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---------------------------------------------------------------------***------------------------------------------------------------------- 

INTRODUCTION 

The exact integral of a given function y = f (x) 

                 

                   ∫ 𝑦𝑑𝑥

𝑏

𝑎

 

 

required to calculate. 

Selecting the constant ℎ =
𝑏−𝑎

𝑛
  steps [a, b] points of equal distance from the intersection 

𝑥0 = 𝑎,   𝑥𝑖 = 𝑥0 + 𝑖ℎ    (𝑖 = 1,2, … , 𝑛 − 1), 𝑥𝑛 = 𝑏 

We divide n into equal parts and the values of the function f (x) at these points 

𝑦𝑖 = 𝑓(𝑥𝑖),   𝑖 = 0,1,2, … , 𝑁 

let it be known. 

Main Part 

Substituting the function y (x) under the integral with the Lagrangian interpolation multiplication 𝐿𝑛(𝑥), we 

obtain the following approximate quadratic formula 

                  

                                       ∫ 𝑦𝑑𝑥 = ∑ 𝐴𝑖

𝑛

𝑖=0

𝑦𝑖

𝑥𝑛

𝑥0

                                                      (1) 

where 𝐴𝑖 is a constant coefficient. We derive exactly for the 𝐴𝑖 coefficients in formula  (1). As you know, 
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        𝐿𝑛(𝑥) = ∑ 𝑃𝑖(𝑥)𝑦𝑖

𝑛

𝑖=0

                                               (2) 

 

here 

                                𝑃𝑖(𝑥) =
(𝑥−𝑥0)(𝑥−𝑥1)…(𝑥−𝑥𝑖−1)(𝑥−𝑥𝑖)(𝑥−𝑥𝑖+1)…(𝑥−𝑥𝑛)

(𝑥𝑖−𝑥0)(𝑥𝑖−𝑥1)…(𝑥𝑖−𝑥𝑖−1)(𝑥𝑖−𝑥𝑖+1)…(𝑥𝑖−𝑥𝑛)
               (3) 

Enter this notation 𝑃𝑖(𝑥) =
𝑊(𝑥)

(𝑥−𝑥𝑖)𝑊′(𝑥𝑖)
 

 

                                                  𝑞 =
𝑥−𝑥0

ℎ
                                                                   (4) 

and 

                           𝑞[𝑛+1] = 𝑞(𝑞 − 1) … (𝑞 − 𝑛)                                                         (5) 

taking  𝜔(𝑥) = (𝑥 − 𝑥0)(𝑥 − 𝑥1) … (𝑥 − 𝑥𝑛)  and 

𝜔′(𝑥𝑖) = (𝑥𝑖 − 𝑥0)(𝑥𝑖 − 𝑥1) … (𝑥𝑖 − 𝑥𝑖−1)(𝑥𝑖 − 𝑥𝑖+1) … (𝑥𝑖 − 𝑥𝑛) 

we rewrite the expressions, taking into account the following 

𝑥 − 𝑥0 = ℎ𝑞,    𝑥𝑖+1 = 𝑥𝑖, 𝑥𝑖 = 𝑥0 + 𝑖ℎ  

𝑥 − 𝑥1 = 𝑥 − (𝑥0 + ℎ) = 𝑥 − 𝑥0 − ℎ = ℎ𝑞 − ℎ = ℎ(𝑞 − 1), 

𝑥𝑖 − 𝑥1 = 𝑥0 + 𝑖ℎ − (𝑥0 + 𝑖ℎ) = 𝑥0 + 𝑖ℎ − 𝑥0 − ℎ = ℎ(𝑖 − 1) 

In this case 

𝜔(𝑥) = ℎ𝑛+1𝑞(𝑞 − 1) … (𝑞 − 𝑛) = ℎ𝑛+1𝑞[𝑛+1] 

𝜔′(𝑥) = ℎ𝑛𝑖(𝑖 − 1) ⋯ 1 ∙ (−1) ∙ (−2) ∙∙∙ [−(𝑛 − 𝑖)] = 

(−1)𝑛−𝑖ℎ𝑛𝑖! (𝑛 − 𝑖)! 

