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Introduction 

One of the important problems of complex analysis is holomorphic extension of integrable functions defined on the boundary 

of a domain 𝐷 ⊂ ℂ𝑛, 𝑛 > 1. Of particular interest is the question of integrable functions with one-dimensional holomorphic 

extension property along complex lines. On the complex plane ℂ the problem of one-dimensional holomorphic extension is trivial. 

So results in this area are essential multidimensional. 

The first results concerning this area are due to M. L. Agranovskii and P.E.Val’skii [3], who have studied functions with the 

one-dimensional holomorphic extension property on a ball. This investigation was based on properties of the group of automorphisms 

of sphere. 

E. L. Stout in [29], using a complex Radon transformation, adopted Agranovskii–Val’skii Theorem to an arbitrary bounded 

domain with smooth boundary. An alternative proof of Stout’s Theorem was given by A.M. Kytmanov in [2], who applied the 

Bochner–Martinelli Theorem. The idea of using the integral representations (Bochner–Martinelli, Cauchy–Fantappie, logarithmic 

residue) has been useful in the study of functions with one-dimensional holomorphic continuation property (see review [16]). 

The question of finding several families of complex lines which suffice for for holomorphic extension was raised in [12]. 

Clearly, the family of complex lines passing through one point is not enough. As shown in [17], the family of complex lines passing 

through a finite number of points also, generally speaking, is not sufficient. 

In [17] it was proved that the family of complex lines crossing the germ of a generic manifold 𝛾, is sufficient for the 

holomorphic extension. In [18] the authors considered continuous functions given on the boundary of a bounded domain 𝐷 in ℂ𝑛 , 

𝑛 > 1, with the one-dimensional holomorphic extension property along families of complex lines. Also studied was the existence of 

holomorphic extensions of these functions to 𝐷 depending on the dimension and location of the families of complex lines. Various 

another families and related problems were studied by many authours [4-7,13]. We note that in papers [5,13] it was shown that a 

family of complex lines passing through a finite set of points in general position sufficient for holomorphic extension. But it was 

proved only for real-analytic or infinitely differentiable functions defined on the boundary. In  [8,14] were shown that for holomorphic 
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extension of continuous functions it suffices to take a family of complex lines passing through 𝑛 + 1 points lying at the interior of 

ball. Another proof of this result based on applications of integral representation was given in [19, 20]. In [24-26] were considered 

sufficient conditions for holomorphic extension of integrable functions for a family of complex lines passing through open subset 

lying in a domain 𝐷. 

The example of Globevnik [13] shows that for continuous functions on the boundary of ball in ℂ2 two points is not enough for 

holomorphic extension. In the paper [21] was considered continuous functions given on the boundary of a ball 𝐵 of ℂ𝑛 , 𝑛 > 1, having 

one-dimensional property of holomorphic extension along the families of complex lines, passing through finite number of points of 

𝐷. 

In this paper we generalize this result for integrable functions. In Section 2 we consider the Szegő kernel in 𝑛-circular domains. 

In Sections 3 and 4 we consider the Poisson kernel and modified Poisson kernel on 𝑛-circular domains. In Section 5 we will consider 

integrable functions given on the boundary of 𝑛-circular domain 𝐷 ⊂ ℂ𝑛, 𝑛 > 1 and having one-dimensional property of holomorphic 

extension along the families of complex lines, passing through finite number of points of 𝐷. We prove the existence of holomorphic 

extension of such functions in the domain 𝐷 (see Theorem 5.10). 

1. The Szegő kernel on 𝒏-circular domains 

Let 𝐷 be a bounded complete 𝑛-circular domain in ℂ𝑛 with the center at the origin, that is, together with a point 𝑧0 =

(𝑧1
0, … , 𝑧𝑛

0) ∈ 𝐷 it contains a polydisc 

{𝑧 ∈ ℂ𝑛: |𝑧𝑘| ≤ |𝑧𝑘
0|,  𝑘 = 1, … , 𝑛}. 

Denote by 𝐷+ = {(|𝑧1|, … , |𝑧𝑛|):  𝑧 ∈ 𝐷} the image of a domain 𝐷 in the absolute octant 

ℝ𝑛
+ = {(𝑥1, … , 𝑥𝑛): |𝑥𝑘| ≥ 0,  𝑘 = 1, … , 𝑛}. 

Let ∂𝐷+ = {(|𝑧1|, … , |𝑧𝑛|):  𝑧 ∈ ∂𝐷}. 

Consider a finite measure 𝜇 on ∂𝐷+. A measure 𝜇 is said to be massive on the Shilov boundary [2, Page 76] if for any subset 

𝐸 ⊂ ∂𝐷+ with a zero measure 𝜇 satisfied a condition ∂𝐷+\𝐸 ⊃ 𝑆(𝐷+), where 𝑆(𝐷+) is the image of the Shilov boundary 𝑆(𝐷) in 

the absolute octant. 

Further we need the following result from [11, Section 3.1]. 

Proposition 2.1.  If  𝐷 is a strongly pseudoconvex 𝑛-circular domain (i.e., strictly logarithmically convex) then the Shilov 

boundary 𝑆(𝐷) coincides with boundary of the domain. 

Proposition 2.1 implies that the Lebesgue measure 𝜇 on the boundary of such domain is massive. From now on we shall assume 

that 𝜇 is a massive measure. 

