 (

𝓊

𝓈
)
𝒮

*𝒩 [
∑ 𝓅n𝒜n

∞
n=0 − ∑ 𝓅nℬn

∞
n=0

+∑ 𝓅n𝒞n
∞
n=0 + ∑ 𝓅𝑛Ф𝑛

∞
𝑛=0

]+,     (24) 

by comparing both sides of the Eq.(24), the following result is obtained, 

𝓅0: Ф0 = 𝜇2, 
 

 𝓅1: Ф1 = 𝒩−1 *(1 − 𝒮 + 𝒮 (
𝓊

𝓈
)
𝒮

*𝒩[𝓅0𝒜0 − 𝓅0ℬ0 + 𝓅0𝒞0 + 𝓅0Ф0]+, 

𝓅2: Ф2 = 𝒩−1 [(1 − 𝒮 + 𝒮 (
𝓊

𝓈
)
𝒮

)𝒩[𝓅1𝒜1 − 𝓅1ℬ1 + 𝓅1𝒞1 + 𝓅1Ф1]], 

by the above algorithms, 

Ф0 = μ2, 

Ф1 = μ2 (1 − 𝒮 + 𝒮
𝜏𝒮

Γ(𝒮 + 1)
), 

Ф2 = μ2 ((1 − 2δ + δ2) + (2δ − 2δ2)
𝜏𝒮

Γ(𝒮 + 1)
+ δ2

𝜏2𝒮

Γ(2𝒮 + 1)
+, 

and so on. 

Therefore, the series solutionФ(𝜇, 𝜏) of Eq. (19) is given by 

Ф(𝜇, 𝜏) = 𝜇2 *(3 − 3𝒮 + 𝒮2) + (3𝒮 − 2𝒮2)
𝜏𝒮

Γ(𝒮 + 1)
+ δ2

𝜏2𝒮

Γ(2𝒮 + 1)
+ ⋯ +.       (25) 

If we put 𝒮 →  1 in Eq.(25) , we get the approximate and exact solution 

Ф(𝜇, 𝜏) = μ2 (1 +
𝜏

1!
+

𝜏2

2!
+ ⋯).         (26) 

Ultimately, the exact solution of Eq.(19), 

Ф(𝜇, 𝜏) = 𝜇2𝑒𝜏.     (27) 
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Example 2. Consider the nonlinear equation with the FABCO 

𝐷𝜏
𝒮Ф(𝜇, 𝜏) +

1

2
(Ф2)𝜇 − Ф + Ф2 = 0, 0 < δ ≤ 1               (28) 

with the initial condition Ф(𝜇, 0) =  e−μ . 

Below we present the NVIM, 

using algorithm of the method, we get  

Ф𝑛+1 = e−μ  − 𝑁−1 ((1 − 𝒮 + 𝒮 (
𝑢

𝑠
)
𝒮

)𝑁 (Ф2 +
1

2
(Ф2)𝜇 − Ф*+,    (29) 

Now, we discover the approximate solutions as follows:Ф0 = e−μ, 

Ф1 = e−μ  − ((1 − 𝒮 + 𝒮 (
𝑢

𝑠
)
𝒮

)𝑁(−e−μ)+ =  e−μ (2 − 𝒮 + 𝒮
𝜏𝒮

Γ(𝒮 + 1)
),  

Ф2 = e−μ  − .(1 − 𝒮 + 𝒮 (
𝑢

𝑠
)
𝒮

)𝑁 (−e−μ (2 − 𝒮 + 𝒮
𝜏𝒮

Γ(𝒮 + 1)
)+/ 

= e−μ ((3 − 3𝒮 + 𝒮2) + (3𝒮 − 2𝒮2)
𝜏𝒮

Γ(𝒮 + 1)
+ δ2

𝜏2𝒮

Γ(2𝒮 + 1)
+ , (30) 

thus, the approximate solution of Eq.(28) can be written, 

Ф(𝜇, 𝜏) =  e−μ ((3 − 3𝒮 + 𝒮2) + (3𝒮 − 2𝒮2)
𝜏𝒮

Γ(𝒮 + 1)
+ δ2

𝜏2𝒮

Γ(2𝒮 + 1)
+ ⋯ + , (31) 

when choosing 𝒮 = 1 in Eq.(31), it becomes 

Ф(𝜇, 𝜏) = e−μ (1 + 𝜏 +
𝜏2

2!
+ ⋯),       (32) 