will be. Substituting these values of 𝜔(𝑥) and 𝜔′(𝑥) into (2), we obtain  

𝐿𝑛(𝑥) = ∑
𝜔(𝑥)

(𝑥 − 𝑥𝑖)𝜔′(𝑥𝑖)
𝑦𝑖 = ∑

(−1)𝑛−𝑖

𝑖! (𝑛 − 𝑖)!
∙

𝑞[𝑛+1]

𝑞 − 𝑖
𝑦𝑖

𝑁

𝑖=0

𝑁

𝑖=0

                           (6) 

for 𝐿𝑛(𝑥). 

           If we replace the function y (x) in integral (1) with Lagrange interpolation increases 𝐿𝑛(𝑥) − (6), as 

well as the integration variable 𝑞 =
𝑥𝑛−𝑥0

ℎ
  in the exact integral with 𝑑𝑞 =

𝑑𝑥

𝑥
,  the limits of the exact integral 

are defined as follows: 

𝑥𝑛 = 𝑥0 + 𝑛ℎ 

𝑥 = 𝑥𝑛 ,   𝑞 =
𝑥𝑛 − 𝑥0

ℎ
=

𝑥0 + 𝑛ℎ − 𝑥0

ℎ
=

𝑛ℎ

ℎ
= 𝑛 

For the coefficients 𝐴𝑖,  𝑥 = 𝑥0 and 𝑞 =
𝑥0−𝑥0

ℎ
=

0

ℎ
= 0 we obtain the following formula 
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𝐴𝑖 = ℎ
(−1)𝑛−𝑖

𝑖! (𝑛 − 𝑖)!
∫

𝑞[𝑛+1]

𝑞 − 𝑖

𝑛

0

𝑑𝑞,    𝑖 = 0,1,2, … , 𝑛 

𝐴𝑖 coefficients are rewritten. Since ℎ =
𝑏−𝑎

ℎ
, usually it is taken as                          𝐴𝑖 = (𝑏 − 𝑎)𝐻𝑖, in this 

𝐻𝑖 =
1

𝑛

(−1)𝑛−1

𝑖! (𝑛 − 𝑖)!
∫

𝑞[𝑛+1]

𝑞 − 𝑖

𝑛

0

𝑑𝑞  ( 𝑖 = 0,1, … , 𝑛)                                 (7) 

Formula (7) is called the Cotess coefficients. The squaring formula (1) in this case takes the following form. 

∫ 𝑦𝑑𝑥 = (𝑏 − 𝑎) ∑ 𝐻𝑖𝑦𝑖

𝑛

𝑖=0

𝑏

𝑎

                                                          (8) 

in this 

ℎ =
𝑏−𝑎

𝑛
 and 𝑦𝑖 = 𝑓𝑖(𝑎 + 𝑖ℎ), (𝑖 = 0,1,2, … , 𝑛) 

The following equations are valid: 

1)    ∑ 𝐻𝑖 = 1

𝑛

𝑖=0

  ;      2)  𝐻𝑖 = 𝐻𝑛−𝑖     .  

 

Using formula (8) it is possible to formulate integral calculation formulas. 

We use formula (8) at 𝑛 = 1. In this case 𝑖 = 0; 1. We find that 

when 𝑖 = 0, 𝐻𝑜 = − ∫
𝑞(𝑞−1)

𝑞

1

𝑜
𝑑𝑞 =

1

2
 and  

when 𝑖 = ∅, 𝐻1 = ∫ 𝑞 𝑑𝑞 =
1

3

1

0
 . 

Now from the formula 

∫ 𝑦𝑑𝑥 = (𝑥1 − 𝑥0)
𝑥1

𝑥𝑜

∑ 𝐻𝑖𝑦𝑖 

1

𝑖=0

 

we form the trapezoidal formula  

    ∫ 𝑦𝑑𝑥 =
ℎ

2

𝑥1

𝑥0
(𝑦0+𝑦1) . 