Define the Szegő kernel of domain 𝐷: 

ℎ(𝜁‾, 𝑧) = ∑ 𝑎𝛼𝛼≥0 𝜁‾𝛼𝑧𝛼 ,                                             (2.1) 

where 

𝑎𝛼 =
1

∫ |𝜁|2𝛼
∂𝐷+

𝑑𝜇
=

1

∫ |𝜁1|
2𝛼1

∂𝐷+
⋅ … ⋅ |𝜁𝑛|

2𝛼𝑛𝑑𝜇
 

and 𝛼 = {𝛼1, … , 𝛼𝑛} is a multi-index such that 𝛼 ≥ 0 (i.e., 𝛼𝑘 ≥ 0, 𝑘 = 1, … , 𝑛) and 𝑧𝛼 = 𝑧1
𝛼1 ⋅ … ⋅ 𝑧𝑛

𝛼𝑛 , ∥ 𝛼 ∥= 𝛼1 +⋯+

𝛼𝑛. 

Recall a definition of a class ℋ𝑝(𝐷). A holomorphic function 𝑓 ∈ ℋ𝑝(𝐷) (𝑝 > 0), if 

sup
𝜖>0

∫ |𝑓(𝜁 − 𝜖𝜈(𝜁))|
𝑝

∂𝐷

𝑑𝜎 < +∞, 

where 𝑑𝜎 is an element of the surface ∂𝐷 and 𝜈(𝜁) is the outer unit normal vector to the surface ∂𝐷 at the point 𝜁. It is well-

known that normal boundary values of 𝑓 ∈ ℋ𝑝(𝐷) belong to the class ℒ𝑝(∂𝐷) (with respect to the measure 𝑑𝜎). 

The following result gives us the existence of the Szegő kernels on the 𝑛-circular domains. 

Theorem 2.2.  Let 𝜇 be a finite measure on ∂𝐷+. For any function 𝑓 ∈ ℋ𝑝(𝐷), (𝑝 ≥ 1) there exists a Szegő representation  

𝑓(𝑧) = lim
𝑟→1

1

(2𝜋𝑖)𝑛
∫ 𝑑
∂𝐷+

𝜇 ∫ 𝑓
𝛥|𝜁|

(𝜁)ℎ(𝜁‾, 𝑟𝑧)
𝑑𝜁

𝜁
,  𝑧 ∈ 𝐷,               (2.2) 

where 𝛥|𝜁| = {𝜁:  𝜁1 = |𝜁1|𝑒
𝑖𝜃1 , … , 𝜁𝑛 = |𝜁𝑛|𝑒

𝑖𝜃𝑛 ,  0 ≤ 𝜃𝑘 ≤ 2𝜋,  𝑘 = 1,… , 𝑛, |𝜁| ∈ ∂𝐷+}, 
𝑑𝜁

𝜁
=

𝑑𝜁1

𝜁1
∧⋅

𝑑𝜁𝑛

𝜁𝑛
, and the Szegő 

kernel ℎ(𝜁‾, 𝑧) = ℎ(𝜁‾1𝑧1,… , 𝜁‾𝑛𝑧𝑛) as a function of 𝜁‾ lie in 𝒪(𝐷) for fixed 𝑧 ∈ 𝐷, and as a function of 𝑧 lie in 𝒪(𝐷) for fixed 𝜁 ∈ ∂𝐷, 

if and only if a measure 𝜇 is massive. 

This Theorem was proved for continuous functions in [2] and for functions from the class ℋ𝑝, it is obtained by approximation 

of 𝑓(𝑧) by functions 𝑓(𝑟𝜁) when 𝑟 → 1 − 0, 𝑟 < 1, with respect to the metric of ℋ𝑝. 

So, by Theorem 2.2 the series  (2.1) converges absolutely for 𝜁 ∈ 𝐷 and 𝑧 ∈ 𝐷 and uniformly for 𝜁 ∈ 𝐷 and 𝑧 ∈ 𝐾, where 𝐾 

is an arbitrary compact subset in 𝐷. 
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Clearly ∂𝐷 = ⋃ 𝛥|𝜁||𝜁|∈∂𝐷+ . The following property of the Szegő kernel is evident: 

ℎ(𝜁‾, 𝑧) = ℎ(𝜁, 𝑧‾) = ℎ(𝑧, 𝜁‾). 

2. The Poisson kernel on 𝐧-circular domains 

Let us recall the Poisson kernel 

𝑃(𝜁, 𝑧) =
ℎ(𝜁‾, 𝑧)ℎ(𝜁, 𝑧‾)

ℎ(𝑧‾, 𝑧)
=
|ℎ(𝜁‾, 𝑧)|2

ℎ(𝑧‾, 𝑧)
. 

Note that the kernel 𝑃(𝜁, 𝑧) is defined for (𝜁, 𝑧) ∈ 𝐷 × 𝐷, because ℎ(𝑧‾, 𝑧) > 0. 

Proposition 3.1.  If 𝑓 ∈ ℋ𝑝(𝐷)  (𝑝 ≥ 1), the following formula is true  

𝑓(𝑧) = lim
𝑟→1

1

(2𝜋𝑖)𝑛
∫ 𝑑

∂𝐷+

𝜇 ∫𝑓

𝛥|𝜁|

(𝜁)𝑃(𝜁, 𝑟𝑧)
𝑑𝜁

𝜁
,  𝑧 ∈ 𝐷. 

The proof follows from the form of the Poisson kernel and Theorem 2.2. 

Lemma 3.2.   Consider the Szegő kernel at 𝜁 = 𝑧  

ℎ(𝑧‾, 𝑧) = ∑ 𝑎𝛼𝛼≥0 |𝑧|2𝛼 > 0  

in 𝐷. Then ℎ(𝑧‾, 𝑧) → ∞, when 𝑧 → ∂𝐷. 