Now, we present the NHPM, 

applying the NHPM to Eq.(19), we get 

𝒩 [ 𝒟𝒜ℬ𝒞
𝜏
𝒮Ф(𝜇, 𝜏) = −

1

2
(Ф2)𝜇 + Ф − Ф2] ,   (33) 

by using the inverse natural transform to both sides of Eq.(33) and the initial condition,  

Ф(𝜇, 𝜏) = 𝜇2 + 𝒩−1 [(1 − 𝒮 + 𝒮 (
𝓊

𝓈
)
𝒮

)𝒩 [−
1

2
(Ф2)𝜇 − Ф2 + Ф]] , (34) 

by applying homotopy permutation method on Eq.(34), 

 ∑ 𝓅𝑛Ф𝑛
∞
𝑛=0 = 𝜇2 − 𝓅𝒩−1 *(1 − 𝒮 + 𝒮 (

𝓊

𝓈
)
𝒮

*𝒩[∑ 𝓅n𝒜n
∞
n=0 − ∑ 𝓅nℬn

∞
n=0 + ∑ 𝓅𝑛Ф𝑛

∞
𝑛=0 ]+,    (35) 
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by comparing both sides of the Eq.(35), the following result is obtained, 

 𝓅0: Ф0 = e−μ, 

 𝓅1: Ф1 = 𝒩−1 *(1 − 𝒮 + 𝒮 (
𝓊

𝓈
)
𝒮

*𝒩[𝓅0𝒜0 − 𝓅0ℬ0 + 𝓅0Ф0]+, 

𝓅2: Ф2 = 𝒩−1 [(1 − 𝒮 + 𝒮 (
𝓊

𝓈
)
𝒮

)𝒩[𝓅1𝒜1 − 𝓅1ℬ1 + 𝓅1Ф1]]. 

By the above algorithms, 

Ф0 = e−μ, 

Ф1 = e−μ (1 − 𝒮 + 𝒮
𝜏𝒮

Γ(𝒮+1)
),  

Ф2 = e−μ ((1 − 2δ + δ2) + (2δ − 2δ2)
𝜏𝒮

Γ(𝒮 + 1)
+ δ2

𝜏2𝒮

Γ(2𝒮 + 1)
+ , (36) 

and so on. 

Therefore, the series solution Ф(𝜇, 𝜏) of Eq. (28) is given by 

Ф(𝜇, 𝜏) = e−μ *(3 − 3𝒮 + 𝒮2) + (3𝒮 − 2𝒮2)
𝜏𝒮

Γ(𝒮 + 1)
+ δ2

𝜏2𝒮

Γ(2𝒮 + 1)
+ ⋯ +.        (37)  

If we put 𝒮 →  1 in Eq.(37) , we obtain 

Ф(𝜇, 𝜏) = e−μ(1 +
𝜏

1!
+

𝜏2

2!
+ ⋯ ) = e−μ ∑

τk

𝑘!

∞

k=0

= exp(−𝜇 + 𝜏).       (38) 

Ultimately, the exact solution of Eq.(28). 

Ф(𝜇, 𝜏) = e−μ+τ        (39) 

Example 3. Suppose that the nonlinear system with the FABCO: 

𝐷𝜏
𝒮Ф(𝜇, 𝜏) − Ѱ𝜇 + Ѱ + Ф = 0, 0 < 𝒮 ≤ 1,  

𝐷𝜏
𝛾
Ѱ(𝜇, 𝜏) − Ф𝜇 + Ѱ + Ф = 0, 0 < 𝛾 ≤ 1,        (40) 

  

where 0 < 𝒮, ƛ ≤ 1 with the initial condition 

Ф(𝜇, 0) = sinh(𝜇),  

Ѱ(𝜇, 0) = cosh(𝜇).          (41)  