This is the residual value of the formula 

  𝑅 = ∫ 𝑦𝑑𝑥 −
ℎ

2

𝑥1

𝑥0
(𝑦0 + 𝑦1) = −

ℎ3

12
𝑦 ′′( ),  𝜖(𝑥0, 𝑥1) 

To calculate the integral ∫ 𝑦𝑑𝑥
𝑏

𝑎
, we divide the integration integral [𝑎, 𝑏] into 𝑛 equal parts: 

                               [𝑥0, 𝑥1], [𝑥1, 𝑥2], … , [𝑥𝑛−1, 𝑥𝑛] 

Now we use the trapezoidal formula for each of them.  

Assuming ℎ =
𝑏−𝑎

𝑛
, if we denote by 𝑦𝑖 = 𝑓(𝑥𝑖)(𝑖 = 0,1, … , 𝑛) 
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the values of the function under the integral at points 𝑥𝑖, we obtain the formula  

∫ 𝑦𝑑𝑥 = ℎ[
𝑦0

2
+ 𝑦1 + 𝑦2 + ⋯ + 𝑦𝑛−1 +

𝑦𝑛

2
]

𝑏

𝑎

                                   (9) 

This is the residual value of the formula 

𝑅 = ∫ 𝑦𝑑𝑥 =
ℎ

2

𝑥𝑛

𝑥0

∑(𝑦𝑖−1 + 𝑦𝑖)

𝑛

𝑖=1

= ∑[∫ 𝑦𝑑𝑥 −
ℎ

2

𝑥𝑖

𝑥𝑖−1

(𝑦𝑖−𝑛 + 𝑦𝑖)]

𝑛

𝑖−1

=

= −
ℎ

12
∑ 𝑦 ′′ (

𝑖
)

𝑛

𝑖−1

                                                                            (10) 

here  
𝑖

∈ (𝑥𝑖−1, 𝑥𝑖). (9) is a generalized trapezoidal formula. 

Now from formula (7) at 𝑛 − 2, we obtain the following for 𝑖 = ∅, 1,2 

𝐻0 =
ℎ

2
.
ℎ

2
∫ (𝑞 − 1)(𝑞 − 2)

2

0

𝑑𝑞 =
1

4
(

8

3
− 6 + 4) =

1

6
, 

 𝐻1 = −
1

2
∫ 𝑞(𝑞 − 2)𝑑𝑞 =

2

3
,

2

0
 

 𝐻2 =
1

2
.

1

2
∫ 𝑞(𝑞 − 1)

2

0
𝑑𝑞 =

1

6
. 

In turn, since 𝑥2 − 𝑥0 = 2ℎ, we have  

∫ 𝑦𝑑𝑥 −
ℎ

3
(𝑦0 + 4𝑦1 + 𝑦2)

𝑥2

𝑥0

                                                                     (11) 

Formula (11) is called the Simpson formula, and the residual limit of the Simpson formula is equal to  

𝑅 = ∫ 𝑦𝑑𝑥 −
ℎ

3
(𝑦0 + 4𝑦1 + 𝑦2) = −

ℎ5

90
𝑦 ′( )

𝑥2

𝑥0
,  𝜖(𝑥0, 𝑥2)  

Now, in deriving the generalized Simpson formula, let 𝑛 = 2𝑚  be an even number and 𝑦𝑖 = 𝑓(𝑥𝑖), 𝑖 =

0,1,2, … , 𝑛 the values of the function 𝑦 = 𝑓(𝑥) in  ℎ =
𝑏−𝑎

𝑛
=

𝑏−𝑎

2𝑚
     steps at equal points   𝑎 =

𝑥0, 𝑥1, … , 𝑥𝑛 = 𝑏 

If we use the Simpson formula for each binary section, that is for  

                                 [𝑥0, 𝑥2], [𝑥2, 𝑥4], … , [𝑥2𝑚−2, 𝑥2𝑚] ,   

the length of each is 2 ℎ. We have a generalized form of Simpson's formula. 