Suppose that a domain 𝐷 satisfied the following property (A): 

ℎ(𝜁‾, 𝑟𝑧) is uniformly bounded in 𝑧 outside any neighborhood of 𝜁 for 𝜁, 𝑧 ∈ ∂𝐷 and 𝜁 ≠ 𝑧, 𝑟 → 1. 

Theorem 3.3.  Let 𝐷 be a domain with the property (A) and 𝑓 ∈ ℒ𝑝(∂𝐷). Then the Poisson integral  

𝐹(𝑧) = 𝑃[𝑓](𝑧) = lim
𝑟→1

1

(2𝜋𝑖)𝑛
∫ 𝑑
∂𝐷+

𝜇 ∫ 𝑓
𝛥|𝜁|

(𝜁)𝑃(𝜁, 𝑟𝑧)
𝑑𝜁

𝜁
  

is a real-analytic function on 𝐷 and its values on the boundary with respect to the metric ℒ𝑝 coincides with 𝑓 on ∂𝐷. 

Proof. Real-analyticity of 𝐹(𝑧) follows from the real-analyticity of the Szegő and Poisson kernels. By condition (A) and 

Lemma 3.2 we obtain that 𝑃(𝜁, 𝑟𝑧) uniformly converges to zero outside any neighborhood’s at the point 𝜁 for 𝜁, 𝑧 ∈ ∂𝐷, 𝜁 ≠ 𝑧 and 

𝑟 → 1. Besides 𝑃(𝜁, 𝑧) > 0 and 𝑃[1](𝜁) = 1. Hence the Poisson kernel 𝑃(𝜁, 𝑧) approximate identity [28, Page 49], where 𝑑𝜁 =

𝑑𝜁1 ∧ …∧ 𝑑𝜁𝑛, 𝑑𝜁‾[𝑘] = 𝑑𝜁‾1 ∧ …∧ 𝑑𝜁‾𝑘−1 ∧ 𝑑𝜁‾𝑘+1 ∧ …∧ 𝑑𝜁‾𝑛. The proof is complete. ◻ 

3. The modified Poisson kernel 

Consider the following differential form 

𝜔 = 𝑐∑(−1)𝑘−1
𝑛

𝑘=1

𝜁‾𝑘  𝑑𝜁‾[𝑘] 𝑑𝜁, 

where 𝑐 =
(𝑛−1)!

(2𝜋𝑖)𝑛
. 

Let us find the restriction of this form on boundary ∂𝐷 of the domain 

𝐷 = {𝑧 ∈ ℂ𝑛:  𝜌(|𝑧1|
2, … , |𝑧𝑛|

2) < 0}, 

where 𝜌(𝑧) is a twice smooth function and 

1

, ..., 0
n

grad
z z

r r
r

ж ц¶ ¶ чз= №чз чз ч¶ ¶и ш
 on ∂𝐷. 

Denote |𝑧𝑘|
2 = 𝑡𝑘, 𝑘 = 1, … , 𝑛. Then 

1
1

, ..., 0n
n

grad z z
t t

r r
r

ж ц¶ ¶ чз= №чз чз ч¶ ¶и ш
 

The function 𝜌 can be choose such that |grad𝜌||∂𝐷 = 1. Let 𝜈 = 𝜔|∂𝐷, and in this case it is not hard to check that (see for 

example [15, Lemma 3.5]), 

𝜈 = 𝑐∑𝜁‾𝑘

𝑛

𝑘=1

∂𝜌

∂𝜁‾𝑘
𝑑𝜎 = 𝑐∑𝑡𝑘

𝑛

𝑘=1

∂𝜌

∂𝑡𝑘
𝑑𝜎, 

where 𝑑𝜎 is the Lebesgue measure on ∂𝐷. In a case of 𝑛-circular domain we have 𝑑𝜎 = 𝑑𝜎+ ⋅ 𝑑𝜎′, where 𝑑𝜎′ is a measure 

defined by the form 

1

(2𝜋𝑖)𝑛
𝑑𝜁1
𝜁1

∧ …∧
𝑑𝜁𝑛
𝜁𝑛

, 

and 𝑑𝜎+ is the Lebesque measure on ∂𝐷+. Hence 
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𝜈 = 𝑐∑ 𝑡𝑘

𝑛

𝑘=1

∂𝜌

∂𝑡𝑘
 𝑑𝜎+ ⋅ 𝑑𝜎′. 

Set 

𝜇 = 𝑐 ∑ 𝑡𝑘
𝑛
𝑘=1

∂𝜌

∂𝑡𝑘
 𝑑𝜎+.                                           (4.1) 

Lemma 4.1.  If  𝐷 is a complete 𝑛-circular domain, then 𝜇 is a measure on ∂𝐷+. 

The proof can be find in [22, Page 292]. 

Corollary 4.2.  If 𝐷 is a complete strongly pseudoconvex 𝑛-circular domain, then 𝜇 is a massive measure on ∂𝐷+. 

Consider the modified Poisson kernel 

𝑄(𝜁, 𝑧, 𝑤) =
ℎ(𝜁‾, 𝑧)ℎ(𝜁, 𝑤)

ℎ(𝑤, 𝑧)
. 

Then for 𝑤 = 𝜁‾ we get 𝑄(𝜁, 𝑧, 𝑧‾) = 𝑃(𝜁, 𝑧) and ℎ(𝑧‾, 𝑧) > 0. Therefore there exists a neighboard 𝑈 of the diagonal 𝑤 = 𝑧‾ in 

𝐷𝑧 × 𝐷𝑤 such that ℎ(𝑤, 𝑧) ≠ 0. 