Below we present the NVIM, 

We obtain using the method's algorithm 

Ф𝑛+1(𝜇, 𝜏) = Ф(𝜇, 0) − N−1 ((1 − 𝒮 + 𝒮 (
𝑢

𝑠
)
𝒮

)𝒩{Ѱ𝜇𝑛 − Ѱ𝑛 − Ф𝑛}+, 

Ѱ𝑛+1(𝜇, 𝜏) = Ѱ(𝜇, 0) + N−1 ((1 − ƛ + ƛ (
𝑢

𝑠
)
ƛ

*𝒩{Ф𝜇𝑛 − Ѱ𝑛 − Ф𝑛}),      (42)  

Now we discover the approximate solutions as follows: 

Ф0 = sinh(𝜇) ,Ѱ0 = cosh(𝜇), 
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Ф1 = sinh(𝜇) − cosh(𝜇)(1 − 𝒮 + 𝒮
𝜏𝒮

Γ(𝒮 + 1)
), 

Ѱ1 = cosh(𝜇) − sinh(𝜇)(1 − ƛ + ƛ
𝜏ƛ

Γ(ƛ + 1)
), 

 Ф2 = sinh(𝜇) +

[
 
 
 
 (1 − 𝒮)(1 − ƛ) + ƛ(1 − 𝒮) 

𝜏ƛ

Γ(ƛ + 1)

+𝒮(1 − ƛ)
𝜏𝒮

Γ(𝒮 + 1)
+ 𝒮ƛ

𝜏𝒮+ƛ

Γ(𝒮 + ƛ + 1)]
 
 
 
 

(sinh(𝜇) − cosh(𝜇))

+

[
 
 
 
 −𝒮(1 − 𝒮) + 𝒮(1 − 𝒮)

𝜏𝒮

Γ(𝒮 + 1)

−𝒮2
𝜏𝒮

Γ(𝒮 + 1)
+ 𝒮2

𝜏2𝒮

Γ(2𝒮 + 1) ]
 
 
 
 

cosh(𝜇), 

Ѱ2 = cosh(𝜇) +

[
 
 
 
 (1 − 𝒮)(1 − ƛ) + 𝒮(1 − ƛ)

𝜏𝒮

Γ(𝒮 + 1)

+ƛ(1 − 𝒮) 
𝜏ƛ

Γ(ƛ + 1)
+ 𝒮ƛ

𝜏𝒮+ƛ

Γ(𝒮 + ƛ + 1)]
 
 
 
 

(cosh(𝜇) − sinh(𝜇))

+

[
 
 
 
 −ƛ(1 − ƛ) + ƛ(1 − ƛ)

𝜏ƛ

Γ(ƛ + 1)

−ƛ2
𝜏ƛ

Γ(ƛ + 1)
+ ƛ2

𝜏2ƛ

Γ(2ƛ + 1) ]
 
 
 
 

sinh(𝜇).  

Hence, Eq.(40) has approximate solution is given by 

Ф = sinh(𝜇) +

[
 
 
 
 (1 − 𝒮)(1 − ƛ) + ƛ(1 − 𝒮) 

𝜏ƛ

Γ(ƛ + 1)

+𝒮(1 − ƛ)
𝜏𝒮

Γ(𝒮 + 1)
+ 𝒮ƛ

𝜏𝒮+ƛ

Γ(𝒮 + ƛ + 1)]
 
 
 
 

(sinh(𝜇) − cosh(𝜇))

+

[
 
 
 
 −𝒮(1 − 𝒮) + 𝒮(1 − 𝒮)

𝜏𝒮

Γ(𝒮 + 1)

−𝒮2
𝜏𝒮

Γ(𝒮 + 1)
+ 𝒮2

𝜏2𝒮

Γ(2𝒮 + 1) ]
 
 
 
 

cosh(𝜇) − ⋯,  

 Ѱ = cosh(𝜇) +

[
 
 
 
 (1 − 𝒮)(1 − ƛ) + 𝒮(1 − ƛ)

𝜏𝒮

Γ(𝒮 + 1)

+ƛ(1 − 𝒮) 
𝜏ƛ

Γ(ƛ + 1)
+ 𝒮ƛ

𝜏𝒮+ƛ

Γ(𝒮 + ƛ + 1)]
 
 
 
 

(cosh(𝜇) − sinh(𝜇))

+

[
 
 
 
 −ƛ(1 − ƛ) + ƛ(1 − ƛ)

𝜏ƛ

Γ(ƛ + 1)

−ƛ2
𝜏ƛ

Γ(ƛ + 1)
+ ƛ2

𝜏2ƛ

Γ(2ƛ + 1) ]
 
 
 
 

sinh(𝜇) − ⋯ . (43) 

If we put 𝒮 → 1 and ƛ→ 1 in Eq.(43), we recreate the problem solution as below. 