∫ 𝑦𝑑𝑥 =
ℎ

3
[(𝑦0 + 𝑦2𝑚) + 4(𝑦1 + 𝑦3 + ⋯ + 𝑦2𝑚−1) + 2. (𝑦2 + 𝑦4 + ⋯ + 𝑦2𝑚−2)]

𝑏

𝑎

 

If we write this formula differently, 

∫ 𝑦𝑑𝑥 =
ℎ

3
(𝑦0 + 4𝑦1 + 𝑦2)

𝑥𝑛

𝑥0

+
ℎ

3
(𝑦2 + 4𝑦3 + 𝑦4) + ⋯ +

ℎ

3
(𝑦2𝑚−2 + 4𝑦2𝑚−1 + 𝑦2𝑚) 

∫ 𝑦𝑑𝑥 = ∫ 𝑦𝑑𝑥 + ∫ 𝑦𝑑𝑥 + ⋯ + ∫ 𝑦𝑑𝑥
𝑥2𝑚

𝑥2𝑚−2

𝑥4

𝑥2

𝑥2

𝑥0

𝑥𝑛

𝑥0

                                           (12) 

This is the residual value of the formula 
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𝑅 = −
𝑚ℎ5

90
𝑦 ′𝑣( ) = −

(𝑏 − 𝑎)ℎ

180
𝑦 ′𝑣( ) 

Here    𝜖[𝑎, 𝑏]. 

For example. Calculate ∫ (𝑥2 + 1)𝑑𝑥
2

1
  in the trapezoid and Simpson formula. 

∫ (𝑥2 + 1)𝑑𝑥
2

1
= (

𝑥3

3
+ 𝑥)

1

2

=
8

3
+ 2 −

1

3
− 1 =

10

3
 . Now we calculate using the trapezoidal formula. 

 Let n=4. 

 

Calculation using the Simpson formula 

 

If we compare the results, we can see that they are almost similar. 

Conclusion 

You need to know the initial tables to solve examples of integrals. It will be difficult to find the initial 

function of all the functions under the integral. Therefore, approximate methods are needed to calculate 

integrals. Newton-Cotess-type quadrature formulas have a high degree of accuracy in the approximate 

calculation of integrals. It is possible to form a trapezoidal formula at n = 1, Simpson's formula at n = 2 and 

other formulas. 

 



CENTRAL ASIAN JOURNAL OF MATHEMATICAL THEORY AND COMPUTER SCIENCES Vol: 02 Issue: 12 | Dec 2021 
 

© 2021, CAJMTCS    |   CENTRAL ASIAN STUDIES   www.centralasianstudies.org     ISSN: 2660-5309   |   6 

 
 

 

Copyright (c) 2021 Author (s). This is an open-access article distributed under the terms of Creative Commons 

Attribution License (CC BY).To view a copy of this license, visit https://creativecommons.org/licenses/by/4.0/ 

 

References 

1. Narmuradov C. B. et al. MATHEMATICAL MODELING OF MOVEMENT OF A VISCOUS 

INCOMPRESSIBLE LIQUID BY THE SPECTRAL-GRID METHOD //Theoretical & Applied Science. 

– 2020. – №. 4. – С. 252-260. 

2. Smith G.D. Numerical Solution of Partial Differential Equations: finite difference methods 3rd ed. — 

Oxford University Press, 1986. — 350 p. 

3. Г.И.Марчук. Методы вычислительной математики. М., Наука, 1977. 

4. 4.Richard L.Burden, J.Doudlas Faires. Numerical Analysis,Youngstown State University, Boston,USA, 

Brooks/Cole,2011. 

5. Shavkatovna D. Z. Solving Cauchy Problems Using Euler Methods Using the C# Programming 

Language and Method Mapping //International Journal of Innovative Analyses and Emerging 

Technology. – 2021. – Т. 1. – №. 4. – С. 74-77. 

6. Normurodov C. B., Toyirov A. X., Yuldashev S. M. Numerical modeling of nonlinear wave systems by 

the spectral-grid method //International Scientific Journal Theoretical & Applied Science, Philadelphia, 

USA. – 2020. – Т. 83. – №. 3. – С. 43-54. 

7. Нармурадов Ч. Б., Тойиров А. Х. Математическое моделирование нелинейных волновых систем 

//Проблемы вычислительной и прикладной математики. – 2018. – №. 1. – С. 21-31. 