Consider a function 

𝛷(𝑧,𝑤) = 𝑐 ∫𝑓

∂𝐷

(𝜁)𝑄(𝜁, 𝑧,𝑤)𝑑𝜈 =

= 𝑐 ∫ 𝑑

∂𝐷+

𝜇 ∫𝑓

𝛥|𝜁|

(𝜁)𝑄(𝜁, 𝑧,𝑤)
𝑑𝜁

𝜁
,  (𝑧,𝑤) ∈ 𝐷 × 𝐷.

 

This function is holomorphic in the variables (𝑧,𝑤) ∈ 𝑈, and for 𝑤 = 𝑧‾ function 𝛷(𝑧, 𝑤) = 𝐹(𝑧) and 

( , ) ( )

w z

z w F z

z w z z

d g d g

d g d g

+ +

=

¶ F ¶
=

¶ ¶ ¶ ¶
                                (4.2) 

where 

∂𝛿+𝛾𝛷(𝑧,𝑤)

∂𝑧𝛿 ∂𝑤𝛾
=

∂𝛿1+⋯+𝛿𝑛+𝛾1+⋯𝛾𝑛𝛷(𝑧, 𝑤)

∂𝑧1
𝛿1 ⋯∂𝑧𝑛

𝛿𝑛 ∂𝑤1
𝛾1⋯∂𝑤𝑛

𝛾𝑛
,

∂𝛿+𝛾𝐹(𝑧)

∂𝑧𝛿 ∂𝑧‾𝛾
=

∂𝛿1+⋯+𝛿𝑛+𝛾1+⋯𝛾𝑛𝐹(𝑧)

∂𝑧1
𝛿1 ⋯∂𝑧𝑛

𝛿𝑛 ∂𝑧‾1
𝛾1⋯∂𝑧‾𝑛

𝛾𝑛
,

 

and 𝛿 = (𝛿1, … , 𝛿𝑛), 𝛾 = (𝛾1 , … , 𝛾𝑛). 

Let 𝜁 = 𝑏𝑡, 𝑏 ∈ ℂℙ𝑛−1. As it was proved in [16] (see below also [15, Section 15]) 

𝜔 = 𝑐
𝑑𝑡

𝑡
∧ 𝜆(𝑏),                                               (4.3) 

where 𝜆(𝑏) is the differential form of type (𝑛 − 1, 𝑛 − 1) independent of 𝑡. 

From now on we shall assume the existence of the direction 𝑏0 ≠ 0 such that 

⟨𝑏0, 𝜁‾⟩ ≠ 0 𝜁 ∈ 𝐷.                                             (4.4) 

Denote by LG  the set of all complex lines of the form 

ℓ𝑧,𝑏 = {𝜁 ∈ ℂ𝑛: 𝜁𝑗 = 𝑧𝑗 + 𝑏𝑗𝑡,  𝑗 = 1, … , 𝑛,  𝑡 ∈ ℂ},                   (4.5) 

passing through a point $z\in\varGamma$ in the direction of vector 𝑏 ∈ ℂℙ𝑛−1 (the direction 𝑏 is defined up to multiplication 

to a complex number 𝜆 ≠ 0). 

By Sard’s Theorem for almost all points 𝑧 ∈ ℂ𝑛 and for a fixed point 𝑏 ∈ ℂℙ𝑛−1 the intersection ℓ𝑧,𝑏 ∩ ∂𝐷 consists a finite 

number of piecewise-smooth curves (beyond degenerate case when ∂𝐷 ∩ ℓ𝑧,𝑏 = ∅). 

It is known that if 𝑓 ∈ ℒ𝑝(∂𝐷), 𝑝 ≥ 1, then for almost all 𝑧 ∈ 𝐷 and almost all 𝑏 ∈ ℂℙ𝑛−1 the function 𝑓 ∈ ℒ𝑝(∂𝐷 ∩ ℓ𝑧,𝑏) 

(see [24]). 

We will say that a function 𝑓 ∈ ℒ𝑝(∂𝐷) has the one-dimensional holomorphic extension property along the family 

,z bl LGО  of the form (4.5), if for almost all lines ℓ𝑧,𝑏  such that ∂𝐷 ∩ ℓ𝑧,𝑏 ≠ ∅ there exists a function 𝑓ℓ with properties 

1. 𝑓ℓ ∈ ℋ𝑝(𝐷 ∩ ℓ𝑧,𝑏), 

2. normal boundary values by the metric ℋ𝑝 of function 𝑓ℓ coincides with 𝑓 on ∂𝐷 ∩ ℓ𝑧,𝑏 almost everywhere. 

Consider the Bochner–Martinelli kernel 
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𝑈(𝜁, 𝑧) =
(𝑛 − 1)!

(2𝜋𝑖)𝑛
∑(−1)𝑘−1
𝑛

𝑘=1

𝜁‾𝑘 − 𝑧‾𝑘
|𝜁 − 𝑧|2𝑛

 𝑑𝜁‾[𝑘] ∧ 𝑑𝜁, 

where 𝑑𝜁 = 𝑑𝜁1 ∧ …∧ 𝑑𝜁𝑛, and 𝑑𝜁‾[𝑘] gets from 𝑑𝜁‾ throwing the differential 𝑑𝜁‾𝑘. 

For a function 𝑓 ∈ ℒ𝑝(∂𝐷) define the Bochner–Martinelli integral by the following way 

𝐹(𝑧) = ∫ 𝑓
∂𝐷𝜁

(𝜁)𝑈(𝜁, 𝑧),  𝑧 ∉ ∂𝐷.                       (4.6) 

A function 𝐹(𝑧) is harmonic outside of the boundary of domain and tends to zero when |𝑧| → ∞. 