  

 Ф(𝜇, 𝜏) = sinh(μ) (1 +
τ2

2!
+ ⋯) − cosh(μ) (τ +

τ3

3!
+ ⋯) ,  
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 Ѱ(𝜇, 𝜏) =  cosh(μ) (τ +
τ3

3!
+ ⋯) − sinh(μ) (1 +

τ2

2!
+ ⋯).    (44) 

Now, we present the NHPM, 

applying the NHPM to Eq.(40), we get 

 ∑ 𝓅nФ𝑛(𝜇, 𝜏)∞
n=0 = sinh(𝜇) − 𝓅𝒩−1 [(1 − 𝒮 + 𝒮 (

𝑢

𝑠
)
𝒮

*𝒩{Ѱ𝜇𝑛 − Ѱ𝑛 − Ф𝑛}],  

 ∑ 𝓅nѰn(𝜇, 𝜏)∞
n=0 = cosh(𝜇) − 𝓅𝒩−1 [(1 − ƛ + ƛ (

𝑢

𝑠
)
ƛ

*𝒩{Ф𝜇𝑛 − Ѱ𝑛 − Ф𝑛}],   (45) 

  

on comparing both sides of the (45) , 

𝓅0: Ф0 = 𝓋(𝓍, 0) , 𝓅0: Ѱ0 = Ѱ(𝓍, 0),  

𝓅1: Ф1 = −𝒩−1 {(1 − 𝒮 + 𝒮 (
𝑢

𝑠
)
𝒮

)𝒩{Ѱ𝜇0 − Ѱ0 − Ф0}}, 

𝓅1: Ѱ1 = −𝒩−1 ,(1 − ƛ + ƛ (
𝑢

𝑠
)
ƛ

*𝒩{Ф𝜇0 − Ѱ0 − Ф0}-, 

𝓅2: Ф2 = −𝒩−1 ,(1 − 𝒮 + 𝒮 (
𝑢

𝑠
)
𝒮

*𝒩{Ѱ𝜇1 − Ѱ1 − Ф1}-, 

𝓅2: Ѱ2 = −𝒩−1 ,(1 − ƛ + ƛ (
𝑢

𝑠
)
ƛ

*𝒩{Ф𝜇1 − Ѱ1 − Ф1}-. 

By the above algorithms, 

Ф0 = sinh(𝜇) ,Ѱ0 = cosh(𝜇), 

Ф1 = −cosh(𝜇) (1 − 𝒮 + 𝒮
𝜏𝒮

Γ(𝒮+1)
), 

Ѱ1 = −sinh(𝜇) (1 − ƛ + ƛ
𝜏ƛ

Γ(ƛ+1)
), 

 Ф2 =

[
 
 
 
 (1 − 𝒮)(1 − ƛ) + ƛ(1 − 𝒮) 

𝜏ƛ

Γ(ƛ + 1)

+𝒮(1 − ƛ)
𝜏𝒮

Γ(𝒮 + 1)
+ 𝒮ƛ

𝜏𝒮+ƛ

Γ(𝒮 + ƛ + 1)]
 
 
 
 

(sinh(𝜇) − cosh(𝜇))

+ *(1 − 𝒮)2 + 2𝒮(1 − 𝒮)
𝜏𝒮

Γ(𝒮 + 1)
+ 𝒮2

𝜏2𝒮

Γ(2𝒮 + 1)
+ cosh(𝜇) , 

 Ѱ2 =

[
 
 
 
 (1 − 𝒮)(1 − ƛ) + 𝒮(1 − ƛ)

𝜏𝒮

Γ(𝒮 + 1)

+ƛ(1 − 𝒮) 
𝜏ƛ

Γ(ƛ + 1)
+ 𝒮ƛ

𝜏𝒮+ƛ

Γ(𝒮 + ƛ + 1)]
 
 
 
 

(cosh(𝜇) − sinh(𝜇))

+ *(1 − ƛ)2 + 2ƛ(1 − ƛ)
𝜏ƛ

Γ(ƛ + 1)
+ ƛ2

𝜏2ƛ

Γ(2ƛ + 1)
+ sinh(𝜇) .  

Therefore, the approximate solution of Eq.(40) is given by 
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Ф = sinh(𝜇) − cosh(𝜇)(1 − 𝒮 + 𝒮
𝜏𝒮

Γ(𝒮 + 1)
)

+

[
 
 
 
 (1 − 𝒮)(1 − ƛ) + ƛ(1 − 𝒮) 

𝜏ƛ

Γ(ƛ + 1)

+𝒮(1 − ƛ)
𝜏𝒮

Γ(𝒮 + 1)
+ 𝒮ƛ

𝜏𝒮+ƛ

Γ(𝒮 + ƛ + 1)]
 
 
 
 

(sinh(𝜇) − cosh(𝜇))

+ *(1 − 𝒮)2 + 2𝒮(1 − 𝒮)
𝜏𝒮

Γ(𝒮 + 1)
+ 𝒮2

𝜏2𝒮

Γ(2𝒮 + 1)
+ cosh(𝜇) + ⋯, 

Ѱ = cosh(𝜇) − sinh(𝜇)(1 − ƛ + ƛ
𝜏ƛ

Γ(ƛ + 1)
)

+

[
 
 
 
 (1 − 𝒮)(1 − ƛ) + 𝒮(1 − ƛ)

𝜏𝒮

Γ(𝒮 + 1)

+ƛ(1 − 𝒮) 
𝜏ƛ

Γ(ƛ + 1)
+ 𝒮ƛ

𝜏𝒮+ƛ

Γ(𝒮 + ƛ + 1)]
 
 
 
 

(cosh(𝜇) − sinh(𝜇))

+ *(1 − ƛ)2 + 2ƛ(1 − ƛ)
𝜏ƛ

Γ(ƛ + 1)
+ 𝒮2

𝜏2ƛ

Γ(2ƛ + 1)
+ sinh(𝜇) + ⋯ . (46) 

 

If we put 𝒮 → 1 and ƛ→ 1 in Eq.(46), we get 

  

 Ф(𝜇, 𝜏) = sinh(μ) (1 +
τ2

2!
+ ⋯) − cosh(μ) (τ +

τ3

3!
+ ⋯) ,  

 Ѱ(𝜇, 𝜏) =  cosh(μ) (1 +
τ2

2!
+ ⋯) − sinh(μ) (τ +

τ3

3!
+ ⋯) . (47) 

 

This solution is equivalent to the exact solution in closed form: 

Ф(𝜇, 𝜏) = sinh(μ) cosh(τ) − cosh(μ) sinh(τ) ,  

Ѱ(𝜇, 𝜏) =  cosh(μ) cosh(μ) − sinh(μ) sinh(μ) . (48) 

Conclusions 

In this work, two nonlinear equations and a linear system of partial differential equations were successfully 

approximatively solved utilizing the NVIM and NHPM employing the FABO sense. The examples show that 

the NVIM and NHPM conclusions are very similar. The approaches are particularly successful in 

analytically and numerically solving a wide range of classes of linear and non-linear fractional differential 

equations. 

References 

1. R. Hilfer, Applications of Fractional Calculus in Physics; World Scientific: Singapore, 2000. 

2. A. Jaradat, M. S. M. Noorani, M. Alquran, H. M. Jaradat, A novel method for solving Caputo-time-

fractional dispersive long wave Wu-Zhang system. Nonlinear Dyn. Syst. Theory, 18 (2018) 182-190. 

3. Syam, M.I.; Jaradat, H.M.; Alquran, M.; Al-Shara, S. An accurate method for solving a singular second-

order fractional Emden- Fowler problem. Adv. Differ. Equ. 2018(2018) 1-30. 

4. Alquran, M.; Jaradat, I. A novel scheme for solving Caputo time-fractional nonlinear equations: Theory 

and application. Nonlinear Dyn. , 91 (2018) 2389-2395. 