A subset 𝔏𝛤 is said to be sufficient for holomorphic extension, if the function 𝑓 ∈ ℒ𝑝(∂𝐷) has the one-dimensional 

holomorphic extension property along almost all complex lines from a family 𝔏𝛤 , and then the function 𝑓 extends holomorphically to 

𝐷 and belong the class ℋ𝑝. 

From now on without loss of generality we assume that 0 ∈ 𝐷. 

Theorem 4.3.  Let 𝐷 be a bounded strongly convex 𝑛-circular domain and a function 𝑓 ∈ ℒ𝑝(∂𝐷) has the one-dimensional 

holomorphic extension property along complex lines passing through the origin. Then 𝛷(0, 𝑤) = const and 

0

( , )

z

z w

z

d

d
=

¶ F

¶
 is a 

polynomial in 𝑤 of degree not higher than ∥ 𝛿 ∥. 

Proof. Let ℓ0,𝑏 be the line passing through the origin in the direction of a vector 𝑏 ∈ ℂℙ𝑛−1. Consider 

𝑄(𝑏𝑡, 𝑧, 𝑤) =
ℎ(𝑏‾𝑡‾, 𝑧)ℎ(𝑏𝑡,𝑤)

ℎ(𝑧, 𝑤)
. 

Then 

ℎ(𝑏‾𝑡‾, 𝑧) = ∑ 𝑎𝛼𝛼≥0 (𝑏‾𝑧)
𝛼
𝑡‾∥𝛼∥                                    (4.7) 

and ℎ(0,0) = ℎ(𝜁, 0) = 𝑎0. Thus 

𝛷(0,0) = ∫ 𝑓

∂𝐷

(𝜁)
ℎ(𝜁‾, 0)ℎ(𝜁, 0)

ℎ(0,0)
 𝑑𝜈 =

=
1

ℎ(0,0)
∫𝑓

∂𝐷

(𝜁)ℎ(𝜁‾,0)ℎ(𝜁, 0) 𝑑𝜈 =

=
𝑐

ℎ(0,0)
∫ 𝜆

∂𝐷∩𝑙0,𝑏

(𝑏) ∫ℎ

𝑙0,𝑏

(𝑏‾𝑡‾, 0)ℎ(𝑏𝑡, 0)
𝑓(𝑏𝑡)

𝑡
 𝑑𝑡 =

=
𝑐𝑎0

2

𝑎0
∫ 𝜆

∂𝐷∩𝑙0,𝑏

(𝑏) ∫
𝑓(𝑏𝑡)

𝑡
𝑙0,𝑏

 𝑑𝑡 = 𝑐𝑎0 ∫ 𝜆

∂𝐷∩𝑙0,𝑏

(𝑏) ∫
𝑓(𝑏𝑡)

𝑡
𝑙0,𝑏

 𝑑𝑡.

 

Let us consider derivatives 

∂𝛿+𝛾𝛷(𝑧, 𝑤)

∂𝑧𝛿 ∂𝑤𝛾
=

∂𝛿1+⋯+𝛿𝑛+𝛾1+⋯𝛾𝑛𝛷(𝑧,𝑤)

∂𝑧1
𝛿1 ⋯∂𝑧𝑛

𝛿𝑛 ∂𝑤1
𝛾1 ⋯∂𝑤𝑛

𝛾𝑛
, 

where 𝛿 = (𝛿1,… , 𝛿𝑛), 𝛾 = (𝛾1, … , 𝛾𝑛). We have 

∂𝛾𝛷(0,𝑤)

∂𝑤𝛾
∫ 𝑓

∂=𝐷

(𝜁)
∂𝛾𝑄(𝜁, 0,𝑤)

∂𝑤𝛾
 𝑑𝜈 =

=
𝑎0
𝑎0

∫𝑓

∂𝐷

(𝜁)
∂𝛾ℎ(𝜁,𝑤)

∂𝑤𝛾
 𝑑𝜈 = ∫𝑓

∂𝐷

(𝜁)
∂𝛾ℎ(𝜁, 𝑤)

∂𝑤𝛾
 𝑑𝜈.

 

Now compute 

∂𝛾ℎ(𝜁, 𝑤)

∂𝑤𝛾
= ∑ 𝑎𝛼

𝛼−𝛾≥0

𝑑𝛼,𝛾𝜁
𝛼𝑤𝛼−𝛾 , 

where 𝑑𝛼,𝛾 are constants. Then for 𝑤 = 0 we get 

,

0

( , )

w

h w
a d

w

g
g

a g gg

z
z

=

¶
=

¶
. 

Thus we obtain that 
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0, 0,

,

0

(0, )
( ) ( ) 0

b b
w D l l

w dt
c b f bt a d b t

tw

g
gg

g g gg
l

= ¶ З

¶ F
= =

¶
т т  

for ∥ 𝛾 ∥> 0. This means that 𝛷(0,𝑤) = const. 

Compute 

0 0
0 0

( ( , ) ( , )) ( , ) ( , )
! !

z z
w w

h z h w h z h w
a a

z w z w

d g d g
d g

d gd g d g

z z z z
d z g z

+

= =
= =

¶ Ч ¶ ¶
= Ч =

¶ ¶ ¶ ¶
 

where 𝛿! = 𝛿1! ⋅ … ⋅ 𝛿𝑛!, 𝛾! = 𝛾1! ⋅ … ⋅ 𝛾𝑛!. Then 

0 0 1
0 0

( , , ) ( ( , ) ( , )) k k
N

k
z z k
w w

Q z w h z h w
C

z w z w

d g d g
d e g e

d g d g

z z z
z z

+ +
- -

= = =
= =

¶ ¶ Ч
= =

¶ ¶ ¶ ¶
е , 

because by substituting 𝑧 = 0 and 𝑤 = 0 in derivatives, we can see that derivatives in 𝑧 and 𝑤 with different order are equal 

to zero. 