CENTRAL ASIAN JOURNAL OF MATHEMATICAL THEORY AND COMPUTER SCIENCES       Vol: 04 Issue: 08 | Aug 2023     
 

© 2023, CAJMTCS       |     CENTRAL ASIAN STUDIES   www.centralasianstudies.org          ISSN: 2660-5309        |        40 

 

5. I. Podlubny, Fractional Differential Equations. Academic Press, San Diego, CA, (1999). 

6. S. P. Yan, H. Jafari, and H. K. Jassim, Local Fractional Adomian Decomposition and Function 

Decomposition Methods for Solving Laplace Equation within Local Fractional Operators, Advances in 

Mathematical Physics, 2014 (2014) 1-7: ID 161580. 

7. Jassim, Hassan Kamil, and M. A. Shareef. "On approximate solutions for fractional system of differential 

equations with Caputo-Fabrizio fractional operator." Journal of Mathematics and Computer science 23 

(2021): 58-66. 

8. Jassim, H.K.; Hussein, M.A. A Novel Formulation of the Fractional Derivative with the Order α≥0 and 

without the Singular Kernel. Mathematics 2022, 10, 4123. 

 Mohammed Abdulshareef Hussein, Hassan Kamil Jassim."New approximate analytical technique for the‏ .9

solution of two dimensional fractional differential equations." NeuroQuantology 20 (2022): 3690-3705. 

10. Hussein, Mohammed Abdulshareef. "A Review on Integral Transforms of Fractional Integral and 

Derivative."‏International Academic Journal of Science and Engineering 9 (2022): 52-56‏. 

11. Hussein, Mohammed Abdulshareef. "A review on integral transforms of the fractional derivatives of 

CaputoFabrizio and Atangana-Baleanu." Eurasian Journal of Media and Communications 7 (2022): 17-

 ‏.23

12. Hussein, Mohammed Abdulshareef. "A Review on Algorithms of Sumudu Adomian Decomposition 

Method for FPDEs." Journal of Research in Applied Mathematics 8 (2022): 36-43.‏ 

13. Hussein, Mohammed Abdulshareef. "A Review on Algorithms of Laplace Adomian Decomposition 

Method for FPDEs." Scientific Research Journal of Multidisciplinary 2 (2022): 1-10.‏ 

14. Hussein, Mohammed Abdulshareef. "The Approximate Solutions of fractional differential equations with 

Antagana-Baleanu fractional operator." Mathematics and Computational Sciences 3 (2022): 29-39.‏ 

15. Hossein Ali Eaued, Mohammed A Hussein, Ahmed Baqer Jaafer. "An Approximation Approach for 

Solving FPDEs with the Atangana-Baleanu Operator." International Journal of Advances in Engineering 

and Emerging Technology 13 (2022): 130-137. 

16. Mohammed A. Hussein, Hossein Ali Eaued, Ahmed Baqer Jaafer. "The Fractional Fokker-Planck 

Equation Analysis with the Caputo-Fabrizio Operator." INTERNATIONAL JOURNAL OF 

MULTIDISCIPLINARY RESEARCH AND ANALYSIS 5 (2022): 2881-2883. 

17. Mohammed A. Hussein, Hossein Ali Eaued, Ahmed Baqer Jaafer. "The Fractional Fokker-Planck 

Equation Analysis with the Caputo-Fabrizio Operator." INTERNATIONAL JOURNAL OF 

MULTIDISCIPLINARY RESEARCH AND ANALYSIS 5 (2022): 2881-2883. 

18. D. Baleanu, H. K. Jassim, H. Khan, A Modification Fractional Variational Iteration Method for solving 

Nonlinear Gas Dynamic and Coupled KdV Equations Involving Local Fractional Operators, Thermal 

Science, 22( 2018) S165-S175. 

19. H. Jafari, H. K. Jassim, J. Vahidi, Reduced Differential Transform and Variational Iteration Methods for 

3D Diffusion Model in Fractal Heat Transfer within Local Fractional Operators, Thermal Science, 22( 

2018) S301-S307. 

20. H. K. Jassim, W. A. Shahab, Fractional variational iteration method to solve one dimensional second 

order hyperbolic telegraph equations, Journal of Physics: Conference Series, 1032(1) (2018) 1-9. 