Let ∥ 𝛿 ∥<∥ 𝛾 ∥. Then from (4.3) and (4.8) we get that 

0, 0,

0, 0,

0,

0 0
0 0

1 1

1

1

1

( , ) ( , , )

( ) ( ) ( )

( ) ( )

( ) ( )

k kk k

b b

k k

b b

k

b

z z
Dw w

N N

k k
k kD D l l

N

k
k D l l

k

l

z w Q z w
c d

z w z w

c C f d c C b f bt t t dt

c C b f bt t t dt

C C b f bt t dt

d g d g

d g d g

d e g ed e g e

d e g e

g e

d

z
n

z z z n l

l

l

+ +

= =
¶= =

- -- -

= =¶ ¶ З

- - -

= ¶ З

- -

¶ F ¶
= =

¶ ¶ ¶ ¶

= = =

= =

=

т

е ет т т

е т т

т
0,

1

0

b

N

k D l= ¶ З

=е т

 

because the intersection of 𝐷 and ℓ0,𝑏 is a disc. So, derivatives 

0

( , )

z

z w

z

d

d
=

¶ F

¶
 are polynomials in 𝑤 of degree not higher 

than ∥ 𝛿 ∥. The proof is complete. ◻ 

For continuous functions Theorem 4.3 was proved in [21]. 

4. Main results 

Let us first construct a map 𝜁 = 𝜒(𝜂):  𝐵 → 𝐷, where 𝐵 is the unit ball in ℂ𝑛 with the center at the origin, mapping the origin 

to a point 𝑎 ∈ 𝐷. The map 𝜒 will be construct by the following way: 

Consider complex lines 𝜆𝑏 = {𝜂 ∈ ℂ𝑛:  𝜂 = 𝑏𝜏,  𝜏 ∈ ℂ} and ℓ𝑎,𝑏 = {𝜁 ∈ ℂ𝑛:  𝜁 = 𝑎 + 𝑏𝑡,  𝑡 ∈ ℂ}, where 𝑏 ∈ ℂℙ𝑛−1. The 

intersection 𝐷𝑎,𝑏 = ℓ𝑎,𝑏 ∩ 𝐷 is a strongly convex domain in ℂ, and therefore there exists a conformal map 𝜒𝑏(𝜏) of unit ball in ℂ into 

𝐷𝑎,𝑏, sending the point 𝜏 = 0 to the point 𝑡 = 0. By Caratheodory’s Theorem [27, Page 228] this map can be extended to the 

homeomorphism of closed domains. Then to the point 𝜂 = 𝑏𝜏 ∈ 𝐷 ∩ 𝜆𝑏 we put the point 𝜒(𝜂) = 𝑎 + 𝑏𝜒𝑏(𝜏) ∈ 𝐷𝑎,𝑏. We will use 

Lemmata 3 and 4 from [21]. 

Lemma 5.1.  Let 𝐷 be a bounded strongly convex 𝑛-circular domain. Then the map 𝜒(𝜂) is a well defined diffeomorphism 

from 𝐵 onto 𝐷 in the class 𝒞1. 

From now on we assume that 𝐷 is a bounded strongly convex 𝑛-circular domain with twice smooth boundary. 

Lemma 5.2.  The derivatives of 𝜒(𝜂) is holomorphic in 𝜏 for fixed 𝑏. 
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Lemma 5.3.  Let 𝑓 ∈ ℒ𝑝(∂𝐷) be a function with the one-dimensional holomorphic extension property along almost all 

complex lines passing through the point 𝑎 ∈ 𝐷. Then the function 𝑓∗(𝜂) = 𝑓(𝜒(𝜂)) ∈ ℒ𝑝(∂𝐵) and it has the one-dimensional 

holomorphic extension property along almost all complex lines passing from the origin. 

Proof. Consider a holomorphic extension 𝑓𝑎,𝑏(𝜁) of the function 𝑓 on 𝐷𝑎,𝑏 . Then the function 𝑓𝑏
∗(𝜂) = 𝑓𝑎,𝑏(𝜒𝑏(𝜏)) is 

holomorphic in 𝜏 in 𝐵 ∩ 𝜆𝑏 by the construction of 𝜒(𝜂). The proof is complete. ◻ 

Making the change in the integral for a function 𝛷, we get 

𝛷(𝑧, 𝑤) = ∫𝑓

∂𝐷

(𝜁)𝑄(𝜁, 𝑧,𝑤) 𝑑𝜈(𝜁) =

= ∫𝑓

∂𝐵

(𝜒(𝜂))𝑄(𝜒(𝜂), 𝑧,𝑤) 𝑑𝜈(𝜒(𝜂)) = ∫𝑓∗

∂𝐵

(𝜂)𝑄∗(𝜂, 𝑧, 𝑤) 𝑑𝜈∗(𝜂).
 

Consider the following form 

𝜔∗(𝜂) = 𝜔(𝜒(𝜂)) =∑(−1)𝑘−1
𝑛

𝑘=1

𝜒‾𝑘(𝜂) 𝑑𝜒‾(𝜂)[𝑘] ∧ 𝑑𝜒(𝜂). 