21. H. K. Jassim, D. Baleanu, A novel approach for Korteweg-de Vries equation of fractional order, Journal 

of Applied Computational Mechanics, 5(2) (2019) 192-198. 

22. D. Baleanu, H. K. Jassim, Approximate Solutions of the Damped Wave Equation and Dissipative Wave 

Equation in Fractal Strings, Fractal and Fractional, 3(26) (2019) 1-12. 



CENTRAL ASIAN JOURNAL OF MATHEMATICAL THEORY AND COMPUTER SCIENCES       Vol: 04 Issue: 08 | Aug 2023     
 

© 2023, CAJMTCS       |     CENTRAL ASIAN STUDIES   www.centralasianstudies.org          ISSN: 2660-5309        |        41 

 

23. D. Baleanu, H. K. Jassim, A Modification Fractional Homotopy Perturbation Method for Solving 

Helmholtz and Coupled Helmholtz Equations on Cantor Sets, Fractal and Fractional, 3(30) (2019) 1-8. 

24. D. Baleanu, H. K. Jassim, M. Al Qurashi, Solving Helmholtz Equation with Local Fractional Derivative 

Operators, Fractal and Fractional, 3(43) (2019) 1-13. 

25. H. K. Jassim, Analytical Approximate Solutions for Local Fractional Wave Equations, Mathematical 

Methods in the Applied Sciences, 43(2) (2020) 939-947. 

26. H. K. Jassim, M. A. Shareef, On approximate solutions for fractional system of differential equations 

with Caputo-Fabrizio fractional operator, Journal of Mathematics and Computer science, 23 (2021) 58-

66. 

27. H. K. Jassim, S. A. Khafif, SVIM for solving Burgers and coupled Burgers equations of fractional order, 

Progress in Fractional Differentiation and Applications, 7(1) (2021)1-6. 

28. H. K. Jassim, H. A. Kadhim, Fractional Sumudu decomposition method for solving PDEs of fractional 

order, Journal of Applied and Computational Mechanics, 7(1) (2021) 302-311. 

29. H. Jafari, H. K. Jassim, D. Baleanu, Y. M. Chu, On the approximate solutions for a system of coupled 

Korteweg-de Vries equations with local fractional derivative, Fractals, 29(5)(2021) 1-7. 

30. H. K. Jassim, A new approach to find approximate solutions of Burgers and coupled Burgers equations 

of fractional order, TWMS Journal of Applied and Engineering Mathematics, 11(2) (2021) 415-423. 

31. L. K. Alzaki, H. K. Jassim, The approximate analytical solutions of nonlinear fractional ordinary 

differential equations, International Journal of Nonlinear Analysis and Applications, 12(2) (2021) 527-

535. 

32. H.K. Jassim, H. Ahmad, C. Cesarano, An efficient hybrid technique for the solution of fractional-order 

partial differential equations, Carpathian Mathematical Publications, 13(3) (2021) 790-804. 

33. H. G. Taher, H. Ahmad, J. Singh, D. Kumar, H. K. Jassim, Solving fractional PDEs by using Daftardar-

Jafari method, AIP Conference Proceedings, 2386(060002) (2022) 1-10. 

34. J. F. Gmez-Aguilar, et al., Analytical Solutions of the Electrical RLC Circuit via LiouvilleCaputo 

Operators with Local and Non-Local Kernels, Entropy, 18 (2016) 1-12. 

35. Atangana, Abdon, and Dumitru Baleanu. ”New fractional derivatives with nonlocal and non-singular 

kernel: theory and application to heat transfer model.” arXiv preprint arXiv:1602.03408 (2016). 

36. Belgacem, Fethi Bin Muhammed, and R. Silambarasan. ”Theory of natural transform.” Math. Engg. Sci. 

Aeros 3 (2012): 99-124. 

37. Abdel-Rady, Ahmed Safwat, et al. ”Natural transform for solving fractional models.” Journal of Applied 

Mathematics and Physics 3.12 (2015): 1633. 

38. Bokhari, Ahmed. ”Application of Shehu transform to Atangana-Baleanu derivatives.” J. Math. Computer 

Sci 20 (2019): 101-107. 