By Lemma 5.2 the form 𝑑𝜒(𝑏𝜏) is a holomorphic function in 𝜏 for fixed 𝑏, and the form 𝑑𝜒‾(𝑏𝜏)[𝑘] is antiholomorphic in 𝜏 

for fixed 𝑏. 

Lemma 5.4. Forms 𝑑𝜒‾(𝑏𝜏)||𝜏|=1, 𝑘 = 1,… , 𝑛 are forms with holomorphic coefficients in 𝜏. 

Proof. Since a function 𝜒𝑘(𝑏𝜏) is conformal in 𝜏 for fixed 𝑏, it follows that its derivative in 𝜏 does not equal zero. Then a 

function 𝜒𝑘(𝑏𝜏) is antiholomorphic in 𝜏 for fixed 𝑏 and 

𝜒𝑘(𝑏𝜏) = 𝜏𝜓𝑘(𝑏𝜏),  𝜓𝑘(𝑏𝜏)|𝜏=0 ≠ 0. 

For |𝜏| = 1 we have 𝜏 =
1

𝜏
 and therefore 

𝜒𝑘(𝑏𝜏)||𝜏|=1 =
1

𝜏
𝜓𝑘(𝑏𝜏) =

1

𝜏
𝜓𝑘(𝑏𝜏) =

1

𝜏
𝜓𝑘 (𝑏

1

𝜏
). 

Therefore the right side has a pole of the first order in 𝜏 = 0. Then the form 𝑑𝜒𝑘(𝑏𝜏)||𝜏|=1 coincides with a form with 

holomorphic coefficients at 𝜏. The proof is complete. ◻ 

Lemma 5.5.  Let 𝑓 ∈ ℒ𝑝(∂𝐷) be a function with the one-dimensional holomorphic extension property along complex lines 

passing through point 𝑎 ∈ 𝐷. Then  

( , )
0

z a
w a

z w

w

g

g
=
=

¶ F
=

¶
 

for ∥ 𝛾 ∥> 0. 

Proof. Consider a derivative 

*
* 1

1

*
* 1

1

( , ) ( , , )
( ) ( 1) ( ) ( )[ ] ( )

( , , ) 1 1 1
( ) ( 1) ( ) ( )[ ] ( ) .

b b

n
k

k
kw a B w a

n
k

k
kB w a

z w Q z w
f d k d

w w

Q bt z w
f bt b d b k d bt

t t tw

g g

g g

g

g
l l

h
h c h c h c h

y c c

-

== ¶ =

-

=¶ З =

¶ F ¶
= - Щ =

¶ ¶

¶
= - Щ

¶

ет

ет т

 

We have 

0
0

( ( ), )

w a

h w
a d

w

b
a a b

a bb
a b
a b

c h
c a -

- і=
- №

¶
=

¶
е , 
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where 𝑑𝛽 are constants. Then 

*

1
0

1
0

( , , ) ( , )
( , )

( , )

( , ) ( , )

( , )
( , )

( , ) ( , ) ( , )
.

( , )

z az a
w aw a

z a
w a

w a

Q z w h w
h a

h z ww w

h w h w

w wh a c
h z w

h a h w h w a
c

w wh a a

g g

g g

b g b

b g b

b g
b g

b g b

bg b g b
b g

h z
h

z z

h

h z

==
==

-

-

+
Ј Ј
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-
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Ј Ј =

ж ц¶ ¶ чз= =чз ччзи ш¶ ¶
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Ч
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¶ ¶
= Ч
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Therefore the right side of 
( , )

w a

z w

w

g

g
=

¶ F

¶
is a linear combination of forms 

*

1

1

( , ) ( , )
( ) ( , )

1
( 1) ( ) ( )[ ] ( ).

b b
w aB

n
k

k
k

b h bt w h w a
f bt h a

t w w

b b
d k d bt

t t t

b g b

b g b
l l

y c c

-

-
=¶ З

-

=

¶ ¶
Ч ґ

¶ ¶

ґ - Щ
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Since by Lemma 5.4 the form 𝑑𝜒‾(𝑏𝜏)||𝜏|=1 has holomorphic coefficients in 𝜏 and 𝑓 is a function with the one-dimensional 

holomorphic extension property along complex lines passing through point 𝑎 ∈ 𝐷 we have 

*

0
0

1

1

1 ( , )
( ) ( , )

( 1) ( ) ( )[ ] ( ) 0.

b b
w aB

n
k

k
k

b h w a
f bt h a a d b t a

t t w

b b
d k d bt

t t

g b
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a b g b
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a b

y c c

-
-

-
- і =¶ З
- №

-

=

¶
ґ

¶
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for ∥ 𝛾 ∥> 0. The proof is complete. ◻ 

Corollary 5.6.  Under the hypotheses of Lemma 5.5 the function 𝛷(𝑎,𝑤) = const. 

Theorem 5.7.  Let 𝐷 be a complete strongly convex 𝑛-circular domain with the twice smooth boundary and let 𝑓(𝜁) ∈ ℒ𝑝(∂𝐷), 

𝑎, 𝑐 ∈ 𝐷. Suppose that the function 𝛷(𝑧, 𝑤) satisfied the conditions: 𝛷(𝑎, 𝑤) = const,   𝛷(𝑐, 𝑤) = const, and 
∂𝛼𝛷(𝑎,𝑤)

∂𝑧𝛼
,  
∂𝛼𝛷(𝑐,𝑤)

∂𝑧𝛼
 are 

polynomials in 𝑤 of degree not higher than ∥ 𝛼 ∥. Then for any fixed point 𝑧 on the complex plane ℓ𝑎,𝑐 = {(𝑧,𝑤):  𝑧 = 𝑎𝑡 +

𝑐(1 − 𝑡),  𝑤 = 𝑎‾𝑡 + 𝑐‾(1 − 𝑡),  𝑡 ∈ ℂ} the equality 𝛷(𝑧, 𝑤) = const in 𝑤, i.e., 
∂𝛾𝛷(𝑧,𝑤)

∂𝑤𝛾 = 0 at ∥ 𝛾 ∥> 0. 

The proof of this Theorem repeated the proof of Theorem 3 from [22]. 

Corollary 5.8.  Under the hypotheses of Theorem 5.7 the equality 

(1 )

( )
0

z at t c

F z

z

g

g
= + -

¶
=

¶
 holds if ∥ 𝛾 ∥> 0. 

Theorem 5.9.  Let 𝑛 = 2 and let 𝑓 ∈ ℒ𝑝(∂𝐷) be a function with one-dimensional holomorphic extension property along a 

family of lines 𝔏𝑎,𝑐,𝑑 and let points 𝑎, 𝑐, 𝑑 ∈ 𝐷 do not lie on complex line in ℂ2. Then 
∂𝛾𝛷(𝑧,𝑤)

∂𝑤𝛾 = 0 for every 𝑧 ∈ 𝐷 and ∥ 𝛾 ∥> 0, and 

hence a function 𝑓 extends holomorphic in 𝐷 and an extension lies in ℋ𝑝. 

Proof. Let 𝑧̃ be an arbitrary point from ℓ𝑎,𝑐 . By Theorem 5.7 we obtain that 

∂𝛾𝛷(𝑧,𝑤)

∂𝑤𝛾 = 0                                                (5.1) 
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for ∥ 𝛾 ∥> 0. We connect point 𝑧̃ with the point 𝑑 by a line ℓ𝑧̃,𝑑 and again applying Theorem 5.7 for a point 𝑧̃̃ ∈ ℓ𝑧̃,𝑑, we get 

that 
∂𝛾𝛷(𝑧,𝑤)

∂𝑤𝛾 = 0 for ∥ 𝛾 ∥> 0. Therefore for any point 𝑧̃ from some open subset the condition (5.1) holds. 

Now putting in equality (5.1) 𝑤 = 𝑧‾ and using equality (4.2), we obtain that 
∂𝛾𝐹(𝑧)

∂𝑧‾𝛾
= 0 in some open subset in 𝐷. According 

to analyticity of the function 𝐹(𝑧) we imply that 
∂𝐹(𝑧)

∂𝑧‾𝑗
= 0 for all 𝑧 ∈ 𝐷 and 𝑗 ∈ {1,… , 𝑛}. Since by Theorem 3.3 the equality 

𝐹(𝜁)|∂𝐷 = 𝑓(𝜁), the function 𝑓(𝜁) is holomorphic in 𝐷. The proof is complete. ◻ 

Denote by 𝔄 the set of points 𝑎𝑘 ∈ 𝐷 ⊂ ℂ𝑛, 𝑘 = 1,… , 𝑛 + 1, do not lie on complex hyperplane in ℂ𝑛. 

The following is the main result of this paper. 

Theorem 5.10.  Let 𝑓 ∈ ℒ𝑝(∂𝐷) has the one-dimensional holomorphic extension property along a family of lines 𝔏𝔄. Then 
∂𝛾𝛷(𝑧,𝑤)

∂𝑤𝛾 = 0 for all 𝑧 ∈ 𝐷 and ∥ 𝛾 ∥> 0, Moreover, a function 𝑓 extends holomorphically in 𝐷 and an extension lie in the class ℋ𝑝. 

Proof. The proof is by induction on 𝑛. The basis of induction is Theorem 5.9 (𝑛 = 2). Suppose that for any 𝑘 < 𝑛 Theorem 

is true. Consider a complex plane 𝛤, passing through points 𝑎1, … , 𝑎𝑛 , its dimension is 𝑛 − 1 and 𝑎𝑛+1 ∉ 𝛤. The intersection 𝛤 ∩𝐷 

is a strongly convex domain in ℂ𝑛−1. Now the restriction 𝑓|𝛤∩∂𝐷 of 𝑓 is integrable and has the one-dimensional holomorphic extension 

property along a family of lines 𝔏𝔄1, where 𝔄1 = {𝑎1, … , 𝑎𝑛}. By the assumption of induction we have 
∂𝛾𝛷(𝑧′,𝑤)

∂𝑤𝛾 = 0 for ∥ 𝛾 ∥> 0 

and for all 𝑧′ ∈ 𝛤 ∩ 𝐷. 

Now connecting points 𝑧′ ∈ 𝛤 with the point 𝑎𝑛+1, by Theorem 5.9, we get that 
∂𝛾𝛷(𝑧,𝑤)

∂𝑤𝛾 = 0 for some open subset in 𝐷 × 𝐷 

for all ∥ 𝛾 ∥> 0. Thus, analogously to Theorem 5.9, we have that 𝐹(𝑧) is holomorphic in 𝐷, and therefore a function 𝑓 extends 

holomorphically in 𝐷. The proof is complete. ◻ 

We discuss a general result of holomorphic extension of a real analytic function 𝑓 defined on the boundary ∂𝐷 of a real analytic 

strictly convex subset 𝐷 ⊂⊂ ℂ𝑛 . We show that this follows from the hypothesis of separate holomorphic extension along 

stationary/extremal discs. 

We show that moments on vertical and horizontal affine slices of certain perturbations of the boundary of the ball are sufficient 

to detect the existence of a holomorphic extension to the interior. For one domain, the result is proved for 𝐿∞ functions. 
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